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Proof, Sets and the Real Numbers

Logical Statements.

The foundation of mathematics (especially analysis) is logic. The fundamental building
block of logic is logical statements.

A logical statement is something which is either true or false.

If A and B are statements, then (4 and B) is a statement, which is true if A and B are
both true, otherwise it is false.

(A or B) is also a statement. Itis true if A is true, or if B is true, or if both A and B are
true. Itis only false if A is false and B is false. In everyday life, we use or to mean “one or
the other but not both”, but in mathematics, “or” includes the possibility that both
things are true. We might use “xor” (“exclusive or”) to denote “one or the other but not
both”, but we will not be using this in this course.

(not A) also written (—A) is a statement as well. Itis true if A is false and it is false if A is
true. We call (not A) the negation of A.

Avery important idea is logical implications. If | have 2 statements A and B such that
whenever A is true, B is also true, we write A = B “A implies B”.

For example, “I live in England” = “I live in the UK” since England is in the UK. Notice
however that “| live in the UK” = “| live in England” is false because not everybody who
lives in the UK, lives in England, for example someone who lives in Wales.

To give a more mathematical example, n > 10 = n > 1 because if a number is greater
than 10, itis also bigger than 1.

Something worth noting is that (A = B) is itself a statement, as it can be true or false.

A = B means that whenever A is true B is true, so the negation of A = B is that there is
at least one instance in which A is true and yet B is false.

Notice thatif A = B then whenever A is true B is true, meaning if B were false, the only
possibility is that A must be false (because if A were true then B would have been true,
but it’s not). This means we can say (B false) = (A false) or =B = —A. This is called the
contrapositive of A = B. Any implication is equivalent to it’s contrapositive.

We say that 2 statements A and B are equivalent when
A=>BandB = A

In this case, we write A & B or we say “A is true if and only if B is true”. We also write
“iff” (with 2 f’s) to mean “if and only if”.



This means that whenever A is true B is true, and whenever B is true, 4 is true.

If you need to prove that 2 statements A and B are equivalent, you can first assume that
A is true and then show that B follows logically from it (this shows that A = B) then
assume that B is true and show that A logically follows (this shows that B = A).

Alternatively we can use contraposition. Assume that A is true, the show that B logically
follows (the same as before, showing that A = B). Then we can assume that A is false,
then show that B cannot be true (this shows that =4 = —B and therefore [by
contrapositive] B = A). Since we now have A = B and B = A we are done.

This section might seem a bit abstract as we discuss the ideas, but they are quite
simple, and any confusions should be cleared away when you see some examples.



Sets and Functions

Sets are perhaps the most fundamental type of object in mathematics.

A setis a collection of elements. Elements can be any kind of mathematical object,
including other sets, numbers, or even statements. Most of the sets we will be
considering in this course will be sets of real numbers. We will define the real numbers
soon, but for now we will use our intuitive idea that the real numbers is the set of all
numbers on the number line, leaving no gaps.

We can define sets by simply writing out the elements they contain in braces:
A =1{1,2,3}

Is the set containing 1, 2, 3 and nothing else. This is an example of a finite set. Some
sets are infinite (like the set of real numbers, More on this later).

We denote the set of real numbers as R.

We also have special letters for other sets. The set of “natural numbers”, numbers like
1,2,3,--- is denoted by

N :={1,2,3,-:-}

“:=” means “is defined to be equal to”.

The set of “whole numbers” is just the set of natural numbers, but also with zero.
W :={0,1,2,--}

The set of “integers” includes numbers like 0,1, —1, 2, —2, --- is denoted by

Z:=1{0,1,-1,2,-2,--+}

We will define these sets more precisely later.

If we want to say that a certain element x is a member of a set S, we write x € S

If S does not contain the element x, we write x € S

For example, p € R means, “p is a member of the set of real numbers”, i.e., “p is a real
number.”

We can also define a set by a rule by writing something like
R* := {x € R| x > 0}

Is this set of all real numbers x such that x > 0, i.e., the set of positive real numbers.
The vertical bar reads as “such that”. Sometimes we use a colon instead of a vertical
bar.

Next, we have subsets.



If A and B are sets such that every element of A is also in B, we say that A is a subset of
B.We write thisas A € B.

More formally,
ifxeEA=>x€EB
thenA € B

This is simply saying that if x beingin A, implies that x isin B (every x in Ais alsoin B)
then A is a subset of B.

We say that the sets A and B are equal (A = B) if every elementin A is in B and every
element of B isin A. In other words.

ifACS BandBCcC A
then4 =B

Finally, (though this is not that important), we say that A is a “proper subset of B”if Ais a
subset of B but A is notequalto B. We write A ¢ B

More formally:
ifASBandA # B
then4 c B

The difference between subsets and proper subsets will rarely (if ever) be useful for this
course, but | leave it above for completeness.

We can combine 2 sets, A and B together to make new sets.
ANB:={x:x € Aand x € B}

is the set of all elements which are in both 4 and B. This is called the “intersection” of 4
and B.

AUB :={x:x € Aorx € B}

Is the set of all elements which are in either A or B (or both). This is called the “union” of
AandB.

A/B:={x:x € Aand x ¢ B}

is read as “A minus B” and is the set of all values which are in 4 but are notin B.



A function

f:D->C
is a map between 2 sets D and C. We call D the domain and C the codomain.
f associates every element of D with some element of C.

We might write, if x € D then f(x) € C. You may have heard of something called the
“range” and be wondering what the difference between the range and the codomain is.

Every element of the domain is mapped onto some element of the codomain, but not
every element of the codomain will necessarily be mapped to. The set of elements in

the codomain which are actually mapped onto is called the “range” of f. The range is
always a subset of the codomain.

A function is said to be “injective” if every element of the codomain is mapped to by at
most one element of the domain. In other words, a function with the property that no 2
different inputs give the same output. Injective functions are sometimes called one-to-
one (but this is not a good name for them).

A function is said to be “surjective” if every element in the codomain is mapped to by at
least one element of the domain. In other words, if the codomain is equal to the range.
Surjective functions are sometimes called “onto”.

A function is said to be “bijective” if it is both injective and surjective. Bijective functions
are sometimes called one-to-one-onto.

If a function is bijective then it is injective, meaning every element of the codomain has
at most one element which maps to it, and surjective meaning every element of the
codomain has at least one element which maps to it. This means that for a bijective
function, every element of the codomain has *exactly* one element that maps onto it.
The name “one-to-one” function would probably be more fitting for bijective functions,

but it’s best to stick with the terms “injective”, “surjective” and “bijective” to avoid
ambiguity.

The inverse of a function, f: D — C, denoted by f~1: C — D is a function which tells you
which input to f gives you a particular output. More formally:

fO) =yiff f () =x
foreveryx € D and everyy € C

For this to make sense, we need f~! to map each element of y in C to exactly one
elementxinD.

More precisely, we need:

for every y € C, there exists one and only one x € D such that f(x) =y



This is precisely the definition of f being bijective.
This means that f is “invertible” meaning it has an inverse, f 1 if and only if f is
bijective.

See the problem sheet for some examples of what we can do about this if f is not
bijective.

There are 2 symbols which we will use again and again throughout this course. 3 (a
backwards E) and V (an upside-down A). We also often abbreviate “such that”, as s. t,,

3 means “there exists”.
J,ez8.t,n2 =4

Reads “there exists an integer, n such that n? = 4”. This is of course true since n = 2 is
an integer and 22 = 4. Notice thatn = —2 also works. 3 does not require that there is
only a single element with the property, it only requires that there is at least one.

Y means “for all”.
VTIEN n > 0

Reads “For all natural numbers, n, n > 0”. This is true because the smallest natural
numberis 1. V requires that the property is true for *every* object, 3 requires it to be
true for only at least one.

To negate (find the negation of) a statement involving “V” we need to find a single
counter example. The negation of “V,, A(x)” is “3, such that —=A(x)” where A(x) is some
statement which depends on x.

Similarly, to negate a statement like “3,, such that A(x)” we need to show that there
exists no x such that A(x). To do this we need to show that A(x) is false no matter which
x you choose. To be precise, the negation of “3, s.t., A(x)” is “V, =A(x)”.

When you negate a statement involving a chain of V’s and 3’s with some condition A(x)
at the end, you can simply replace each V with 3 and replace every 3 with V and negate
the condition at the end (replace A(x) with —A(x)). (Think about why this is true, this is
avery important idea).

Finally, we define the image of a set A under a function f as being the set of all possble
outputs of f from inputs in A. We write the image of A under f as f(A).

Def: f(4) = {f(x)|x € A}

Similarly we define the pre-image of B under f as:



Def: f~(B) = {x|f (x) € B}

(The set of inputs which give an output which lies in the set B.)



Axioms of an Ordered Field

The title of this section seems intimidating, but it’s actually something which you will be
familiar with.

| will start by being imprecise, then we will formalize the ideas using these “Field
Axioms”.

We will start with the natural numbers, N := {1,2,3,--- }

If we add any 2 natural numbers, we get another natural number. We say that N is
“closed” under addition. We can also multiply and 2 natural numbers and always get a
natural number, so N is closed under multiplication.

Itis possible, to subtract two natural numbers and get something which is not a natural
number. We say that N is not closed under subtraction.

We define the integers: Z := {0,1,—1, 2, —2, --- } to solve this problem. The integers are
closed under addition, subtraction and still multiplication.

The integers are still not closed under division though, | can divide 2 integers, e.g., 1 = 2
and get something which is not an integer. We then define the rational numbers to solve
this problem,

m
Q:= {—:m EZ,ne€E N}
n
Is the set of all numbers which can be written as a ratio of integers. The reason why |
have n € N instead of n € Z is to avoid n being 0 (more on this in a moment).

We don’t need n to be negative since if we want a negative rational number, we can just
let m be negative.

The rational numbers are closed under addition, subtraction, multiplication, and almost
division. The reason | say “almost” is because we still can’t divide anything by zero. This
is afundamental unavoidable problem. | will show you why | little later on.

We are now ready to define a field.

Afield, F is a set with some notion of addition (+) and multiplication (X), (which is
closed under both) and follows the following properties (axioms):

The following are true for all a, b, ¢ € F unless otherwise stated.
Axioms of addition:

Commutativity:a+b =b +a

Associativity: (a +b) +c=a+ (b + ¢)

Identity: Jy¢r s. t., Y aer, a+0=a



we call this "0" the "additive identity"
Inverses: Vi ep, I_ger S-t,a+ (—a) =0

we call this " — a" the "additive inverse" of a

(we often write a X b as a - b or simply ab)
Axioms of multiplication:
Commutativity: ab = ba
Associativity: (ab)c = a(bc)
Identity: 3;¢F s. t., Y aer, a-1=a
We call this "1" the "multiplicitive identity"
Inverses: V¥ 4 with a=03g-1eF S- to aa”l=1

We call a™! the "multiplicitive inverse" of a.

0 is not required to have a multiplicitve inverse as this leads to problems (as we will see later).

Axiom of distributivity:
aX(b+c)=ab+acV,yp cer

which connects multiplication and addition

The integers do not form a field because not every integer has a multiplicative inverse.

E.g., There is no integer which | can multiply by 2 to get 1.

The rational numbers do form a field (CHECK YOURSELF!)

The set {0} also forms a field. (so long as we let 0 = 1). There is no rule which says that

0 # 1. This is called the trivial field, and it is of no interest to us. To avoid this field, we

will add a new axiom:

Axiom of non triviality:

0+1

Now, the “simplest” field is (in some sense) {0,1} where we define:



0+0=0, 0+1=1, 1+0=1, 1+1=0
0-0=0, 0-1=0, 1-0=0, 1-1=1

When we defined fields | said we needed “some notion” of addition and multiplication.
These don’t need to be addition and multiplication in the traditional sense, so long as
they obey the field axioms. One of the problems on the problem sheet is to verify that
this is indeed a field.

This field is cyclic in the sense that repeatedly adding 1 causes you to go in a cycle
0,1,0,1,---

To avoid this we want some notion of ordering. We want some way to say which of 2
elements is less than the other. How should we define the statement a < b? Intuitively,
we know what this means, but we need to make it precise. The key is to define “less
than”, not in terms of what it js, but rather in terms of what it does. We define an
“ordered field” as a field with some notion of (<) which satisfies the following 4 axioms
of order:

Axioms of order:
Trichotomy: V, ,¢r, exactly one of the following is true: a < b, a=h, b<a
Transitivity: (a < band b <c) >a <c
Monotony of addition: V  ccr, a<b=a+c<b+c
Monotony of multiplication: V, j, .er with 0 < c, a<b=ac<bc

The last 2 of these axioms essentially say that, you can add any number to both sides of
an inequality, and you can multiply both sides of an inequality by any positive number.

We then can define a > b as being equivalent to the statement b < a.
We also definea < bas(a<bora=b)anda=bas(a>bora=b)

The simplest “ordered field” is in some sense the rational numbers, Q, | will justify this
claim in the next section.



Properties of an Ordered Field

From the axioms of an ordered field which we discussed previously, we can derive all of
the familiar properties of the rational numbers. We will derive some of them in this
section and the rest will be left as problems on the problem sheet.

One familiar property is that anything multiplied by 0 is 0. This will be the first theorem
of our course.

Theorem 1.1: 0 - a = 0 V¢
pf:
0-a
= (0 + 0) - a (0 is an additive identity)
=0-a+ 0 - a (distributivity)
So far we have:
0-a=0-a+0-a
0 - a € F soit must have an additive inverse —0 - a
We add this to both sides:
0ca+(-0:-a)=0:-a+0-a+(-0-a)
0 = 0-a + 0 (since an element plus it's additive inverse is 0)
0 = a - 0 (since 0 is the additive identity)

And we have a - 0 = 0 which was what we wanted.

You may be thinking, “if we need to derive everything from the axioms like this, this will
become very tedious very quickly”. The good news is that once we have proved a
theorem, we can use it again whenever we like. We can now use the factthata - 0 =0
without proof (because we already proved it). As we continue to prove more results, our
life will become much easier because we can build upon what we have already done.

Deciding the correct order in which to prove statements can be tricky. This is a common
theme in real analysis, and is one reason why it took many decades for mathematicians
to first get this all done. That’s also why I’m here, to guide you in the right direction.

The next thing we will prove is that —1 X a = —a, (hopefully a familiar statement).



Theorem 1.2: —1 X a = —a for every a
pf:
The definition of —1 isthat 1 + (—1) = 0 so we ought to use that fact.
The definition of —aisthata + (—a) = 0
Taking the first equation and multiplying by a:
1+(-1)=0
(1+(-1))a=0a
la+ (-1)a=0
using distributivity and that 0a = 0 (our first theorem)

a+(—1a=0

But by definition —a is the number such thata + (—a) =0

(—1)a fits this description and hence —1 X a = —a as required.

Next, | want you to pause and try this yourself before seeing what | do. As a hint, we will
need to use the theorem we just proved, —1 X a = —a

| want us to prove that (—1)(—1) =1

Theorem 1.3: (—1)(-1) =1
pf:

(=1) X (—=1) = —(—1), which is, by definition, the additive inverse of (—1)
1+ (—1) = 0 (by definition)
(—=1) + 1 = 0 (commutativity of addition)
so 1 is the additive inverse of (—1)
ie,—(-1) =1

meaning (—1) X (—1) = 1 as required.

| now want you to use this result to prove that (—a)(—a) = a? where a®? means a X a.
Also try to prove this one, we will use it in a moment.
Theorem 1.4:ifa > 0 then —a < 0

andifa < 0Othen—a >0



If a > 0, we can use monotony of addition to add (—a) to both sides
a+(—a)>0+ (—a)
0> —a, ie.,—a <0
Ifa<o, we do the same, a+(—a)<0+(—a)>0<—-a=>-a>0
Finally:
Theorem 1.5:
Ifa+ 0thena? >0
pf:
We want to use trichotomy, eithera < 0 or a > 0. We will tackle each case separately.
Ifa>0
a-a > 0-a (monotony of multiplication)
a’?> 0
We can use monotony of multiplication sincea > 0
ifa<0

We can’t use monotony of multiplication since we can only multiply by something
positive.

—a > 0 as we proved before
Now we can multiply by —a which is positive.
(—a)(-=a) > 0(=a)
a? > 0 (using (—a)(—a) = a?)
So, in both cases a? > 0, we are done.

Noticethat1 # 0 and 12 = 1so 1 > 0. This also means that —1 < 0.

There are other important facts for you to prove on the problem sheet, but for now we
will move on.

We know that 0 and 1 must be elements of any ordered field with 0 # 1.

Can we guarantee any more than this? Yes! As it will turn out, we can guarantee that our
field consists of at least all the rational numbers, which is what | meant when | said that
Q is the “simplest” ordered field.



First, we know that 0 must have an additive inverse. 0 + 0 = 0 so itis it’s own inverse.
Nothing new yet. 0 need not have a multiplicative inverse. 1 -1 = 1so 1isit’'s own
multiplicative inverse. Still nothing new.

1 must have an additive inverse —1. We already showed that 1 > 0 and hence —1 < 0.
This means that (by transitivity) —1 < 1. Then by trichotomy, —1 # 0 and —1 # 1. This
means that —1 is genuinely a brand-new number!

We have this ordering—1 <0< 1

| know that (since the field must be closed under addition, that 1 + 1 € F. Also (since
0 < 1),1 <1+ 1meaning (again by transitivity and trichotomy) that 1 + 1 mustbe a
new number also. We will denote it by 2.

We can then similarly define 3 := 2 + 1 etc.,
Each of these must have additive inverses, —2,—3, -
We now have integers!

Then each of these (except 0) must have a multiplicative inverse. In particular,

) )

=
N| =
W] =

Finally, since F is closed under multiplication, we must have, for example —3 X % EF

. 3 0. .
We denote this as — > This covers all rational numbers. As we have already seen (from

the problem sheet). The rational numbers are an ordered field, so we can stop here. This
means that the rational numbers are the “simplest” ordered field in some sense.

Before finishing this section, | will demonstrate why allowing 0 to have a multiplicative
inverse would be a bad idea.

0- 071 = 1 (by definition).

But we already showed that 0 times anythingis 0. This is a contradiction.



Types of Proof and the Need for Real Numbers

Proving mathematical statements is the entire point of Analysis. So far we have seen
direct proofs, where we start with some axioms, or information and show the
conclusion follows logically from them.

This is what every proof does, but it isn’t always so easy to prove something in such a
direct way.

One very powerful proof technique is called induction. Induction allows us to prove
statements about natural numbers. The idea is as follows.

Let A(n) be a statement which depends on n.
A(1) means the statementis true whenn =1

A(n) = A(n + 1) means that when the statement is true for some value, n, it is also true
forn + 1.

Since itis true for 1, it must be true for1 + 1 = 2. Since itis true for 2, it must also be
truefor2 + 1 = 3, etc.,

It must be true for every natural number.

We show that the statement is true for 1. We assume that the statement is true for some
n, then show that this implies it must be true for n + 1. This assumption is called the
“inductive hypothesis”.

One important use of induction is proving results about sums.

To introduce sigma notation:

b
Zf(k) =fl@+fla+D+fl@a+2)+-+f(b-1)+f(b)
k=a

Where a and b are integers with a < b. To be more precise in this definition:

b+1 b

i fE=f@, ) fU)=) fUO+fb+1)
k=a k=a k

=a
Sigma notation itself has a definition which is reminiscent of induction, which is why

induction works so well for it.

Here is an example.

n

Prove Z 1=n

k=1



Of course thisis obvious, 1 + 1 + .- + 1 with n 1’s added together is n. But to prove it
rigorously, we use induction. First A(1). Whenn = 1:

1
LHS=21=1
k=1

RHS =1
LHS means “left-hand side”
RHS, right-hand side
So, itistrueforn =1
Next, we assume it is true for some n,
n
Z 1=n
k=1

We are NOT assuming that it is true for every n, only for one particular arbitray value of
n.

We next need to show that (given it is true for n) it must be true forn + 1.

n+1
We want to show that Z 1=n+1
k=1
n+1 n
Zl= 1+41=n+1
k=1 k=1

As required.

As a harder example, we will prove the binomial theorem. You are probably familiar,

n

(a+b)" = Z akpnk (Z)

k=0

n!

Where (Z) = m (n choose k).

I should also define the factorial function.

0!l =1, n!'=n(n-1),, forn €N
And x™:

x° =1, X" =x-x"1 forn € N

Again, defined inductively.



The binomial theorem is a statement which involves a whole number n, so we can do
induction (though we should start at 0 instead of 1 because n could be 0)

For this induction, we will first need to prove Pascal’s identity, which is just to say, we

need to prove that (Z) follows the pattern of Pascals’ triangle:

1
11
121
1331
14641

To construct pascals triangle, you add adjacent numbers and write the sum in the next
row.

n n\_(m+1
(k)+(k+1)_(k+1)
We can prove this identity using a direct proof, with some simple algebra (see problem
sheet).

We are now ready to prove the binomial theorem. | urge you to try this yourself as this is
a very good exercise in induction. | would have put this on the problem sheet, but | will
do it here because itis such an important theorem:

n
Binomial Theorem (1.6): (a + b)" = Z akpnk (Z) Voew
k=0

Basis: whenn = 0:

LHS = (a+b)° =1

0

RHS = (a + b)" = Z akpO-k (2) = a®p°° (O)

0
k=0

=()) = 1 i-ims
~\0/ ol (0-0) 1-1

Hence true for 0 (A (O))
Assume true for some n,

Show true for n + 1: (It's often good to start with the more complicated side)



n+1

z akpn+i-k (Tl ‘I|€' 1)

k=0

n n

_ Z akpn+i-k (nz 1) 4 g™ *t1p0 (:ll i i) Z akpn+i-k (n ‘IL‘ 1) + g™l

k=0 k=0

= pntl 4 Z akpnti-k (n -Ilc_ 1) + a1 to get some symmetry
k=1

We want to get .7, akpnk (Z) so that we can apply the inductive hypothesis.

Replace kby k + 1

bn+1+z ak+ipn- k Zii)_i_ n+1

YoeafU) =2RZaoi f(k+ 1) = f(@) + -+ f(b)

Use Pascal’s identity:

n-—1 n-—1
n+1 k+1pn—k n k+1pn—k n n+1
b +Za b (k)+2a b (k+1)+a
k=0

k=0

n-1 n
= pntl 4 Z k+1pn—k n + z kpn—k+1 n + qnt1
L° (i) 4 (1) + @

k=1

n-—1 n
— n+1 k+1pn—k n n+1 kpn—-k+1 n
(e Y s () (om0 Y et ()
k=0 k=1
n n

= z aktipn=k (Z) + Z akpn—k+1 (Z)

k=0 k=0

=(a+b)(a+b)"
= (a + b)"*?
Hence A(n) > A(n+ 1)

And we are done.



n

(a+b)" = z akpnk (Z), V,en as required
k=0

Another important method of proof is proof by contradiction.

Sometimes it can be difficult to prove that a statement, A is true and so it might be
easier to prove A is not false. We assume that the statement is untrue (thatis, we
assume —A4), and then we reach some kind of contradiction (either to an axiom, a
theorem we have already proved, the assumption itself, or something which follows
from the assumption). Anything at all which makes A being false logically impossible.
This means that A must be true.

A classic example is the proof that V2 is irrational. This is also a very important theorem

for our purposes, as V2 ¢ Q is an undesirable property of the rational numbers and so
we want to fix it. The solution is to extend the rational numbers to the real numbers

(which ought to include \/§) but we are getting ahead of ourselves.

Theorem 1.7 (Irrationality of v2): There exists no x € Q such that x? = 2
Proof:
Assume for the sake of contradiction, that there does exists such an x.

We can write:

p

X =—

q

where p and q are integers with no common factors.
If they did have common factors, we could just cancel out highest common factor to get it

into this form. Then

2q* =p?
2 2
2q* is even so p“ is even
p is an integer so it is either odd or even.

Even numbers can be written as 2k and (2k)? = 4k? = 2 - 2k? which is even



0dd numbers can be written as 2k + 1 and (2k + 1)2 = 4k? + 4k + 1
= 2(2k? + 2k) + 1 which is odd.
This tells us that since p? is even, p must also be even (since if p were odd, p? would be odd).
Therefore we can write p? as 4k? for some integer k.
2q% = 4k?
q? = 2k?
2k? is even so g2 must be even. By the same reasoning as before, q is even
We now have that p and q each have a factor of 2 which contradicts the assumption that they
had no common factors. This means that the assumption was wrong (remember the assumption

was that there is a rational number who's square is 2). We have shown that there is no such number,

in other words, V2 ¢ Q.

The rational numbers are very well behaved in many regards, but we have now found a
limitation with them. There are numbers which intuitively make sense to us, but the
rational numbers are not able to describe them. We can approximate such numbers by
rational numbers, but there will always be gaps. We want to (roughly speaking) define
the real numbers as being a set which fills in these gaps.



The Real Numbers and the Axiom of Completeness

We so far have 14 axioms which we want any familiar set of numbers to follow. We
called these the axioms of a non-trivial ordered field.

To tie this down to just the real numbers, we will need one more. The “Axiom of
Completeness™.

There are many different equivalent axioms we could use here, but | will use one which
is commonly used because it is also one of the easiest to do things with (though they
are all equally as reasonable). Before stating this axiom, | need to define a few concepts
first.

Defn: A set of real numbers S € R is bounded above iff
HMe]R S. t., vxes, M 2 X

In other words, if there exists a real number which is greater than or equal to every
element of the set. If this is the case, we call M an “upper bound” for S. Note that a set
can have multiple upper bounds. Similarly, we define:

Defn: A set of real numbers S € R is bounded below iff
Jmer S- L, Y es, m<x

And we call m a “lower bound” for S.
We call a set bounded iff it is both bounded above and bounded below.
Animportant idea is that of a “least upper bound”, which is an intuitive idea:

Defn: Given a set S € R, we call « a least upper bound for S iff:

a is an upper bound for S and for every upper bound M,a < M

[a is the Greek letter alphal]

The “least upper bound” is often referred to as the supremum of S, and we write a =
supS.

The infimum or “greatest lower bound” has a similar definition.
Defn: Given a set S € R, we call # an infimum for § iff:
p is a lower bound for S and for every lower bound m,§ > m
And we write § = inf S

Supremums and infimums are unique, meaning if a set has a supremum it has only one
and likewise for infimum. (Problem sheet).

We are now ready for the “axiom of completeness”:



Axiom of Completeness:
Every non-empty set of real numbers which is bounded above, has a least upper bound.

With this 15" axiom, we have now fully defined our real numbers.

We will progress by using this axiom to prove a very obvious fact.
Theorem of Archimedes (1.8): V¢g, Jpens- ., n>x

That s, given any real number x, | can always find a natural number, n which is greater
than x. This statement seems very obvious, but we will prove it from the axioms
nonetheless.

pf:
We will proceed by contradiction; we start by supposing that the statement is not true.
Its negation is:

Aer such that V,,¢y, xX=n

We swapped the 3 with V and vice-versa. We also negated the statement at the end. The
negation of n > x is x = n (by trichotomy).

If we think about what this negated statement is saying, it says that there exists a real
number which is greater than or equal to every natural number. This is precisely the
definition of the natural numbers being bounded above. We know that 1 € N so the set
of natural numbers is not empty.

Since N is now a non-empty set which is (supposedly) bounded above, we can apply the
axiom of completeness:

d,er such that @ = sup N
Supremums have 2 properties, we will want to make use of them both.
First a is an upper bound, meaning ¢ = n foreveryn € N.

Second, a is less than or equal to all upper bounds, meaning there are no upper bounds
less than a.

a—1<a



Meaning @ — 1 is not an upper bound. What does that mean? It means there is at least
onen € Nsuchthata — 1 < n (since if this weren’t so, then @ — 1 would have been an
upper bound).

a—1<n=2>a<n+1

But now we use the fact that the natural numbers are closed under addition.n € N and
1 € Nwhich means thatn 4+ 1 € N and so we have a natural number which is greater
than a. This contradicts the first fact, that a is an upper bound for the natural numbers.

This contradiction means that the assumption (the negation of the theorem) was false,
meaning the theorem is true.

i.e.,

for every real number x, there exists a natural number n such thatn > x

Before finishing this section, we want to ensure that the axiom of completeness actually

solves the problem of v/2 not being a rational number. We want to show that v/2 is real.

Theorem 1.9: there exists a positive x € R such that, x? = 2
pf:
Of course, to prove this, we will need to use our axiom of completeness.

It tells us that for any non-empty, bounded above set, there exists a real number which

is it’s least upper bound. We want to create a set who’s upper bound is V2 and then, by
completeness it must be real.

First, we need a candidate for our set which we think will have a least upper bound of
V2. Can you think of such a set?

After some thinking a good suggestion might be
S={x€eR:x?<2}

The set of real numbers whose square is less than 2. It doesn’t seem unreasonable that
sup S = V2.

The ideaisto let @ = sup S, then to show that a? = 2 (and a > 0). Which will meet our
conditions.

First, we need to show that S is non-empty and bounded above. To show non-empty, we
just need a single element whichisin §.

1€ERand1?=1<2s01€S



Hence non-empty.

To show bounded above, | need to find an upper bound. It seems clear that 2 should be
an upper bound. | need to show that for every element x in S, that x < 2

Letx €S
x?<2<4<2?
sox? < 22
=>x<?2
So S is bounded above. We now have permission to let @ = sup S.

Showing that o > 0 is easy. We know that a is an upper bound forSand 1 € S and so
a=>1>0.

We know that « is definitely a real number (by the axiom of completeness), so a? is also
real. So how do we show that a? = 2 (which completes the proof).

The idea will be to assume that @? < 2 and that a? > 2 and reach a contradiction in
both cases. This means that (by trichotomy) a? = 2 as required.

| will show how a? < 2 leads to a contradiction. The other case will be left as an
exercise on the problem sheet.

Suppose a? < 2

We need to get a contradiction. Remember, a has 2 defining properties. The fact that it
is an upper bound, and the fact that there are no upper bounds less than a. Which of
these 2 properties does it seem like a? < 2 would violate?

We supposed that a? < 2 but we think this will lead to a contradiction, because it
should actually be bigger. We think we have chosen a value of a too small, meaning that
itis no longer an upper bound. So this is the property which we will try to violate.

To be precise, we want an element of S which is greater than a (and so a is not an upper
bound which gets us our contradiction).

The key idea here is that we want to find a number which is bigger than a, but only by the
tiniest amount, so that we can guarantee that itis stillin S. To capture this idea of a

number which is just *barely* bigger than a, | will considerx = +% > a.We can make

n as large as we like and hence make x as close to a as we need (but x will always be
bigger than a no matter how large n is).

I now have a number which is greater than a, (x > «). | just need to show that (by
choosing the appropriate value of n) we can get x € S and then we will be done.



Forx € S, we need x? < 2 meaning:

1 2
(a+—) <2
n

Which is equivalent to (by expanding brackets):

2a

) 1
a +—+—2<2
n n

Remember our goal is to show that there is some n such that the above inequality is

always true (whenever a? < 2). The n—lzterm is making things more difficult so we can get

rid of it by noticing that n_12 < %which means

) 20 1 ) 20 1 ) 2a+1
a+t—+—=<al+—+-—=a+
n n n n

Which is good because this new expression (az + %) has no n—lz’s involved which will

make the next step much easier.
Crucially, notice that if | can show that

20+1

a’ + <?2

Then automatically (by transitivity):

, 2a 1 . 2a+1
a’+—+—=<a’+
n n

20 1
+—2<2
n

=>a?+—
n

1 2
= (a + —) <2
n
Which was what we wanted. So, all | need to do now (which is surprisingly easy), is to
show that (with the right choice of n),

) 20+1
a“ +
Which is equivalent to:
20 +1
2—a?
n

We can multiply by n (since n € N is positive) and we can divide by 2 — a? (because
a? < 2meaning 2 — a? > 0).



2a+
2—a
immediately yes (by the theorem of Archimedes). | don’t need to know what that n is, it

. . o 1 .
The question becomes, can | find an n which is greater than >? The answer is

is sufficient to just know that it exists.

To remind ourselves of what we have just done, using this value of n, we have that

2
(a + %) < 2 which means that a + % € Sbuta +% > a which contradicts the fact that

a is an upper bound, which means that the assumption (which was that a? < 2) was
false.

| will leave the rest of the proof to you, it is very similar. You will want to show that a? > 2
contradicts that a is the least upper bound, by fining an upper bound less than a.

We then conclude that a? = 2 and @ > 0 is a real number, we denote « byx/fand hence

V2 € R which shows that the completeness axiom does at least fulfil the purpose it was
created for (it will also do much more for us as we move forward).



Intervals
In this short section, | want to define a particularly useful type of set.

Def: An interval [ is a set such that, Vaper Witha < b, a<c<b>cel
Thatis, for every a and b in the interval, anything between a and b is also in the interval.
Intervals might take the following forms:

(a,b) ={x €eRia<x < b}
(a,b] ={x € Ria < x < b}
[a,b) ={x € Ria < x < b}
[a,b] ={x € Ria < x < b}

(—o0,b) :=={x € R:x < b}

(—oo,b] :=={x € Rix < b}

(a,0) ={x € R:a < x}

[a,0) :={x € Ria < x}

(—00,®) =R
(Check from the definition that these are all intervals).

We use regular brackets, (),to exclude an endpoint. We use square brackets, [], to
include an endpoint. Whenever we use oo we use a regular bracket, because we
cannotinclude +oo as itis not a real number. Also if both brackets are () we callit an
open interval, if both are [], we call it a closed interval.



The Modulus Function

The modulus function is a very simple function which we will be using a lot throughout
this course. It is very simple, but very versatile. We denote the modulus of x by |x|. An
informal definition is that the modulus function keeps positive things the same, and
makes negative things positive. A more formal definition is:

|x|_{x x>0
T lex x<0

If | put in something non-negative, it just returns itself back, e.g., |2]| = 2, |% = % and
|0] = 0.

If | putin something negative, it gets multiplied by —1 (making it positive).

e.g.,|—-3| = —(—3) =3and|-5| =5.

Animportant idea is that we can use the modulus function to consider the “distances”
between two real numbers. We can find the difference between two numbers (a and b)
by subtracting (a — b). But this will give us a negative number when b > a. If we don’t
care about which is bigger, only the difference between them, we can use the modulus
function.

|a — b| can be thought of as the “distance” between two real numbers a and b.

In this section we will discuss some very important (and useful) properties of this
function which we will be using a lot later on.

Because the modulus function is defined in this “piecewise” way, which means we
define it one way for some values and another way for other values, means we can
easily prove facts about it just my considering different cases. For example:

Theorem 1.10: |a||b| = |ab|

This seems rather obvious, but to be certain, we ought to prove it. There are four cases
toconsider;a,b > 0; a,b<0;a <0, b >0;a>=0,b <0.We can easily prove the
statement by handling these four cases separately.

pf:
Casel:a=>0andb >0so|a|l| =aand|b|=b
We have that ab > 0 (monotony of multiplication) so |ab| = ab
LHS = |a||b| = ab
RHS = |ab| = ab

so LHS = RHS



Case2:a<0andb <0so|a|l =—aand|b| =-b
in this case,ab > 0 so |ab| = ab
LHS=—-aXx—-b=ab
RHS = ab

So LHS = RHS

Case3:a<0andb =0
la| = —a, |b] = b
ab < 0= |ab| = —ab
LHS = |a||b| = —a X b = —ab
RHS = |ab| = —ab
So LHS = RHS

There is also the fourth case, where a = 0 and b < 0, but we can ignore this case
because itis equivalent to case 3, because the original equation is symmetricin a and b
(we can swap a with b and it doesn’t change). |a||b| = |ab| is equivalent to |b||a| =
|bal. We often say “without loss of generality” or “WLOG?, in a situation like this where
the two cases are equivalent and so we can get away with only considering one of them.

Proving other theorems involving the modulus function is very similar. | will prove one
more important theorem here.

Theorem 1.11: "Triangle Inequality"
la + b| < |a| + |b|

This statement becomes clear when you try some various numbers. The reason why it is
called the “triangle inequality” is because of a geometric interpretation, that being that
the shortest distance between two points is a straight line. The relation between that
fact and this “triangle inequality” becomes more apparent when considering complex
numbers (which we will not be doing in this particular course).

pf:

We consider cases. Again, since the statement does not change when you swap a and
b, we can “WLOG” ignore the fourth case.



Casel: a,b=0=>a+b=0
a,b>0>=|a|l =a, bl =b
a+b=>0=>|a+b|l=a+b
LHS=|a+b|=a+b
RHS =|a|+|b|=a+b
LHS = RHS so case 1 works.

Case2:a,b<0=>a+b<0
a,b<0=|a| = —a, |b| = —b
a+b<0=>|a+bl=—(a+b)=—a—b
LHS=—-a-b»b
RHS=—-a-b»b

LHS = RHS so case 2 works

Case3:a<0andb =0
la| = —aand |b| = b
We don't know whether a + b is > 0 or < 0, so we need to consider these 2
subcases separately
Case3a:a+b =0
LHS=|a+b|l=a+b
RHS = |a| + |b| = —a+ b
Sincea < 0,—a > 0 meaninga < —a and hencea+b < —a+b
LHS < RHS so case 3a works
Case3b:a+b <0
LHS=|a+b|=—-a—-b
RHS = |a|+ |b|=—a+b
b > 0 meaningb > —bandso—a—b<—a+b
again LHS < RHS and so case 3b works.

All cases work, so we have finished the proof.



Further to the idea that we can use |a — b| to represent the “distance” between a and b
on the number line, if this distance is less than, say c, then this means that a is between
b — c and b + c. To make this more precise:

Theorem 1.12: la—b|<ce b—-c<a<b+c
pf:

We want to prove that this goes in both directions. If the LHS is true then the RHS is true,
and if the RHS is true then the LHS is true. | will begin with the “=” direction.

Letla—b| <c
We will deal with this by cases, as usual.
Casel:a=b
inthiscase,a—b=>0=|a—b|=a—-»b
soa—b<c=>a<b+c
We have showed that a < b + ¢ but we also needthata > b — ¢
0<|la-bl<c=>0<c
thenb—c<b <ahenceb—c<a

wenowhaveb—c<a<b+c

Case2:a<b=>a—-b<0=>|la—bl=b—a
sob—a<c=>b—-c<a
We still need to show thata < b + c.
0<|la—-bl<c>0<c
thena < b <b+candhencea <b+c

sowehave b — ¢ < a < b + c in both cases.

Next for the “&” direction of this proof.
Letb—c<a<b+c
>-c<a—-b<c
ifa—b =0

thena—b<c=|la—b|<c



ifa—b<0
then —c<a—-b=>b—-a<c=|la—-b|<c
soinany case: |b —al| <c

We are done.



Sequences

The “Limit” of a Sequence

A sequence is a list of numbers in a particular order.

E.g.,

1,2,3,17 34 8,0
1= ) 11’ )

Is a sequence.

We will be dealing with infinite sequences, meaning sequences with an infinite number
of terms in them. One way to describe such a sequence is to define it’s n™ term. For

example, the sequence % has a firstterm of 1, a second term of%and a 27" term of 2—17

We often write something like a,, = %to refer to such a sequence, and then (for

1
example) ag = >

The main topic of our conversation has to do with whether such sequences “converge”.
We all have a vague idea of what it means for a sequence to “converge” to a particular

1. .
value. For example, the sequence —is clearly “converging” to 0. The terms get closer and

closer to 0 as you make n larger and larger. The sequence

[1.49,1.51,1.499,1.501, 1.4999,1.5001, --- | (assuming the obvious pattern continues)
ought to converge to 1.5 (if we make a sensible definition). The tough partis in deciding
what a precise definition would be for such an abstract idea.

Suppose we have a sequence a,,, converging to some number L. Intuitively this means
that by going far enough into the sequence, we can get the terms to be as close to L as
we like. For example, there must be some term of the sequence which is within 0.1 of L.
There must also be a term within 0.01 of L, or 0.0000000001 of L. The idea is that | can
choose any positive number and there will be a term of the sequence which is within
that distance of the limit L. Remember, we can define the “distance” between two
numbers (in this case a,, and L) by using the modulus function as |a,, — L|.

Our current (incomplete) definition might be written as:



lim a,, = L means:

For any positive number, there exists a term of the sequence, a,, such that |a,, — L| is
less than the given number.

We may write this more formally by giving the positive number a name, let’s callit €
(Greek letter epsilon).

Vesor J,en S- L, la, — Ll <&

There is a problem with this definition, which is that it only requires a single term which
is close to L. What we really want is not just that there exists a term which is close to L,
but that the sequence stays that close to L.

So instead of saying “there exists a term, a,,, such that |a,, — L| < &”, we should be
saying “there exists a term, ay, such that for every term a,, after ay, we have |a,, — L| <
€”. This captures that idea of “staying close” to L. To make it more formal, this is our
(final) definition.

lima,, = L means
v£>01 3NEN s.t, vnzN' |a1’l - LI <e&
This is called the e-N Definition of the limit.

You should take some time to really make sure you understand this definition because
we will be using it a lot, and having a good intuitive understanding will make it easier to
understand what we do as we proceed.

If a sequence does not converge to any limit, we say that it diverges. This might mean
that it “goes to +00”, or that it oscillates between 2 or more values, or any number of
other things. For the case of “diverging to c0”, we can be more precise. This definition is
almost identical to the definition of convergence, but we replace the idea of a,, being
“close to L” with the idea of a,, being “large”.

Defn: A sequence a,, diverges to oo iff:
V£>O' EINEN s.t, VnZN' an > &

The important thing to note here is that this works for any € > 0. So far we have
interpreted this as meaning “no matter how small, as long as it is positive”. Here
however, we interpret is as “no matter how large”. Mathematically it makes no
difference, but often we use a different symbol to remind ourselves that it represents a
large number, rather than a small one. Also, there is no need for the number to
necessarily be positive. Hence, we typically write, for divergence to oo:

VMe]R, HNeN S. t., vnzN, an > M



If a sequence, a,,, diverges to oo, we write lim a,, = 0. Remember o is not a real
number, we are just using it here as a symbol to represent the idea of divergence to
infinity.



Using the Definition of Convergence

Here, we will go use the definition of Convergence to prove that certain functions
converge to their expected limits, and to prove that particular sequences diverge (do not
converge to any limit). We will also demonstrate an important theorem which makes
determining the limits of many sequences much easier.

e.g.,lim—=0
& n
pf: The sequence of % clearly converges to 0 (if our definition is to reflect our intuitive

idea). So, we shall prove this fact.

Proofs involving the e-N definition of the limit often follow a similar route to what | will
demonstrate here.

Recall the definition:
V8>0’ HNeN S.t., vnzN, |an - Ll < &

Where a,, = %and L = 0, so the inequality becomes:
1
|— - O| <g
n

Which is the same thing as

1
—<é€
n

We need to show that a particular statement is true for any € > 0. To do this, we start by
saying,

Lete >0

Then we want to show that the rest of the statement must follow, regardless of which ¢
was chosen.

We need to show that there exists a natural number N with a certain property. We don’t
have enough information yet to determine what this N is for now. We will simply write:

choose N such that -
and then come back later to fill the gap once we have a better idea.
Then we need something to be true foralln = N, so | will say:
Letn = N

Finally, I need to show that |a,, — L| < €. Of course, | already explained that this is the

1
same as; <E&.



| know that% < %(by dividingn = N by nN) and so ifl can get% < g, lwill have
1 < 1 <
n- N €
1
=>-<¢£
n

And we will be done. The question then is, how can | ensure that% < g (thisis where we

decide what the condition on N must be. This condition will be metif N > %which is

always possible by the theorem of Archimedes. We use this to fillin the gap from before,
and we are done.

This is what the proof looks like when written out in full:

Lete >0

1
Choose N > z (possible by archimedes)

Letn>N
| L|—|1 0|—1<1<
n T n TRSNF
= |la, —L| <e¢

Hencelim— =0
n

The hardest part of e-N proofs is often determining how to choose N, and how to
simplify the inequality at the end into something easier to work with.

e.g,limk =k
Where k is some constant
pf: I will write down the definition again, this time witha,, = kand L = k.
Veso, Jyens-t., Vosn, |k —k|<e
Again, we simplify the inequality at the end, which becomes
0<e¢

Which is always true (since € > 0). It doesn’t matter which value of N we choose, so
let’s just



Choose N =1
Letn > N
la, — L =0<¢

Hencelimk =k

Not every sequence will converge to a particular limit. Some sequences may grow to
infinity (more on this later), or they might oscillate between various values (or neither of
the above).

e.g.,lim(—1)™ does not exist
When a sequence does not converge, we say that it’s limit “does not exist” or “DNE”.

(—1)™ = —1whennis odd and 1 when n is even. This certainly doesn’t seem to
converge to anything in particular, so let’s make certain by using the definition.

pf:

We want to show that (—1)™ doesn’t converge to anything, we want to show that the e-N
definition does not hold for any potential limit L.

We want:
v8>0' 3NEN S't" anN' |(_1)n - Ll <ég

to be false, for every L € R which means we need to prove that the negation of the above
is true. Recall that we get the negation by swapping the ¥’s and 3’s and negating the
final statement. We want to show that:

Viers deso0 S L, Vnens dpsn S L, (D" -L|=¢
We have a statement for all real numbers L, so
LetL € R

| only need to show that there exists a single € > 0 such that the rest is the case. | just
need to choose an appropriate €. Since a,, can only take on values of —1 and 1, the
reason why we suspect that no limit can exist is because it would need to be close to 1
and —1 at the same time. The difference between —1 and 1 is 2 and so if € is half of that
(e = 1), it should work (since L can’t be within that distance of —1 and 1 at the same
time). Any smaller value of € would work just as well.

Lete=1>0
I now need to show that the restis true for every N € N and so:

Let N € N



Then we have “there exists n = N” so | need to choose an appropriate one.
Choosen ---
I will come back to fillin the gaps once we have a better idea.
Finally, | need to show that for this n,
(D" =Ll =1
[Since e = 1]
If L = 0, this is automatically true since |[(-1)" — 0| = |[(-D"|=12>1
If L > 0, we can make it true if (—1)™ = —1 (nis odd).
If L < 0, we can make ittrueif (—1)™ = 1 (nis even)
This tells us how we should have chosen n in the last step, so | will fillin the gap now.
If L > 0 then choose n > N such thatn is odd
If L < 0then choosen > N such thatn is even
Then we have 2 cases:
L>0=nisodd= (-1)" = —1, alsoL+1>0
|(-1)"—-L|=|-1-L|=|L+1| =L+ 12>=1asrequired
L<0=niseven= (—1)" =1, also1—-L>0
|(-1)"—-L|=|1—L|=1-L >1asrequired

Hencelim(—1)™ does not exist.

e-N proofs can be difficult. Whilst they are necessary to start with (as we have done
here), we can make our lives easier by proving the following (relatively clear) statements
about limits.

If ima, =a& limb,, = b Then:
lim(a, + b,) =a+b
lim(a,b,) = ab

If Additionally, b # 0 and b,, # 0 for any n (or at least for any suffiently large n):

o a, a
lim— =—

b, b

Where the # 0 conditions are simply to prevent division by zero.



The cases of [lim(a,, — b,) = a — b] and [lim ka,, = ka] follow immediately from these
results.

I will show you the proof for the addition and multiplication. The rest will be left as
exercises.

Theorem 2.1: lima, = a, lim b,, = b, = lim(a, + b,) =a+b
pf:
First step (as always):
Lete >0

We know that lim a,, = a which (loosely) means we can make |a,, — a| as small as we
like. We can also make |b,, — b| as small as we like.

Our goal is to show that we can also make |a,, + b,, — a — b| as small as we like.

As typical, we will try to simplify the final inequality |a,, + b, —a — b| < €into
something easier to use. It would be useful if we could write it in terms of |a,, — a| and
|b,, — b| as we have control over those (we can make them both small). For this we can
use the triangle inequality.

|an+bn_a_b|:|(an_a)+(bn_b)|Slan_a|+|bn_b|

Soif | can show that |a,, — a| and |b,, — b| can each be made < g, then it will follow that
la, + b, —a—b| <e.

I know that since lima, = athereisan N; € NsuchthatV,.y, la, —al| < 2

Also, since lim b,, = b, there exists an N, € N such that V,,., |b, — b| < 2
Now I’m ready to choose my N.
LetN = maX(NlNz)

This means that V.5, we have thatn = N; and n = N, which means we can use both
that |a, — a| < gand |b, — b| < Z

Finally, we have:

£ €
Ian+bn—(a+b)|Slan—a|+|bn—b|<§+§:e

ie.,la,+b,—(a+b)|<c¢



Hencelim(a, + b,) =a+b

The multiplication case it a little bit more tricky:

As you will see when we do the proof, there is another (rather clear) fact which we will
need to use, which is that all convergent sequences are bounded.

Lemma 2.2:if a, is convergent then a,, is bounded.

(A Lemmais just a small theorem which we are proving because it will make a future
theorem much easier).

pf:

Let a,, be a convergent sequence with limit L.
Intuitively it seems that a,, ought to be bounded because there are infinitely many terms
which are “close to” L and only finitely many which are not close to L. By “close to”, |

mean “within € of” where we can choose any € > 0. Let’s go with € = 1. (You can use
any, but | am just picking something).

We know now that (by definition of the limit) there exists an N € N such that
vnzN: |an - Ll < 1.

This meansthatL — 1 < a, <L+ 1whenevern > N.

This gives us an upper and lower bound on all of the terms within the “tail end” of the
sequence. We can form an easy upper bound for the rest, because the rest is only
finitely many.

LetM = max({a,:1<n<N-1}U{L+1}).

ThenM > a,forl1<n<N-1,alsoM >L+1>a,forn>N.Thismeans M > a, for
alln and hence M is an upper bound for a,,.

Similarly, m := min({a,;;1 <n < N — 1} U {L — 1}) is a lower bound for a,,. Hence a,, is
bounded, as required.

Notice also thatif | let C = max{|M|, |m|}then C = 0 and |a,| < C, meaningifa
sequence is bounded we can say 3.5, such that |a, | < C. Notice that if C works for this,
anything > C would also work. If C = 0, then € = 1 would also have worked. We can
always finda C > 0.

Jso such that |a,| < C foralln € N.



Theorem 2.3:lima, = a,limb,, = b = lima,b,, = ab
pf:
Lete >0
Before we choose an appropriate N, let’s consider the final inequality
la,b, —ab| < &

And how we can simplify it. We want to get something in terms of |a,, — a| and |b,, — b]|
since these are two expressions which we know we can make arbitrarily small.

To achieve this, we will use a common trick, which is to add something, and
immediately subtract it away.

|a,b, —ab| = |a,b, — a,b + a,b — ab|
We could have used ab,,, both would work. Next, we factor:
lanby, — ab| = |an (b, — b) + b(a, — a)
And use the triangle inequality:
lanby, — ab| < |an (b, — b)| + |b(an, — a)| = |a,||b, — bl + |blla, —a
Don’t forget that our goal is to make this thing < «.

We can make |a, — a| as small as we like, so let’s choose N; € N suchthat V,,.y, , we

have |a,, — a| < ﬁ (which is okay so long as b # 0. We will handle the case with b = 0

separately at the end). This means that |b||a,, — a| < gwhenevern > Nj.

We can also make |b,, — b| as small as we like, but we have a problem, which is that |a,, |
is not a constant. How can we be sure that, as n gets larger, |a,,| doesn’t grow without
bound? This is not a problem because we already know that convergent sequences are
bounded. The means there exists a real number C > 0 such that |a,| < C for every n.

Ian”bn _bl < Clbn _bl

We can then choose an N, € N such that V,,.y, we have that |b, — b| < %

This means that |a,||b, — b| < C% = %

Finally, | choose N = max(N,, N,). Then V,-y, we have n > N; and n > N, which means
£

2~ ¢

5
|anby — ab| < |an|lby — bl + |blla, —al <7+



Hencelima, b, = ab
Now to handle the case with b = 0.
The inequality |a,b,, — ab| < € becomes |a,||b,| < &

Now since a,, is convergent, it is bounded, so again we have C > 0 with |a,,| < C for
every n. Also lim b,, = b = 0 so there exists an N € N such that ¥, we have that

|bn_0| = |bn| <§

Then:

Ce
|anby, — ab| = |apb, —a - 0| = |a,||b,| < Clby| < ?z €

Meaning lim a, b,, = 0 = ab as required.

For the case of 2%, (which | will leave to you), it is sufficient to show that limbi = %

n n

because then you can just use the multiplication of limits to get hm(;—” = lim (an . b—) =

n n

S =

a a
b.

We can use these theorems to evaluate all kinds of limits which would have otherwise
been very difficult.

You can now easily prove by induction that lim n—lk = 0foranyk € N.

n—-oo

3,2 .17 18
l_nA—mﬁ+2M+1wV48_r -2t 2tz 7
T i —3n v, 11 _13 1

Tt

1-0+040-0 1
T 440-0+4+0 4




Important Theorems for Convergence

So far, we have looked at how to determine the limits of particular sequences, but using
the e-N definition is only possible if we already have a candidate for what we think the
limit should be. Using the theorems from the end of the last section, we can combine
known limits together, but we can’t do this if the limits which make up the larger
expression are not known.

This next theorem will allow us to deduce that a certain type of sequence converges,
without necessarily knowing what the limit is.

First, | need make a quick definition.

A sequence a, is said to be monotone increasing if a,, < a,,, whenevern < m. This
means that as you move forward in the sequence, the terms get larger (or can stay the
same), but they can never get smaller.

Similarly, a,, is monotone decreasing if a,, > a,, whenever n < m. As you move
forward in the sequence, terms can never get larger.

We say that a,, is monotone if it is either monotone increasing or monotone
decreasing.

We can now discuss the theorem:
Monotone Convergence Theorem (2.4):
Every monotone, bounded sequence is convergent.

This seems obvious at first glance. It can’t diverge to infinity (bounded), and it can’t
oscillate between different places because it can only go in one direction (monotone).

This theorem will be a very useful one.

pf:

I willassume that a,, is increasing. The proof for the case where it is decreasing is very
similar and so | will leave it as an exercise to you.

Of course, the reason why this theorem will be useful is because it will allow us to say
that certain sequences diverge even if we have no idea what the limit might be. In order
to prove the theorem itself though, we will need a limit candidate. The least upper
bound of a,, seems like a reasonable candidate.

Let a,, be bounded and monotone increasing

Since a,, is bounded, it is bounded above.



LetS = {a,:n € N}
a, € S so S is non empty and bounded above
Leta = sup S (by axiom of completeness)

We now need to show that a,, converges with limit a. We proceed by using the definition
of the limit.

Lete >0
Choose N ---
We will come back later to choose the right N.
Letn > N
I need to showthat |a, —a| < ¢
First, we use that a is an upper bound, which means ¢ = a,, and hencea, —a <0
Our inequality becomes
a—a, <E¢

| still need to use the fact that a is a least upper bound, which means that anything < «
(even by a tiny amount) is not an upper bound. This gives me the idea to rearrange into:

a, >a—c¢

Remember, we don’t know that this inequality is true, we want to prove that itis true
(whenevern = N).

| know that @ — ¢ is not an upper bound, and so 3¢y such that ay > a — ¢ (this is how
we should choose our N).

Thenwhen | Letn = N, we have a,, = ay > a — € (since a, is monotone increasing).
Finally, | rearrange a,, > a — ¢ into
a—ap(=la,—al) <e

Hence, we are done.

The next important theorem | will prove is called the squeeze theorem sometimes
called the sandwich or pinching theorem. It says that,

Squeeze Theorem (2.5):
ifa, < b, <c, foreveryn

andlima, =limc, =L



then b,, converges andlim b,, = L
Or equivalently,
if |a,| < b,, for every n
andlimb, =0
thenlima, =0

I will prove the first version of this theorem, and | will leave it to you (problem sheet) to
show that the second version immediately follows.

pf:
Let a,, b, ¢, be sequences with a,, < b, < ¢, for everyn
and with L :== lima,, = lim b,
Lete >0

Our goal, as usual, isto findan N € Nsuchthatn > N = |b, — L| < &, thatis that we
can get b, to be within € of L.

We know that we can make a,, and c¢,, as close to L as we like. The key idea of the proof
is this:

If we can get both a,, and ¢, to simultaneously be within ¢ of L then, since b, is
between a, and c,, this willimply that b,, is also within ¢ of L, which is what we want. To
make this more precise:

Take N; suchthatn > N; = |a, — L| < ¢
Take N, suchthatn > N, = |¢, — L| < ¢
We can now choose N,
Let N = max(Ny, N,)
Letn > N
=>n=>N;andn > N,
We know then, that |a, — L| < eand |c,, — L| < &
We want to show that this implies that |b,, — L| < & and we will be done.
If you consider visually what is happening here, we have a,, is between L — c¢and L + ¢.

c, is also between these values. We know that b,, is between a,, and ¢, so it must also
be in this interval. To be more formal:

la,—Ll<eeL—ct<a,<L+e¢



lc,—Ll<eeL—-e<c,<L+c¢
We also know thata,, < b,, < ¢, so:
L-—e<a,<b,<c,<L+c¢
>L—-e<c,<L+e¢
= |c,— Ll <e&

We are done.

One final theorem | want to prove is very subtle, yet important. We already know that
every convergent sequence is bounded, but specifically, | want to show that the limit
must be within the same bounds as the sequence. To be more precise,

Theorem 2.6:If x,, € [a, b] and x,, converges to L, then L € [a, b]

There are probably many ways to go about proving this, but | am thinking contradiction
might work out nicely.

pf:
Let x,, be a sequence withlim x,, = L and x,, € [a, b]
Suppose (for contradiction) that L > b

The idea is that since we can get x,, arbitrarily close to L, if L > b we canfindanx, > b
which would contradict that x,, € [a, b].

Let e = L — b (which is allowed since L > b)
There isan N € N such that, V,,»y,
|x, —L|<L—b
©b—-L<x,—L<L-b
©b<x,<2L-Db
Critically, we have b < x,, which is a contradiction since x,, € [a, b]
The assumption (L > b) was false, meaning L < b
The next step is to show that L > a
We suppse then, than L < a, and proceed similarly

| leave the second part as an exercise to you.



A corollary of this theorem (“corollary” means a theorem which follows quickly from a
more difficult theorem which you just proved) is that if x,, € (a,b) then L € [a, b].

pfix, € (a,b) = x,, € [a,b] = L € [a, b]

You may be wondering whether we can say that x,, € (a,b) = L € (a, b). In fact, we
cannot, as demonstrated by a simple counter-example:% € (0,2) butlim% =0¢(0,2)
(but 0 € [0,2]).

An important type of sequence is a geometric sequence. A geometric sequence is any
sequence of the form:

X, = ar

Intuitively, it seems like this sequence will diverge for |r| > 1, converge to 0 for |r| < 1,
converge to a forr = 1 and oscillate between —a and a (so diverge) forr = —1.

Thisis allassumingthata # 0. If a = 0,x,, = 0 is a constant sequence with limit 0.

Theorem 2.7 (Convergence of Geometric Sequences)

Letx, = ar™ witha # 0

Casel:|r| =1
Eitherr = +1
Casela:r =1
X, = a- 1™ = ais a constant sequence withlimx,, = a
Case 2a:r = —1, X, = a(—1)"
e Xn oL
Suppose x,, converges with limit L, thenz = (—=1)" converges with limit z
we know that (—1)" diverges, this contradiction means x,, diverges.

Case2:|r| > 1

We want to show that x,, is unbounded.
lxn| = lar™| = |al|r|"

lrl>1=|r|—1>0



Letd=|r|—1=|r|=14+6
lx,| = lal(1+6)" = |a|(1 + nd) (first 2 terms from binomial theorem)

Which is unbounded above (diverges to « in fact), hence x,, is unbounded and so it
diverges.

Case3:|r| <1

| want to show that x,, converges to 0.

1
[rf<1=>—>1
|7

1
We know (from Case 2) thatW — oo which means that |r|* - 0

[We have seen from the problem sheet that a,, > o = ai - 0]

n
Hencer™ - 0 andlimx,, = limar® = alimr"=a-0=10

We are done.

| will finish this section with a miscellanious theorem relating to supremums, which will
be slightly useful later on.

Theorem 2.8:
Let S be aset withsup S = «a
Then there exists a sequence x,, € S withlimx, = «

We can prove this constructively, meaning we will show that a sequence exists by
showing how you could construct it.

pf:

We use the fact that @ = sup S means that anything < a is not an upper bound. This
means there exists some x € S suchthata — 1 < x < a. Call this x;.

. 1
There is also some x, € S suchthata — 3 <x; = a.

. 1 1. .
In fact since a — - <a,a-— —is not an upper bound for S and so there exists some x,, €

S suchthata — % < x, < a.There may be many (potentitally infinitely many) choices for



each x, but this does not matter, any choice will do. We now have some sequence x,, €

Switha — % < x, < aforeveryn € N. We can then use the squeezing theorem:
. 1 .
hm(a—a):a, lima =«

= limx, = «a

Which was what we wanted.



Subsequences

You can form a subsequence of a sequence by removing any number of terms from the
original sequence.

For example, [1,13,57,109, - ] is a subsequence of a,, = n = [1,2,3,4,5, -], and

111 . (- 1 11 1
[E,Z,g,---]|sasubsequenceofbn= — z[_l'E’_E’Z'_E'”']'

More formally:

A subsequence of x,, is any sequence Xn; where n; is a strictly increasing

sequence of positive integers.

Strictly increasing means each term is strictly greater than the last, as in they cannot be
equal.

To make this definition make more sense, | will give an example. Letn; = 2j — 1 =
[1,3,5,7,--- ] (which is strictly increasing).

Thena,, = [a,, a5, as, -+ | is subsequence of a,, (it is the subsequence consisting of the

odd terms of a,,.
Note that the terms of the subsequence an; are dependent on n; which itself depends

on j, meaning Qn; dependsonj.

There are 2 important theorems about subsequences which we will consider in this
section. The first is a relatively obvious fact. The second is not so obvious, butisn’t
terribly counterintuitive either.

Firstly,

Theorem 2.9: The subsequence of a convergent sequence is also convergent

and converges to the same limit as the original sequence.

We are given a convergent sequence;
Let a,, be a sequence with lima, = L
Next we have a subsequence of a,;;

Let Qn; be a subsequence of a, (then n; is a strictly increasing sequence of positive integers).

We need to show that lim An; = L. We use the ¢-N definition.

j—©



Lete >0
We know that the sequence a,, converges to L, which means 3¢y such that v,y we
have |a,, — L| < €.

To complete the proof, we need to choose J € N such thatV;;, |anj - L| <e.

We need to choose J such thatn; = N, butis this always possible? We can prove by
induction that n; = j for every j and so ny = N. This means by choosing /] = N we get
the following.

Letj =]

=>nz2n=2]=N
anNz’|anj—L|<e

Hence lim an; = L

j—

And we are done. There is one gap to fill in this proof. | will leave it to you to prove that
n; = j for every j (think first about why this is obvious and then prove it by induction).

We have seen before that every sequence which is convergent is bounded. It is not the
case that every bounded sequence is convergent (e.g., (—1)").

Butis there anything we can say regarding convergence and bounded sequences?
Thinking vaguely for a moment, if | have a bounded sequence, we have a finite amount
of space and an infinite number of terms. It seems that these points must all, in at least
one place, cluster together.

The way to express this formally is:

The Bolzano-Weierstrass Theorem:
Every bounded sequence has a convergent subsequence

A common proof which | have seen for this theorem many times is to repeatedly split
the interval on which the sequence is bounded in half infinitely many times, forming a
subsequence which is what we call “Cauchy” (we will talk about Cauchy sequences
later), which ends up giving us a convergent subsequence.

I will use a different approach, which I think is nicer, it also avoids any need for these so-
called “Cauchy sequences”.



We have no idea what the subsequence we find will converge to, but we do know that it
will be bounded (because the original sequence is bounded). The Monotone
Convergence Theorem then, might be a good call. We need only to find a single
monotone subsequence. It turns out that not only does every bounded sequence have
a monotone subsequence, but in fact every sequence as a monotone subsequence.

Lemma 2.10: Every sequence has a monotone subsequence.
pf:
For this proof | will define something called a peak index.
Def: a peakindex of a,, is a term ay suchthatn > N = ay > a,

In other words, a term of the sequence is a peak index if it is bigger than every term
which comes after it.

There are 2 possibilities. There are infinitely many peak indices or there are not.
Remember we are trying to find a monotone subsequence.
Case 1: There are infinitely many peak indices.

Let ay; be the jth peakindex. This is an infinite sequence (since there are infinitely many

peak indices). Since each ay; is a peak index, every term after it (including the next peak

index) must be less than ay;- This means ay; is a (monotone) decreasing subsequence.

We have found a monotone decreasing subsequence in this case. In the case of finitely
many peak indices, we will be able to find an increasing sequence.

Case 2: There are finitely many peak indices. (This includes their being none).

If there are no peakindices, let a,,, = a,. If there is at least one, let a,, be the term after
the final peak index.

an, is not a peakindex (since either there are none, or it comes after the last one).
Critically there are no more peak indices ever again after this point in the sequence.
a,, is not a peak index = there exists some n, > n; with a,, = a,,.
We also know that a,,,is not a peak index so there is some nz > n, with a,, = a,,
Continue in this way:

A, is not a peak index = Injion; S L Anj,, 2 Oy



We form this subsequence Qn; which is (though not strictly) monotone increasing.

We have now found a monotone increasing subsequence.

In any case, we can find a monotone subsequence of any sequence.

Corollary 2.11: The Bolzano-Weierstrass Theorem:

Every bounded sequence has a convergent subsequence

Let a,, be a bounded sequence.

There exists a monotone subsequence, Qn; of a,, (by the Lemma we just proved).
An, is bounded (since a,, is bounded)
By Monotone Convergence Theoerm, an; converges.

And we are done.



Cauchy Sequences

| briefly mentioned Cauchy sequences earlier. In this section | will define them and
prove an important fact about them.

We often find ourselves wanting to show that a sequence is convergent, despite not
knowing what the limit is. This motivates us to come up with a new way of determining
when a sequence is convergent without needing to know the value of the limit.

You may notice that the terms of a convergent sequence get closer and closer to each
other as you progress in the sequence. Not only do consecutive terms get closer and
closer, butin fact all terms get closer together. To be more precise, we define:

defn: a,, is a Cauchy Sequence iff:
vs>0' dnen st Vn,mzN’ |an - aml <eg

This is almost the same as the definition of convergence, but instead of saying that all
terms after ay are close to L, it says that all terms after ay are close to each other. Our
aim for this section is to show that this is indeed the same thing as a sequence being
convergent, which will give us a way to determine whether a sequence is convergent
without knowing the limit.

Theorem 2.12: Every Convergent Sequence is a Cauchy Sequence.
pf:
Going in this direction is relatively straightforward.
Let a,, be a convergent sequence with lima, = L
The goal is to show that:
Ves0 dyen, S-t, Vo meN> a, —an| <e€
First as usual,
Lete >0
Choose N ---
As usual, | will come back later to make the right choice of N.
Letnnm =N

I now need to show that |a,, — a,,| < €. We need to use the fact that a,, converges,
meaning we can make |a, — L| and |a,,, — L| as small as we like.

Using the triangle inequality:



la, —apl=la,—L+L—ay| <la,—L|+|a,, —L|

If | want to make this less than € | can choose N such thatV,sy, |a, — L| < g(which is

possible since lim a,, = L). This is our choice of N.

Then | have (sincen,m > N, |a,, — L| < gand la,, — L| < %):

£ €
Ian—amlSlan—L|+|am—L|<§+§=e

Hence we are done. Every convergent sequence is Cauchy.

Going the other direction, showing that every Cauchy sequence is convergent, is a bit
trickier. We will start with a warm-up exercise (also a relevant result):

Theorem 2.13: Every Cauchy Sequence is bounded.

It seems relatively clear, even from the formal definition, why Cauchy sequences would
be bounded. The proofis very similar to that of convergent sequences being bounded,
so give this one a go yourself before | do it here. It might help to look back at what we did
for convergent sequences.

pf:
Let a,, be a Cauchy sequence
Lete =1
Then apply the definition:
there exists an N € N such that for every n,m > N,we have |a, —a,,| <e =1
Letm = N (allowed since m = N)
la, —ay| < 1foreveryn = N
Say—1<ag,<ay+1
Considering the set{a,:n < N} U {ay + 1}

This is a finite set since {a,;: n < N} contains less than N elements and {ay + 1}
contains 1 element.

Therefore, this set has a maximum value, call this value M.
By definition, M > a, foralln < N.AlsoM > ay +1 > a, foralln > N.
This means M = a,, foreveryn and so M is an upper bound, and a,, is bounded above.

Similarly, m := min({a,;;:n < N} U {ay — 1}) is a lower bound for a,, and hence a,, is
bounded below.



We are now ready to show the (more difficult) fact that:
Theorem 2.14: Cauchy Sequences are convergent.
pf:
Let a,, be a Cauchy sequence.

The reason why this is difficult is because showing that a sequence is convergent
requires that we already know what it is going to converge to. We need a limit candidate.
For a Cauchy sequence there is no clear candidate and so we need to find one.

A good exercise to do now is to take some time to think about how we might choose a
limit candidate for our Cauchy sequence (it will be useful that Cauchy sequences are
bounded).

The key is that if a,, is convergent (which we don’t yet know that it is) then any
subsequence of a,, must also converge (and to the same limit). This means thatif | can
find a convergent subsequence, then it’s limit is a good candidate for the limit of a,,.

a, is Cauchy = a, is bounded

= There exists a convergent subsequence, Qn; (by Bolzano-Weierstrass).

Let L == lim a,,,

j—00

We, now how our limit candidate! With the (most) difficult part out of the way, we
proceed with a typical e-N style proof.

Lete >0
Choose N ---
I will fill the gap later.
Letn > N
| want to show that |a,, — L| < €. | can use the two facts, that a,, is Cauchy and that Qn;

converges to L. This means | can make |anj - L|, and |a,, — a,,| as small as | like, where

m can be any number whichis = N.

To write |a,, — L| in terms of these things (which | know | can make small), | will use the
triangle inequality:

la, — L| = |a, — n; + an, —L| < |an —an].| + |an]. —L|
Where n; =2 N

Next, we figure out an appropriate value for N would have been:



First, using the fact that a,, is Cauchy:

€
3n,en such that Vo, oy, a, — anyl < >
Then | use the fact that lim An; = L:
€
3/en such that v, |anj - L| < >
Thenlchoose N, = n,.
Finally, | can choose N = max(Ny, N,).
€
n,n; = N; = |an - anj| < >
) €
nj2N2=n1:>]2]:>|anj—L|<§
Putting these together:
£ €
la, —L| < |an—anj|+ |an].—L| <§+§=£

And we are done. Cauchy Sequences are convergent.



Limit Superior and Limit Inferior

We have seen that every convergent sequence is bounded, but not every bounded
sequence is convergent.

Say | have a bounded sequence which does not converge. | may not be able to say what
the limit of the sequence is (since there is no limit), but what can | say about it?

This is where the concept of limit superior/inferior comes in.

One way to think of a limitis that itis the number which the sequence “closes in” onto as
n gets larger. If the sequence doesn’t converge, but is bounded, the sequence doesn’t
close in on any particular value, but the lower and upper bound of the terms might do. A
good way to illustrate what | mean by this is with a diagram.

This is a sequence which is converging to a limit (the red line)

This is a bounded sequence which is not convergent:




We call the red line the “limit superior” of the sequence and the orange line the
“limit inferior”.

As a more precise definition, first we define the sequence of upper and lower bounds of
our sequence.

The sequence of least upper bounds:
Xp = sup{x,,:m = n}
[This exists so long as x,, is bounded above]

x,, tells you the least upper bound of the terms of the sequence after and including the
n™ term. Since this depends onn, itis itself a sequence.

Similarly:
Xn = inf{x,,;: m = n}

This is the greatest lower bound of all the terms of the sequence after and including the
nth term.

Finally, we define limit superior:
limsup x, =limx,
Assuming this limit exists. Remember, x,, is itself a sequence so this makes sense.
And limit inferior:
liminfx, =limx,
There are 2 things we will do in this section:

e Show that every bounded sequence has a limit superior and limit inferior.
e Demonstrate how you can find them.

Theorem 2.15: a,, is bounded above = lim sup a,, exists
pf:
First check that we can define x,, := sup{a,,: m = n}.
First, | will let
S, ={a,;:m = n}
a, € S, and so §,, is non-empty, also a,, is bounded above = S,, is bounded above.

Hence by the axiom of completeness, sup S,, = x,, exists.



Next, | need to show that the sequence x,, converges.

Intuitively, it seems clear that x,, will be bounded and also decreasing, so we will prove
these two facts and use monotone convergence.

First to show that itis bounded:
| know that a,, is bounded above and below, hence there exist some L, U such that
l <a, <uforeveryn.
= for every a,, € S, [<an,<u
= X, =supS, € [[,u]
Hence x,, is bounded.
To show that itis decreasing, | need to show thati < j = x; > Ej
Leti <j
Leta,, € S;,thenm =j = isoa, €S;
Hence S; € S; (S; is a subset of S;)
X; is an upper bound for §; so is also an upper bound for §;
so x; (which is < all upper bounds of S;) < X;
X = Xj
Hence x,, is bounded and decreasing, so by monotone convergence:
lim sup x,, exists.

The proof given here uses a lot of sets and can be difficult to follow. If you are struggling
to follow it, take a step back and think of the bigger picture. Why do we expect the
sequence to be bounded? Why do we expect it to be decreasing? This is a type of
thinking which we need all the time in Analysis. The ability to takes something that
seems obvious, and putinto a more rigorous form,.

The proof for lim inf is practically identical, | leave this to you if you wish.

Some very important (slightly obvious) facts are the following:

e For any convergent subsequence n ) liminfa, <lim an; < limsupa, (2.16)



e There always exists a subsequence Qn; with lim An; = limsupa, (2.17a)

* There always exists a subsequence a,,; withlima,; = liminfa, (2.17b)

® a, is convergent iff liminfa, =limsupa,, alsolima, =limsupa, =
lim infa, (2.18)

Theorem 2.16:
pf:
Let a,, be a bounded sequence, Let Qn, be a convergent subsequence of a,,
By definition:
lim sup a, = lima,, liminfa, =lima,
Qp,; = sup{ap:m = n;}
Notice that a,; € {am:m = n;}s0 ay, < @y .
Similarly, An; < ap;, SOWe have @, < Gy, < Enj
We know (since a subsequence converges to the same limit as the original sequence):
lim En]. = lima, = limsupa,, lim An; = lima,, = lim infa,
Hence (by squeezing theorem):
lim Ay, < lim An; < lim Enj
liminfa, <lim An; < limsup a,

As required

Parts aand b of 2.17 are essentially the same, so | will only do a.

We know that lim sup a,, is defined as the limit of a sequence (a,,) so you may be
wondering why this result is not trivial. The reason is because a,, is not (necessarily) a

subsequence of a,,.

The idea of the proof will be that, since each a,, is the least upper bound of a set of

terms a,,, there must be some terms which get (arbitrarily) close to a,,. We will find a

term within = of a, and this term will be our a,,, (the kth term of our subsequence a,, ).
k k J

The subsequence (hopefully) then converges to a,, which itself is a sequence which
converges to lim sup a,,. Taken together, we are hoping for an; to converge to lim sup a,,.



Theorem 2.17(a):
pf:
Let a,, be a bounded sequence. Let L = lim sup a,,
The goalis to find a subsequence Qn; whose limitis L.
a, = sup{a,,;:m > 1}

a, is an upper bound for this set and a; — 1 is not an upper bound for this set (as a,, is a
supremum).

a; isanupper bound,a; — 1isnot = 3, »; suchthata; >a, >a; -1

Consider a,, = sup{a,,:m = n,}

— — 1 — —
ap, is an upper bound, a,, — 3 is not, S0 3p,»n, such thata, >a,, >a,, — >
Continuing this pattern,
Consider a,, = sup{a,:m = n;}
— . _ 1, _ _ 1
ayn, is an upper bound, a,, — = is not, $0 3y, , o0, ST Ap,, > Qp,,, > A, — T

We form this subsequence An;) which is such that Enj 2 0n;,, = Enj - %for everyj.
lim Enj =lima, =limsupa, =L
(= 1 o o
lim (anj - ]—) = lim an; —0 = lima, =limsupa, =L
Hence (by squeezing): lim An;,, = lim an, =L

And we are done. This was probably one of the hardest proof so far so don’t worry if you
need to read it a few more times to understand why each step works, and more
importantly what the big idea of this proof was. If you want to test your understanding,
try part b without looking back at this proof. (Find a subsequence with limit lim infa,,).

Finally, Theorem 2.18.

Theorem 2.18: a,, is convergent iff lim infa,, = limsup a,
Also we then have lim a,, = lim sup a,, = lim infa,,

Recall that iff means (if and only if) so we need to prove this in both directions.



pf:
The “=” direction is easy.
Let a,, be a convergent sequence, withlima,, = L
convergent = bounded

By Theorem 2.17 there must be a subsequence Qn; with lim An; = lim sup a,
Since a,, is convergent to L, every subsequence is convergent to L, meaning:
L =lim An; = lim sup a,

Similarly, there is a subsubsequence with limit lim infa,, hence L = lim infa,,
so we havelim infa,, = limsupa, =L

as required.

The “<” direction is much harder.
Let L :=liminfa, = lim supa,

We need to first show that a,, is convergent (specifically to L). We have a limit candidate
so maybe we can use the &-N definition.

Lete >0
Choose N ---
I will come back later once we have a better idea of how to choose N.
Letn > N
We want |a,, — L| < €.
The key here is of course that lim sup = lim inf.
IfI'let S, = {x,,: m = n}, thenlim infa,, = lim(infS,) = L and
lim sup a,, = lim(sup S,,) = L.
Then we can make |infS,, — L| and |sup S,, — L| as small as we like.
Now we choose N such thatV,sy, |infS,, — L| < eand |sup S,, — L] < €.
This can be written as:
L—e<infS, <L+4+¢eandL—e<supS,<L+¢

Also, since a, € S,, we know that infS,, < a,, < supS,. We can then use the above
inequalities:



L—e<infS, <a, <supS,<L+¢
>L—-¢e<a,<L+c¢

= |la, - Ll <e
As required, so we are done.

We can use these theorems to find the lim sup and lim inf of a sequence by considering
its subsequences:

( 1 n = 3k forsome k € N
1
n =3k —2forsomek €N

-
n =3k —1forsomek €N

Find lim inf a,, and lim sup a,,.

We need to split this sequence into subsequences.

Whenn = 3k (is a multiple of 3), we have 1.
1

Whenn = 3k — 2 (is 2 less than a multiple of 3)we have 2 — 5 =2 — ——
n (3k-2)2
(-p™ _ (-1)3kt
T 3k-1

Whenn = 3k — 1 (is 1 less than a multiple of 3) we have

If we find the limit of all 3 of these subsequences, we can find the limits superior and

inferior.
First sequence:lim 1 = 1 (constant sequence)

Second sequence: lim (2 — (SICT)Z) = 2 (since (3k — 2)? > )
0

_1)3](—1

3% —1 andhrngk_1=

Thi : <
ird sequence S3r 1

(_1)3k—1
= 0 (by squeezing theorem)

lim———
solim———

The limits are 1,2,0. Min is 0, max is 2, so
lim supa, = 2, liminfa, =0



Infinite Series

Definition and Basic Examples

A sequence is an infinite list of terms. An infinite series is (roughly speaking) what you
get when you add those terms together.

The notion of adding infinitely many things together is an intuitive one, but we must still
defineitin arigorous way.

Sigma notation for sums was introduced earlier, but as a reminder,

fora,b € Zwith a < b:

b+1 b

i [ =f@, D f)=) fU)+fb+1)
k=a k=a k

=a

Or less formally:

b
D F0) = F@+ fla+ D+ f(b =1+ fB)
k=a

This chapter is all about infinite series. We define an infinite series by using the ideas
built up in the previous chapter on sequences.

We define the sequence,

n
Sp = Zak

k=1
We call this the nth partial sum. We then define the infinite series by:

o)

z a = lims,

k=1

assuming s, converges. If it does we say the series converges, otherwise we say the
series diverges. An infinite series is the limit of the sequence of partial sums. In some
situations we will be lucky enough that we can write s,, explicitly and then determine
whether the series converges, and perhaps even evaluate it. Unfortunately, most of the
time evaluating these infinite series is difficult, and so our primary focus will be simply
on determining whether they converge. There are a few special cases though in which
we can determine the exact limit.

Afirst, familiar example is that of the geometric series. This is any series of the form:



o

k=1

We call this a geometric series with first term a and a common ratio of r.

If we can evaluate the partial sums exactly and consider the limit, then we might be able
to say something about its convergence.

Lets, =a+ar?+ -+ ar™?
The key idea is that multiplying by r gives a lot of the same terms as we already have.
rs, =ar+ar?+ -+ ar®
Almost all the terms are the same and so if we subtract the second from the first:
S, — TS, =a—ar"
since everything else cancels out. Finally, we solve for s,
ss(1—7r)=a(l1—-1")

a(l1—-r")
i g

If you wanted to be more formal than | have, you could prove this formula works by
induction.

risthe common ratio, a is the first term and n is the number of terms. Also, clearly this
formula doesn’t work for r = 1 (division by zero), we will need to deal with that
separately.

We can then use this to find:
Z ar®1:=lims,
k=1
I ? (1-1limr)
ims, =—— (1 —-limr
" 1—r

This is a geometric sequence, which we have met before. It’s limitis 0 for [r| < 1 and it
diverges for |[r| > 1 and forr = —1.

This means, for || > 1 and r = —1, our infinite series diverges and for |r| < 1 our

. .. . a
infinite series converges to :

Forr = 1, we have



Then s, = anis unbounded (if a # 0) and hence diverges.

To conclude,

[1s
Q
3
&
A
Q
#
o

=

=1

Will converge to ﬁfor |r| < 1 and will diverge otherwise.

If a = 0 then we have };;_; 0 = 0.

There is another scenario in which we can also determine the exact value of an infinite
series. We will use the method of differences which only works in a select number of
cases. The method of difference is a fancy way of saying “most of the terms cancel out”.
Consider:

> (FG) - £ - 1)
k=1

Writing the terms out explicitly:

fO=fO+fR)=f)+-+f(n)—f(n-1)

All terms except the second and second to last cancel, so we end up with f(n) — f(0).
The method of differences can show up in slightly different forms as well,

Z(f(k)—f(k+1))=f(1)—f(2)+f(2)—f(3)+'-'+f(n)—f(n+1)
k=1

=f)-f(n+1)

So be careful to make sure that you are cancelling the right things. If you want to be
really formal, you can prove the results of the method of differences by using induction.
Once we have an explicit form for s,,, we might be able to say whether it converges, and

fg  Evaae Y (-1
.8, valuate k1

what it converges to.

k=1
n
N
R VR
k=1
Using the method of differences,
1 1 1 1 1 1
Sp=1—-=-+-—=+—-——-—+ - —




Before finishing this section, | will prove one important, hopefully obvious, fact about
infinite series.

Theorem 3.1: if Z ay converges, thenlima, =0
k=1

This seems obvious, because for the sum to converge, it seems that we would need the
terms to get smaller and smaller.

The proof is surprisingly simple.

pf:

n

Lets, = Z ay

k=1
a, = S, — Sp—1 (forn = 2)
lim(s, — s,—;) =lims, —lims,_; =L—-L=0

Hencelima, =0



Tests for Convergence

Unfortunately, we will not be so lucky as to be able to directly evaluate most infinite
series. We will however develop a number of ways to determine whether certain infinite
series converge. We will cover:

e Comparison Test

e (Cauchy Condensation Test
e p-series Test

e Alternating Series Test

e Ratio Test

e RootTest

As you can see we have a lot to get through, so lets get started.
Comparison Test
Theorem 3.2: Comparison Test:

Let 0 < a; < by forevery k

o)

If Z b, converges then Z a, converges (a)
k=1 k=1

If z a; diverges then z b, diverges (b)
k=1 k=1

The statement seems rather obvious, but this is probably the most useful of the
convergence tests and so we ought to prove it.

pf:
Part (a):

Let 0 < a; < by, forevery k

oo
suppose Z b, converges
k=1

co

This just means that s,, := Z b, is a convergent sequence
k=1

= s, is bounded, let M > s, for every n

n

Lett, = Z ag

k=1



Then t,, < s, for every n (exercise, prove this by induction!)
then t,, < s, < M for every n so t,, is bounded above
the1 = th + Apyq = t, (since apyq = 0)
so t, is monotone increasing.

By monotone convergence, t,, converges.

(o]
i.e., Z aj converges.

k=1

Notice that part (b) is the contrapositive of part (a). Recall from the first chapter:
Contrapositive: A = B is the same as (not B) = (not A)

Meaning part (b) is equivalent to part (a), and we are done.

For example:

oo
! ?
Does %z converge’
k=1

Choosing the right thing to compare this to is tricky. First, we suspect that it will
converge (the terms go to zero very quickly). We want to find a sequence by, such that

0< % < by, for every k, and such that }.;°_, b, converges.
The choice we will use is:

1

1
—_ S —_—
k? ~ k(k—1)

. . | : .
The way | think about problems like this, is wz < (something). | want that (something) to

1 1. . . .
be > " | can make el bigger by increasing the numerator (top), or by decreasing the

denominator (bottom). Here | have decreased the denominator by replacing k by k — 1.

Now all that remains to be shown is that

-1
Z m converges
k=2

| am starting at 2 because the k = 1 term would be dividing by zero. If this sum
. 1 - .
converges, then (by the comparison test) Y.y, -z converges and then the original series

converges.



The trick is to use partial fractions.

et — -4, B
k-1 "k k=1

(I haven’t justified that we can write it in this form, | will justify this in a moment).
Multiply both sides by k(k — 1)

1=Ak—-1)+ Bk
Letk=1, 1=B=>B=1

Letk=0, 1=—A=>A4A=-1

bl

o 1 1
This gives RGe—D 1

I have not fully justified the steps here, but you can verify that the final result is true, by
getting a common denominator:

1 1k k-1 1
k—1 k k(k—1) k(k—1) k(k—-1)

Which justifies the result.

Finally, we can evaluate

Z k(k—1) ;(ﬁ_%)

by using the method of differences. It comes out to 1. Importantly it converges. This
means that (by the comparison test):

<
Zk_ converges
k=2
and infact, is < 1. Finally,
Z w2 converges and is < 2
k=1

Finding the exact value of this sum is a difficult problem known as the Basel problem,

2
which was solved by Leonhard Euler in 1734. The answer turns out to be %. I will not be

proving this result in this course, but | might do so in future courses.



Cauchy-Condensation Test
We have seen that if Z a, converges,thena, — 0
k=1
Is the converse True?

The answer is no, and one counter-example is perhaps the most simple example you
could come up with.

Leta, = % We know that a,, = 0. Itis not too difficult to show that Z% diverges. We call

this series, the harmonic series.

Theorem 3.3 (Harmonic Series):

5:1
7 diverges.
k:
The idea is as follows:
1 1 1+1>1+1_1 1+1+1+1>1+1+1+1_1
272 3 474 4 2 5 6 7 88 8 8 8 2’

And hence

1+(1)+(1+1) (1+1+1+1> S
34 56 78 =TT 27272

o 1
=1+ z > which diverges
k=

1
So by comparison: z T diverges.

k=1

This is certainly convincing, but there are certain hand-wavy elements, so | will now
make it more rigorous by using an induction argument:

n
Lets, = Y
ets, = -
k=1k
271

1
Consider s,n = Z =

k=1
We want to show that s,n > 1 + g and so is unbounded. We can do this by induction.
Basis:n = 0:

LHS=s,0=5,=1



0
RHS=1+E=1=LHS
Assume true for some m

=1+ o
Szm = 2

Induction: show that it must be true form + 1

2m+1 2m+1 2m+1
Som+1 = —=5;m+ Z
SN Zk D ;
=2M41 =2M41
2m+1
21404 Y 2
- 2 k
k=2m+1

I now need only to put a lower bound on this second sum. Notice that for every k

between 2™ + 1 and 2™*! we have 0 < k < 2™*! which means — "~ > Smy1- This means:
2m+1 2m+1
1
E 2m+1
k=27+1 k=2+1

Which is a sequence of constant terms (constant with respect to k). There are 2™ terms
(2m+l _2m = 2.2M _ 2M — 2M) 50 this sum is

2m+1
1 2m 1
Z 2mH T gmi T )
k=2M+1
Which means, s,m+1 = 1 + % + % =1+ mTHwhich is the statementforn =m + 1.
We have proved by induction that s,n > 1 + gwhich is unbounded above, meaning s,n

is also unbouned above and hence diverges (convergent sequences are bounded).

If s, converged, then every subsequence (including s,n) would converge. This is not so,
and hence s, diverges.

We are done.

We can generalise the method used here to create the Cauchy Condensation Test,
which says that, if a,, = 0 is a monotonic decreasing sequence, then

Theorem 3.4: Cauchy Condensation Test

co

oo
Z a, converges < Z 2%a,r converges.
k=1 k=0



. . 1 (1 . . : .
Applying thisto a,, = — (; = 0 and is monotonic decreasing, so we can use 1t):

D 2a =) 5=
k=0

k=0

oo

1 which diverges, hence the harmonic series diverges
k=0

Sketch of proof:

n ﬁ n
decreasingmeans a; = a, = az = Q4 = -+

Zakza1+a2+a3+a4"'2a1+a2+a4+a4+a8+a8+a8+a8+'”

k=1
1
—a1+a2+2a4+4a8+“‘ =a1 +§(2a2+4a4+8a8+”')
1 [ee]
= a1 +§Z Zkazk
k=1

So, if Y= ax converges then Y-, Zkazk converges (by comparison test)

c”

o9}
Zak=a1+a2+a3+a4--~Sa1+a2+a2+a4+a4+a4+a4+~-
k=1

(o]
= aq + Zaz + 4'a4_ + .- = z zkazk
k=0

So, if Yr=o Zkazk converges then ).;°_; a; converges (again, by comparison).

p-Series Test

[ee]

- 1
We have seen that Z % diverges and that w2 converges
k=1

k=1
But what about:

1
Zk—p, forp € R?
k=1

We haven’t yet defined what kP actually means for real numbers p. The definition of

these will rely on the exponential function (which we have not yet defined). | could do



this now but so as not to completely break the flow, we will assume certain key
properties as given, we will properly define exponentiation later.

We will assume for now that k* with k € N is an increasing function, meaning that x <
y = k* < kY. Also xP in an increasing functionforp > 0 and x > 0, thatis0 < x <y =
xP < yP.

We will properly define exponentiation later on.

We can use the comparison test to immediately conclude thatforp < 1, k? <kl =k

1 1
=>—>—
kP~ k

So by comparison, since z % diverges, Z = diverges forp <1
k=1 k=1

- 1
Similarly, Z 7 converges forp = 2
k=1

The key question then, is what happens when 1 < p < 2? The typical way of doing this is
by using the “integral test”, but we will not be defining integration for quite a while, so we
will do it without.

Theroem 3.5: p-Series Test
NE iff
z o converges iffp > 1
k=1

pf:
We have already proved all cases except1 < p < 2.

The trick is to split the sum into its even and odd terms. Each term is = 0 so we will
attempt to find an upper bound and use monotone convergence.

Letl<p<2:
n
_ 1
Lets, = Zk—p
k=1
2n

=

=1

We consider the subsequence s,, because this ensure that there is the same number
of odd and even terms.



Z ((Zk - 1)7’ (lec)l’>

k=1

(This is the odd an even part, if you really wanted to you could use induction to show
that this is the same as s,,,).

n n
DN AN
no & (2k — 1)P L (2k)P

n
1 1
Z(Zk—np ka_
n
>
= ———t=S
—1)p p N
k=1(2k )P 2

1. . .
We factored out a —in order to get s,, in terms of s,,. We can take this one step further

by using comparison, since (fork > 1).

(2k-1)Pp — (2k 2)p

IR 1
Z(zk—nv 2v° 1+kz_2<2k_1)p+275n

1 1
< _ —
1+Z(2k—2)19 2 n = 1+2P2(k—1)19 20 5n

A1 11 1
=1+ Z_Zk_+2_psn_1+2psn1+2p 1+ (Sn1+Sn)
k=1
_ 1 1 _ 1 1
_1+2_P<Sn_n_P+Sn) 1+2p<25n—n—p>
_ 2sy 1
- P 2ppp
1 S
_ +71
(Zn)p P

What have we achieved by doing this? Remember we want an upper bound for s,,.
We also know that s, is an increasing sequence (since each q, is positive), hence

Sn
nyr 21

n<2n=-s5,<5,, <1-—



1+sn

Sp <1— anyp t 1

1y 1
= Sn (1 - zv-l) <l-
1
55 (2P -2) <27 ——

(2n)P -1 < (2n)P

= 2P
npb npP

= 5,2 -2) <

2p

2P =2

= s, < (p > 1= 2P —2 > 0,so we can divide by it)

2P
2p-2’

Hence, s, is bounded above by also s, is increasing, hence by monotone

convergence, s, converges.

Alternating Series Test

The next test we will consider has a rather specific use case.

Theorem 3.6: Alternating Series Test

If a, = 0 is monotone decreasing withlim a,, = 0, then Z(—l)kak is convergent.
k=1

This seems like a reasonable statement to make, the only thing which might seem
strange is that we require a,, to be monotone decreasing, it will become apparent during
the proof why we need this condition.

pf:

The idea is that the odd partial sums take us below the limit, the even ones takes us
above, but we are always getting closer to that limit (due to monotone decreasing).

n
Lets, = Z(—l)"ak
k=1

I will consider separately the odd and even subsequences. | seems that s,,, (the partial
sums above the limit) should be decreasing and bounded below. Let us prove this:

2n n

Sn = ) (“DFae = D (~D* Aage g + (D az)
k



n
= Z(%k — Azp-1)
k=1

Where we have split the sum into odd and even parts. Since a;, is decreasing, a,; <
Ayi—-1 = Ay — A1 < 0, so the subsequence s,, is decreasing. We can similarly show
that s,,,_4 is increasing:

2n—1 2n—1
Son-1 = Z (_1)kak =—a; + 2 (_1)kak
k=1 k=2
2n-2

=—-a; — Z (—D*ayyq
k=1

n-1
= —a; = ) (D™ gy yg + (D azer)
k=1

n—1
=—aq + Z(%k — Qzk+1)
k=1

Aop+1 < Ay = Ay — Aop41 = 050 55,1 IS increasing

Next, we want to show that s,,, is bounded below (we suspect by s;).

San = Sgn—1 + (=1)*"ap = Spn_q + oy

> Syn_1 = S; (since sy,_4 is increasing)
Similarly, we can show that s,,,_1 < 5,
Hence both s,,, and s,,_; converge.

Letlims,, = L,, lims,, 1 =1L,
San = San-1 t d2p
lims,, =lims,,_; +lima,,
L, =L + 0= L; = L, (we were given thatlim a,, = 0)

The even and odd subsequences both converge to the same limit. Call this common
limit L. Since the odd and even subsequences converge to L, we must have lima,, = L.



Absolute Convergence

Before moving on to the final 2 tests, | will introduce the idea of absolute convergence.

A sum }; a;, converges absolutely iff }}|a, | converges. If a sum has all positive terms,
then absolute convergence is the same a regular convergence. It is not too difficult to
see that if a sum converges absolutely, it converges regularly. An actual proof:

(00}
Suppose Z |a| converges
k=1

Then 2 Zlakl = Z 2|ay| converges
k=1 k=1

2|ai| = lag| + lag| = lag| + ay,
and —ay < |ag| = ar +|ag| =0
so we can use the comparison test to say:

(o] (o]
0 <|ag| + ax < 2|ai| and Z 2|ay| converges = Z(Iakl + a;) converges.
k=1 k=1

n n
Letsy = ) lal,  ta= ) (ol +ay)
n

then Z ay =t, — S,

k=1

[ee)

t, and s, converge, hence z a; converges.
k=1

Another quick definition before moving on:

A sequence a, conditionally converges iff it converges but not absolutely.



Ratio Test

We understand geometric series well. We know when they do and don’t converge, and if
they do converge we know what they converge to. Even if a series is not exactly
geometric, if it becomes approximately geometric as you progress through the terms,
we might be able to come up with a new test for convergence.

. . . a . ..
A geometric series has acommon ratior = Z—“for every n. When | say that an infinite

n

series is “approximately geometric” what | really mean is that when n is large, we have
an approximately common ratio. That is lim%exists. Then if |lim% = lim <1
n n

An+1

an
we may suspect convergence (this limit is the approximate common ratio for large n).
We might also suspect the series to diverge if this limitis > 1.

o . e 1 . 1 .
We have already 2 infinite series where this limitis 1, (ZEWhICh diverges and Zﬁwhlch

converges) so clearly if the limitis 1, this tells us nothing.

Theorem 3.7: Ratio Test

Apt1

Letr = lim

an
[o]

Ifr < 1then Z a;, converges absolutely (a)
k=1

o)

If r > 1 then z a; diverges (b)
k=1

pf:
Part (a)

The idea is that the series is approximately geometric as k gets large, so we will attempt
to compare against a geometric series. We want convergence, so we want q;, < some
geometric series with common ratio < 1.

a
Letr = lim ntl <1
an
Using e-N:
for every € > 0, Jdyen such that, Vosn:
a
netl g
a’Tl




a
ol

<r+4e¢

|an|

= |aps1| < (r + €)lay]

letj € N,meaning N +j > N
0 < |ay+j| < O+ |ansjoa| < O+ awsjoa| < < (r+ &) ayl

This starting to look like a geometric series. We want convergence so we want (r + €) <
1. We have r < 1 and the above works V.-, so we can choose any € > 0 we like.

1—1r
Lets=T> 0 and then

r+1

<1
2

r+e=

As a geometric series:
©
Z(r + €)/|ay| converges
j=1
By the comparison test:
0
ZlaN+j| converges
j=1

o)

oo N N 00
but Zlak|:Z|ak|+ Z lag| = |ak|+2|aN+j|
k=1 k=1 k=1 =1

k=N+1

The first series is finite, the second converges, hence ).|a,| converges, i.e., Y, a;
converges absolutely.

Part (b)
We want to compare against a geometric series which diverges.

Apt1
an

Letr = lim >1

Following a similar idea to (a):

r+1
2

r—1
let£=T>Othenr—£= >1

An+1

There exists ann € N such that V., -7l <e.

n



lantql
r—e< N+1

<r+4+e¢
lay|

lans1l > (r — €)layl
LetjEN, N+j>N
|an+j| > (r = ansjoa| > = )|ansj—a| > > (r = &)lay| 2 0
| know that:
lim(r — €)/|ay| = o (sincer — & > 1)

Hence lim|ay. ;| = o, which means ay, ; does not converge to 0.

oo (00}
= Z angj = Z a; diverges
j=1 k=N+1

= z a; diverges

We can actually say a little bit more about the ratio test in the case where the limit does
not exist.

k+1 k+1

does not exist, we can still guarantee absolute convergence if |

Even if lim |

stays below 1 and does not get arbitarrily close to it. Precisely, if there exists a q < 1

k+1

may get arbitrarily close to

such that | k1l < g < 1for all sufficiently large k (i.e., |

g but it will always have a distance of at least (1 — q) from 1 [it does not get arbitrarily
close to 1]).

k+1 k+1

does not converge to a limit > 1, if | = 1 for all sufficiently

Similarly, even if |

large k, then we have divergence.

Theorem 3.7(strong version): A Stronger Ratio Test

If there existsaq < 1 and N € N such that .
k

oo

Then Z a; converges absolutely
k=1

Ap+1
Ay

If there exists N € N such that |

> 1Visn



o)

Then Z a; diverges

k=1

The new proof is very similar in spirit to the original, so | give an outline of the steps.

pf:

Suppose there is some N sothatk > N = |% <q <1>=|ags1l < qlag| (fork = N).
k

lar+1l < qlagl < g?lag—q| < - < ¢ N ayl.

We know that

NgE

(0]
g N ay| = IaNIql‘NE q
k=1

=
1l

1

which converges since 0 < g < 1. Hence by comparison )., |ax 41| converges, Y7, ax
converges absolutely.

Ak41

For the divergence case, let N be suchthatk > N = | .
k

> 1= |ageq| = |agl

lags1] = = layl

AN+1

We know that |ay,,| > 0 (since |a— >1>0).
N

Hence |a,+1| = |ay4+1| > 0 forevery k > N, meaning lim|ay,,| = lim|ay| = |ay4+1]| > 0.

In particular lim|a| # 0

co
lim|ag| # 0 = lima;, # 0> z a; diverges
k=1

We are done!

We could write the new criteria more concisely by writing them in terms of lim sup and
lim inf:

Absolute convergence iflimsup x, <1
Divergence iflim infx,, > 1

Iflim infx,, <1 < lim sup x,, (which includes the case lim x,, = 1) the ratio test tells us
nothing.



Root Test

The final test we will consider is the Root Test. It is very similar to the ratio test. The
idea is again to suppose that the sequence is approximately geometric for large k. Then

1
by taking the kth root, we get the common ratio (r*)x = r. If this is less than 1, we have
convergence, if itis > 1 we have divergence.

Theorem 3.8: Root Test

1
Letr = lim|a;|*

r<l= z a, converges absolutely
k=1

[0e]
r>1= Z a; diverges
k=1

pf:

We use essentially the same idea as before, in fact this proof is a bit easier.

1
Letr = lim|a, |k

forr < 1:

1—r
Letethhenr+s<1

<&

1
EINEN s.t, VnzN: ||an|n -T

1
= la,n<r+e
=2>0<|a,| <T+e™
Which immediately gets us our geometric series. By comparison,

(0] ©o
r+e<l= z(r + &)™ converges = Z la,| converges

n=1 n=1

Z a, converges absolutely.

n=1

forr > 1:

r—1
Lets=T>O=>r—£>1



dnen S-t, Ve
1
||an|n — r| <e

1
S>r—e<|ay|n=|a,| > @ —&)"
r—e>1=lim(r—e)" =o
= lim|a,| diverges

= a, does not converge to 0

(00}
= z a; diverges
k=1

1
In the case where lim|a; |k does not exist we can use a similar idea as with the ratio test.

The strong versions of the ratio and root test are not all that useful for determining
whether series converge, since in most cases the limit does exist. However the strong
version of the root test will be incredibly useful for our purposes, since it always applies

(excpetforr = 1).

Theorem 3.7 (strong version): A Stronger Root Test:

1
Ifr = limsup|ay|* exists, then

(00}
r<il= Z a; converges absolutely.
k=1

©o
r>1= z a; diverges
k=1

(0]

1
If lim sup|a, |k does not exist, Z a; diverges
k=1

This covers all possible cases, except for when the lim sup exists and equals 1, this

case is still inconclusive.

The proof is similar to the original root test, using comparison with a geometric series.



pf:
Assume lim sup exists, callitr.

Ifr < 1,thenletq = %(half way betweenr and 1, sothatr < g < 1). Then take ¢ =

— 1
% > 0.Then g = r + € < 1. By definition of lim sup, there exists an N such that |a|x <
r+e=q <1forallk > N.

1
Sowe have that |a;|x < q < 1forallk > N. (Similar to what we had for the stronger
ratio test).

Then |a| < g*. We know that Y5, ¢* converges (geometric series with 0 < g < 1).

Then by comparison, ).z, |ax| converges, meaning )., a, converges absolutely.

Ifr > 1,thenletq = %(again, half way between 1 and r, sothat 1 < g < r). Then take

— 1
&= r2_1 Then g = r — ¢ > 1. By definition of lim sup, we now have 1 < q < |a,|k for
infinitely many k (there are infinitely many terms which are close to r, though there may

also be infinitely many terms which are not close to r). This becomes |a,| = g* with g >
1.

We use these infinitely many terms to define the subsequence Qy; such that |akj| = q"f

for every j. Then, each |akj| > q"%i with ¢ > 1, meaning lim |ak].| # 0, solim Ay, # 0 (or
does not exist), hence lim a; # 0 (or does not exist).

(o]

Therefore, z a; diverges
k=1

1
Finally, if lim sup does not exist, then the sequence |a, |« is unbounded above.

1

Then there exists a subsequence |akj|kf > 2 foreveryj € N, then |ak].| > 2%i. 2K - oo

so |a,.| » o so a;, does not — 0so Y. a;, diverges.
k; k k=14k

That s all for tests for convergence. You can practice using them with the questions on
the problem sheet.



Rearranging Infinite Series

We have dealt a lot with infinite series, and we have been careful not to do such things
as rearranging the terms of the series. In this section we will see under which
circumstances infinite series may and may not be rearranged, which is a very natural
question to ask.

It might seem as though we should always be able to rearrange infininte series because,
after all, they are just adding infinitely many things together, and order of addition does
not matter. It is important to remember that infinite series are not just a sum of infinitely
many things, but are the limit of a process of adding finitely many things in a particular
order. Changing the order of terms being added changes this process and so it may
change the limit.

Make sure you remember the difference between absolute and conditional convergence
for this section because they are key. As a reminder:

Absolute Convergence: ) a; converges and Y.|a,| converges.
Conditional Convergence: ) a, converges but ) |a,| diverges.
First I need to define a rearrangement of a series.

Let Y-, ai be aninfinite series, and let a(k): N — N be a bijective function. (c maps
every natural number to one natural number. Every natural number is mapped to exactly
once.) g(1),0(2), - is just some rearrangement of the natural numbers.

Let bk - ao-(k)

Then we call b, a Rearrangement of a,. We call };°_; b, a rearrangement of };°_; a,.

We will start with the case of conditional convergence. It turns out (and isn’t too difficult
to understand why) that not only can rearranging change the limit, but in fact we can
rearrange our series such that it converges to any given limit. | will fill in the details in a
moment, but the idea is as follows:

Let )x—; ai be conditionally convergent. The sum consists of infinitely many positive
and negative terms. If L > 0, start adding positive terms until you first exceed L. Then
start adding the negative terms until you first get below L. Then add positive terms until
you exceed L again, continue this process to constrct a sequence of partial sums which
alternates between going above and below L. Each time we add or subtract you can
think of it as moving a distance |ay]|. If this distance, |a,| — 0, then it seems that the
sum must converge, and it seems that it will converge to L.



This is called the Riemann Rearrangement Theorem, and of course we need to fill in
the details.

To prove this theorem (and the one after this) we will first prove a related Lemma,

Lemma 3.9:

o)

(00} oo
- +
E |ay| converges < E a; and E ay are both convergent.

k=1 k=1 k=1
_ a a, <0 a a, >0
Where a ={k e ~" +={k k="
k 0 otherwise k 0 otherwise

(Absolute convergence if and only iff the sum of negative and sum of negative terms
both converge).

pf:
We are essentially splitting our sequence into the negative and positive terms.
We have |ay| = af — aj,
We can prove this by cases:
Case l:ay < 0= |ay| = —agand af —a; =0 —a, = —ay

Case 2:a; = 0= |ay| = ayandaj —a; =a,—0=ay

=
co (o]
If z ar and Z ay are convergent,
k=1 k=1
Meaningthatt, := Y-, a; and t;} := Y_, af are both convergent sequences,
n [ee)
Then t;} —t; = Z(a,}f —ay) = Zlakl is convergent.
k=1 k=1
n 3 n

Note that 0 < —aj < |ayx|and 0 < ajf < |ay|, so by the comparison test,

[00] e9)

[ee]
+ —_
If Zlakl converges, then Z ay ,Z —a; converge
k=1

k=1 k=1



Riemann Rearrangement Theorem (3.10):
z ay is conditionally convergent = Vg, d,.noNS- L, 2 i) = L
In plain English, if the series is conditionally convergent, then for any real number L,
there exists a rearrangement (represented by a bijective function g) such that the series
of the rearranged terms is equal to the given L.

I think the proof for this theorem is by far the hardest in the course, so don’t be ashamed
if you choose to skip it.

The argument outlined earlier requires a few things to be true. We need to be able to
guarantee that as we continue to add positive terms we will eventually exceed the given
L (and when we add the negatives that we eventually get below L). For this we need to
showthat } ay - —c0 and Y a; — .

We also need that lim|a,| = 0.
This proof then consists of 3 parts:

e Showthatlim|a,| =0
e Showthat) a)f =cand Y2 a; = —
e Construct a rearrangement which works.

pf:

The first part is easy.

oo
Z a;, converges = lima, = 0 = lim|a,| =0
k=1

For the second part, we will use the previous Lemma (3.9).

(00} (00} oo
Z |a,| diverges = Z a, or Z ai is divergent.
k=1 k=1 k=1

We know that )’ a, is monotone decreasing and so if it is diverent, it must be
unbounded below with limit —oo. Similarly, if afg diverges, it must have limit co. We
need then only show that they both diverge. | know that (from the above) at least one of
them diverges.

[00] [00]

Suppose Z a; diverges and Z a;, converges



We know that a;, = aj + aj, and that Y, a; converges (due to conditional convergence).

n n
zalt:zwk—al;): ax — ) ag

n n
k=1 k=1 k=1 k=1
Since both Y%, a, and Y5, a; converge, we must have that Y.2_, ai converges, which
k=1ak k=1ak k=1
is a contradiction.

[ee] 0]

We get a similar contradiction if we suppose that z ai converges and Z a; diverges
k=1 k=1

The only possibility is then that both diverge and hence:

[M1s
~
I
8
jo5)
=
(oW
[M1s
2,
I
|
8

k=1 k=1
Also note that this implies that there are infinitely many non-negative and infinitely

many negative terms.

For the final part, we need to construct a bijective function o (representing the
rearrangement) such that 3", as) = L.

We will define our bijective function constructively, via the method outlined previously:

If L > 0, let 0(1) be the index of the greatest positive term. If L < 0, let 6(1) be the index
of the least negative term (so greatest magnitude).

Forn = 2:
n-—1

If z as(x) < L then let 0(n) be the index of the greastest unused non — negative term.
k=1
n—1
If Z ay(x) = L then let o(n) be the index of the least unused negative term.

k=1

This means by definition of o (k) that the subsequence (of a4 (k)) Of non-negative terms
is decreasing and the subsequence (of a;x)) of negative terms is increasing.

Now to show that Y.;_; asx) = L:

n

Let S, = Z as(x) (we show thatlim$, = L)
k=1

Lete >0

Sincelim|ay| = 0, Iy ens- ., VN, lag| < &



Since o is bijective, Ay,>n, S-t. VN, o(k) = N;

Then since N, = N, = a(N,) = N; = |asv,| < €

There existsan N > N, such that Sy_; < L < Sy
(since this happens infinitely many times)

Thenletn > N

Consider the subsequence of S,, which has Sn]. > L. We next show that this

subsequence is bounded by L < Snj <L+e.

Let Snj > L:

If Sz < Lthen S, = Sy 1 + Qo(n) = Spyet + |aa(n]_)| <L+ |aa(n]_)| <L+e

If Sz = Lthen S, = Sy 1 + Qo) = Spyot — |aa(n]_)| < Spy-r.

In this case ifSnj_z < L, we then have Sn]-—l <L+e= Sn]. < Snj—l <L+e.

IfSn]._z = L, we keep going until eventually we get something like Snj < Snj—1 < <L
Snj_M <L+e=> Snj < L + ¢ (which will definitely happen eventually since in the worst

casewe willreach Sy < Sy_1and Sy_1 <L <L +¢).

We now have (since L — e < L),thatL — e < Sn]. <L+e= |Snj - L| < £ meaning this

subsequence of terms > L converges to L.

Through a symmetric argument, we argue that the subsequence of terms Snj <L

converges to L.

Since these subsequences partition S,,, we have that lim S,, = L, which was what we
wanted.

This is probably the hardest proof in this entire course.



We have just seen that you cannot rearrange series which do not converge absolutely
and expect the same limit. The idea for Riemann Rearrangement was entirely
dependent upon the series being conditionally convergent, so perhaps if a series is
absolutely convergence, we can rearrange sums without the limit changing. It turns out
that this is indeed the case.

The typical proof for this can be difficult to follow, but | have an easier way. | will start
with a simple special case which is (relatively) easy to prove. We will then be able to use
this special case to prove the general case.

o

Theorem 3.11: If s = Z a, converges, a; = 0 for every k
k=1

and a, ) is a rearrangement of a,

o

Then Z ag(k) = S and converges absolutely
k=1

This is a specil case because |a,| = a, and so the sum ) a; converges absolutely.

pf:

n n

Lets, = z ay, th, = z A (k) » fixn

k=1 k=1
Let N = max{o(1),0(2),::,0(n)}

Then the first N terms of a;, must contain a,(q), ***, @g(n) (it may contain other terms as
well, all of which are positive).

[The second sum contains all terms of the first sum and potentially more].
lim s, = s and s,, is increasing, hence s is an upper bound for s,
=>0< tn < SN <s
(critically 0 < t, <s, t, is bounded)

Also t,, is increasing so, by monotone convergence limt, = Y.}, A4 (k) Cconverges (again
absolutely). Lett = Y171 as(x)



Wenowhave 0 <t <s.
Let by = ag(k), then b-1(4) = a; (o is bijectie so has an inverse).

Finally, we repeat the same argument again, with
n
Let t, = bk , Sp = z ba_l(k)
k=1

Toshowthat0) < s < t.Hences =

s 7 IDVs

We are now ready for the general case:

Theorem 3.12:

o)

If s = Z a; converges absolutely and a ) is a rearrangement of ay,
k=1

o

Then Z agk) = S and converges absolutely
k=1

pf:
For this we utilise the special case. We use aj ,a; as we defined them earlier.
By Lemma 3.9, Y5, af and Y.5=, aj both converge.

Recallthat a; = af + a;

n n n n n
. _ + - _ + -
Note: ay = z a; + Z ay = ) ay — ) (—ay)
k=1 =1 k=1 k=1 k=1
(00} co
+ + - _ -
Lets —Zak and s —Z(—ak)
k=1 k=1

Thens =st —s~

n n
Lett, = Z Ao(k) = Z Az — ) (—a5w)

n



Since ajf = 0 and —aj, = 0 we can use the special case:

n

n
z a;(k) and z (—a;(k)) both converge, with limits of
k=1 k=1

(0]

Z ayoo =stand ) (—agqy) =s"
k=1 k=1

Hence t,, converges absolutely (Lemma 3.9) with

(0]

limt, = Z aro— ) (mazg) =st—s"=s
k=1

k=1
s =limt,
2, 5= aoto
k=1 k=1

And we are done!

The difficult part of this section is now over. Good job if you made it through. Next we
will look at something called the Cauchy Product which gives us a way to write the
product of two sums as the sum of a sum.

We define:

[ee] n [ee] (o]
Def: 2 (Z akbn_k> is the "Cauchy Product" of z a, and Z by,
n=0 \k

=0 k=0 k=0

Cauchy Product Theorem (3.13):

If Z a, and Z b, converge absolutely

k=0 k=0
[e0) [o0] ©o n
Then (Z ak> X <Z bk> = Z <Z akbn_k>
k=0 k=0 n=0 \k=0

To explain what is going on here, we will arrange the terms of the productin a grid.

We expand: (ag + a; + a, + - )(bg + by + by + +++)



= ao(bo + b1 + b2 + )
+a1(b0 + bl + bz + )

+a2(b0 + b1 + b2 + )

= aobo + a0b1 + aobz + .-
+a1b0 + albl + albz +

+a2b0 + a2b1 + azbz +

(Expanding infinite series is okay since we are essentially saying that
220 ai)(z;io bj) = Zﬁio(ai Z?:o bj) = 2?20(2;0=0(aibj)))-
We can arrange these terms in a grid:

apgby agb; agb,

ajby a;b; a;b,

azby azb; azb,
We then count the term diagonally:

Zeroeth diagonal: (ayb,)
First Diagonal: (agb, + a,by)

Second Diagonal: (aobz + a1b1 + azbo)

n
nth diagonal: Z arb,_x
k=0

Adding all the diagonals together:

o] n
Z Z Agbp_k

n=0 k=0

The Cauchy Product!

Note that this explanation required that we rearrange the terms of the series. This is
okay since both series are absolutely convergent.

I won’t give any examples of using the Cauchy product here because there will be one
particularly important example in the next (and final) section of this chapter.



The Exponential and Logarithm

The exponential and logarithm functions are familiar to every calculus student.

We could have defined these back in the chapter on sequences using e* =

n
lim ((1 + %) ) butin order to do that you need to show that the sequence converges.

The proof isn’t difficult, but | found it hard to motivate the steps so | have left this until
now.

We define:

exp(x) = i —I,(

The reason why | am using exp(x) instead of the more familiar e* is so that we don’t
habitually familiar properties such as e*e? = e**Y and e = 1. To fully justify the
notation e* we need to prove these properties.

We need to also prove that this sum converges or else the definition is meaningless.

le

+1
Using the Ratio Test: lim |(J:1+1)| o

convergence for every x, the definition is fine.

= lim |ﬁ| = 0 < 1forevery x, hence we have

Also define:

[ee)

1
e =exp(l) = p
n=1

We will next prove the familiar properties of this function. Most easily, that exp(0) = 1:

(Note that we define 0° = 1)

exp(0) = F=1+Z—=1

n=0 n=1

Perhaps the most important property to justify the notation e* is that e*e¥ = e*tV,

(o) (o8] k
exp(x) exp(y) = (Z %) (Z %)
k=0

k=0

We can apply the Cauchy Product:

exp(x) exp(y) = ) (Z L s k),>

n=0

We can simplify the inside sum by using the binomial theorem:



- X yno 1 s n!
Zk_ n—k)' n'Zk'(n—k)'xkyn_k
k=0 "k=0 |
1 n k.,n—k n
HZ(k)xy —_!(x+3’)

1
Finally: exp(x) exp(y) = Z 1 (x + y)™ = exp(x + y) as required.

n=0

1

Very similar to this, we wish to prove that exp(—x) = oxp(0)

We can do this quickly by noting that 1 = exp(0) = exp(x — x) = exp(x) exp(—x) =
exp(—x) =

exp( )as required.

Note that this also means that e™ = e™ le (we already defined e = e') and so this
definition matches our definition for integer exponents.

Anotherfamiliar property is that e* > 0 for every x. For x > 0 thisis easy sincee* =1 +

k1 >1>0 For x < 0 we know that x>0andhencee"=—>0:>e > 0.

| will next show that e” is strictly increasing, meaning whenever x < y we have e* < e”.
Letx <y
Defineh=y—-—x>0=>y=x+h
Then e¥ = e**h = g*eh

<1+z

1

n

=

|> > e* (since h > 0)

S

We finally wish to define the logarithm as the inverse of the exponential function, butin
order to do this we need to know that e* is bijective.

We are taking the domain to be R (e* is defined for all real numbers).

We will take the codomain to be the set of positive real numbers (since e* > 0).



Theorem 3.14:
e*: R - R* is bijective
First we show that e* is injective (each output has at most one input). Precisely, that
x#+y>er+e¥

Thisis easy since if x # ytheneitherx <y =e* <eYory < x = e¥ < e*. Ineither
casee* # e”.

Second, we show that e* is surjective (every output has at leat one input).
Lety >0

I need to show that there exists a real number x such that y = e*. We will use the axiom
of completeness.

Suppose for now that y > 1. Consider the set X = {x:e* < y}. 0 € X hence non-empty.

| know thate* = 1 + x for x > 0 (first 2 terms of series definition) hence e* is
unbounded above. Let M be such that e > y (possible due to unboundness).

Thenx € X = e* <y < eM = x < M so M is an upper bound for X. We can now use
AoC on the set X.

Let @ = sup X. | want to show that y = e%. We proceed by contradiction.
Suppose e* <y

We suspect that we will find that a is not an upper bound which will give us a
contradiction.

1 .
Note that (a + ;) > a. | wantto choose an n such that (a + %) € X, meaning | want

e((”%) <y.

[0/0)
atl 1 1
= n=e%n = =
e e“e ez =e% + e“ Zk'nk

e *(y—e®)

If I can find an n to make this inequality true, then a + % € X.

1
Note that 0 < — ok = < ~ S0 by the comparison test, Y- 13,k converges with limit<




Choose n such that ﬁ < e %(y —e%) (archimedes).

S 1 1 )
Then ;msn_1<e Iy —e9%)

1
>a+—€X
n
Hence a is not an upper bound.

The e* > y case is similar. | leave this as an exercise for you.

Remember we assumed that y > 1, this was so that we could ensure that X was non-
empty. Ify = 1thene® = 1.1f0 < y < 1, we can re-cycle the reslult fory > 1.

Let0<y<1
1
=>->1
y
. 1
:axeRS.t-, e =;

* so (—x) € Ris our number.

S>y=e"

We are now done, and e* is bijective. We are now allowed to define:
def: the logarithm of x,
logx == exp~lx
This function has a domain of R, (itis defined only for positive real numbers).
You may be used to writing In x. | may use In and log interchangeably, but mainly log.
We can use the logaithm and exponential function to define arbitrary real powers.
Def: x% := e®198% for x > 0

We need to check that this gives the same result as the existing definition if  is an
integer. Letx > 0. x? = ¢0198* = ¢0 = 1 (as expected). Suppose x™ = e™1°8* then

n enlogx

— ,(n+1) n-1_ X _ —
e logx and x — = —Togx

n+tl — 4Ny — enlogxelogx — enlogx+logx

X

enlogx-logx — o(n-1)logx g4 phyinduction x™ = ™98 for integers n.

Finally, we define:



log x

Def:1 =
ef:log, x loga

Which has the property that al®8a* = x (prove this).

The proofs of the properties of logarithms and exponentials, are relatively easy and are
on the problem sheet.

This definition is only good for x > 0 as otherwise the logarithm is undefined.
We can separately define:

a_(0 a+0
0 _{1 a=0

And then for x < 0 and «a rational, leta = %where m and n have no common factors
except 1. Also we require n be odd to avoid square rooting negative numbers:

m
xn = [f such that g = x™

We do not define x* for x < 0 and «a irrational (this would need complex numbers).

This definition with all the edge cases is annoying, and we will not be using it. We only
really care about the x > 0 case.

The definition becomes much simpler if we allow complex numbers as then we can
extend the domain of the logarithm to include negatives. We can then use the e*108%
definition always. We will of course be ignoring this, as this is real analysis.

Of course we know that e is 2.718281828 --- (by using calculators or lengthy
calculations) but we want to rigorously prove that 2.5 < e < 3 to give us an idea of how
big e is.

e > 2.5iseasysincee = ). 0k| =1+1+- +Zk 3k' > 1+1+—= 2.5,
i.e., e>25

e < 3is abit harder. We can do this by comparing with a geomtric series.

(n + 1)! grows faster than 2™.

You can prove by induction that k! > 2%~ for k € N (problem sheet Q13)

k-1
Meaning% < 2k1_1 = G) (equality when k = 1,2, otherwise strict inequality).

N T o B o PR SRR
B k! k! 2 B 1 B
k=0

k=1 k=1 1—7



so2.5<e<3.

i.e.,

e<3



Limits of Functions and Continuity

The Limit of a Function

This section is one of the most important, as it makes formal many of the ideas from
caluculus, namely limits of functions and continuity. We start by defining the limit of a
function.

We write lim f(x) to denote the limit of f(x) as x — c.
X—C

We already defined limits of sequences, and so we expect there to be some similarities
here. The idea of the limit of a sequence was that for any positive € you could find terms
big enough that they were all within a distance € from L. Here we will use the same idea,
but instead of n being “large”, we need x being “close to” c. By n being large, we meant
n = N (where N is some natural number). By close to ¢, we mean x has is within a
distance of § from c (where § is some positive real number).

We can write “x is within a distance of § from c” as |x — c| < 6.

We also don’t care about what happens at the point c, only near it, so we can exclude
x =candwrite0 < |x —¢| < 6.

We then have the following definition:
Def: }Cl_rg f(x) = L means:
Vesor Jdssos-t., 0<|x—c|<d=|f(x)-Ll<e¢
This is called the £-6 definition.
In plain english, this is saying:

For any positive €, there is some positive § such that, for every real number x which is
within a distance § from ¢ (but not equal to c), then f(x) is within a distance € from L.

In even more simple terms, when x is close to ¢, f(x) is close to L.

If we have a function defined on anineterval, (a, b),(a, b],[a, b), or [a, b] then this
definition does not allow a limit to exist at the endpoints a and b. We may also have a
situation where the function seems to approach one value from the left and another
from the right. E.g., here:



The limit as x = 0 from the left appears to be —1, but from the right is 1. We hence
define the notion of left and right limits. We write “the limit as x — ¢ from the left of
f(x)”as lim f(x), and likewise the limit from the right as lim f(x).

x-c~ Xx=c

We define the left limit using the £-§ definition above, but with x < c.

Def: lim f(x) = L means:
X—Cc™

Veso, dss0s.t., (x<cand0<c—x<§)=|f(x)-Ll<e

Similarly:
Def: lim f(x) = L means:
x—-ct
Veso, ds50S. L, (x>cand0<x—c<d)=>|f(x)-Ll<e

It seems clear (from pictures) that the limt exists if and only if the left and right limits
both exist and are equal, in which case the limitis equal to the left and right limits. The
proof is straightforward.

Theorem 4.1:
lim f(x) exists & lim f(x) and lim f(x) both exist and are equal,
x—>cC x—-c~ x-ct
and also lim f(x) = lim f(x) = lim f(x)
x—>c x—-c~ x—-ct

pf:

The “=” direction is rather trivial, but | encourage you to try it yourself anyway (problem
sheet).



For the “&<” direction:
Suppose lim f(x) = lim f(x) =L
Lete >0
There exists §; > 0 such thatifx < cand 0 <c¢—x < §; then |f(x) —L| <&
There exists §, > 0 such thatifx > cand 0 < x —c < §, then |f(x) — L| < ¢
Choose § = min(6y, 6,)
Now let x be a real number with0 < |x —c| < §
S>Xx#EC
Either,x <c=20<|x—c|=c—x<6§<§ =>|f(x) - Ll <e
Orx>c=20<|x—c|l=x—c<d<6=>|fk)—-Ll<e
Either way, O0<|x—c|<d=2|f(x)-L|l<e

Hencelim f(x) = L
xX—C

A standard exercise is to prove the following results:
lim £ (x) + lim g(x) = lim(f(x) + g(x))
X—C X—=C X—=C
lim(f(x)g(x)) = lim f(x) lim g(x)
X—=C xX—=C pando

GRS
xe g limg()

[the last one assuming lim g(x) # 0 and g(x) # 0 sufficiently close to c]
X—C

from the &-6 definition. | leave this as an exercise to you, but | will show you a lazier way
to prove these same results in the next section.

Also left as an exercise is that limits are unique.

Finally, we define limits as x = * oo in essentially the same way as how we defined the
limit of a sequence.

lim f(x) = L means:
X—00

V£>0' 3ME]R s.t, vxEM' |f(x) - Ll <eg



Which reads, for every positive ¢, there is some real number M, so that every number
larger than M is close to L (within a distance &).

Similarly:

lim f(x) = L means:
X——00

Vesor dyer S- L., V<ms |f(x) —-Ll<e



Limits of Functions as Limits of Sequences

Since we have already done so much work on limits of sequences, it would be a shame
to start from scratch. We can formulate limis of functions in terms of limits of
sequences which will allow to to recycle those old results.

If we consider a sequence x,, with lim x,, = ¢, (meaning x,, gets closer to c) it seems that
f(x,,) gets close to L. Notice that f (x,,) is itself a sequence, and we are proposing that
lim f(x,) = L. Also, since we don’t care about what happens at the point x = ¢ (f might
even be undefined there) we stipulate that x,, # ¢ for any n.

Theorem 4.1:
lim f(x) = L iff
X—C
lim f (x,,) = L for every sequence x,, # ¢ with limx, = ¢

This is an “if and only if” statement, meaning we need to prove both directions.

Letlim f(x) =L, Let x,, be any sequence with limx, = cand x,, # ¢
X—C

| want to show lim f(x,) = L.Lete > 0
We know there exists § > 0sothat0 < |[x —c| < d = |f(x) - L| < ¢
We also know there exists some N € N sothatforeachn > N,0< |x, —c| <6
(sincelimx,, = cand x,, # ¢)
Putting this all together:
Letn>N=0<|x,—c|<éd=>|f(x,) - Ll <e¢

Hencelim f(x,) = L

Proving the left direction is a little tricky, but we can make it easier by using the
contrapoisitive. This means instead of showing that B = A we show that =4 = —B.

Suppose lim f(x) # L (or that the limit does not exist).
X—=C

We want to show that there exists a sequence x,, with x,, # c and lim x,, = ¢ such that
lim f(x,) # L.

Using lim f(x) # L (or doesn’t exist), we use the negation of the -8 definition.
X—=C

.50 S L, V>0 3, s.t, O0<|x—c|<dbut|f(x)—L|l=¢



We are given this € > 0, and we can choose any § > 0. We choose §,, = % because then

There exists x,, suchthat0 < |x, — c| < % but |f(x,) — L| = ¢.

We repeat this process forn = 1,2,3 -:- to create a sequence x, suchthat0 < |x,, — c| <

%for every n, and |f(x,) — L| = & for every n.

. 1.
By squeezing, |x, — c| < ~= limx, =c.Also0 < |x, — c| means x,, # c.

We now have an € > 0 so thatforany N € N, there existsann = N (anyn = N will do) so
that |f(x,) — L| = € (since this is true for every n), meaning lim f (x,,) # L (or does not
exist) as required.

The reason for proving the above theorem is that it allows us to skip the usual work of
proving all sorts of results directly from the e-6 definition. For example:

Let x,, be a sequence with lim x,, = cand x,, # c.
So then lim f(x) lim g(x) = lim f (x;,) lim g(x,,) = lim f(x;,) g(x,) = lim f(x)g(x)
X—C X—C X—C
Where we have use the fact thatlima, lim b,, = lim a,,b,,.

We can then also prove the similar results for lim(f(x) + g(x)) and lim =
X—C X

—c g(x)



Continuity

An informal notion of continuity is that you can draw the graph of the function without
taking your pen of the page. Alternatively, if x is close to c, then f(x) is close to f(c).
How do we make this idea precise? We use the notion of limits.

Def: We say f is continuous at c iff lim f(x) = f(c)
X—C

Def: We say f is continuous iff it is continuous at every point in its domain

As a small caveat to this, if f is defined on a closed interval [a, b], we require only the
right-hand limit for the left endpoint and only the left-hand limit for the right endpoint.

We can use the -6 definition of the limit to write the definition of continuity in terms of
&'sand d’s.

Let f be a function with domain X € R
f (x) is continuous means:
Veex f is continuous at ¢
Then using the e-§ definition setting the limit L = f(c):
Veexs Ves0 J5-0S-t., O<|x—c|l<éd=2fX)—fl)l<e

One final note is that when it comes to continuity, we actually do care about what
happens at x = c. Clearly at x = c we have both |x — ¢| = 0 < § and we have
|f(x) — f(c)] = 0 < e which means we can ignore the 0 < part:

Veexs Veso ds>08-t, lx —c|l<é= |f(x) _f(C)l <eg

(For non-endpoints. If we have endpoints of a closed interval, we use the one-sided
limits).

We can use this definition to show that certain functions are continuous.
e.g., Show that f(x) = k is continuous (where k is some constant)

Here the domain is R. The inequality |f(x) — f(c)| < e becomes |k — k| = 0 < &€ which
is always true since € > 0 so we can choose any § > 0 and it willwork (e.g., § = 1).

pf:
Letc € R, Lete >0
Choose § =1
Suppose |[x —c| < §
Then |[f(x) — f(c)|=lk—k|=0<¢



Another simple example;
e.g., Show that f(x) = x is continuous.

Here the domain is again R. The inequality |f(x) — f(c)| < e becomes [x — ¢| < €.
Since we will assume the |x — ¢| < 6, setting § = & will work.

pf:
Letc € R, Lete >0
Choose 6 = ¢
Suppose |[x —¢| < 6
lfG) —fl=Ix—cl<s=¢
A more difficult example;
e.g., Show that f(x) = v/x is continuous.

The domain of the ¥ function is [0, ) (positive real numbers). We first consider the
endpoint 0. We want to show that lirgl+ Vx =0 = 0. The inequality |f(x) — f(0)| < ¢
X

will become |[Vx — 0| = vx < e. We already know that x — 0 = x < § so setting § = &2
should get the job done.

Letc =0, Lete >0
Choose § =2 >0
Supposex —0 < §
Then x < § = €2 = v/x < & (since Vx and ¢ are non-negative)
F@) = F(©l = Vx = V0| = VX <
Next for ¢ > 0 we use the regular (two-sided) limit. First the idea:

|f(x) — f(c) < e becomes |\/§ — \/E| < &. We would like to write this in terms of |x — c]|.

We can use difference of squares to write |x — ¢| = |[Vx — Vc||Vx + Vc| (which is fine
since x, ¢ > 0).

We know that |x — ¢| = |[Vx — Vc||[vx + Vc| < 8. Also we know that |a — b| < |a + b
whenever a and b are non-negative (this seems reasonable but you can prove it
rigorously by the triangle inequality). |a — b| = |a + (=b)| < |a| + |-b| = |a| + |b| =
a+b=|a+b|.

In our example, vx and v/c are non-negative, so we can apply this fact.

VX = Ve| < Wx +Ve| = [Vx = Ve|* < |Wx = Ve|[Vx +e| < 6



2
So (since we have |\/§ - \/El < &) a wise choice might be § = €2 (the same as we had
before). Putting this all together:

pf:
Letc > 0, Lete >0
Choose § = €2 >0
Suppose [x —¢| < &
Then |[vx — ve|* = [Vx — Ve||[V& — Ve| < |Vx = Ve|[Vx +Ve| = |x — ¢c| < 6 = &2
> |f(0) = (Ol = [Vx—e| < e

For one final example, | will demonstrate the continuity of the exponential function, e*.
First the idea, then a streamlined proof.

The inequality |f(x) — f(c)| < e willbe |e* — e€| < €. Using properties of the
exponential function, this becomes e€|e* ¢ — 1| < £ which is useful because e€ is just
some constant. Using the series definition, this becomes:

o (x — o)F
D w
k=1

We want to make this < ¢. First, | use the triangle inequality on the infinite series (I will

z(x—C)k Seczlx—d"
k! k!
k=1 k=1

Which is better because it is now in terms of |x — ¢| < 6.

eC

justify this in a moment).

eC

o)

ot k k
O e —cl .\ 90 .
e T <e o (comparison test)
k=1 ' k=1

Finally, comparing this to a geometric series

e¢ Z o <e‘ Z 6" | by the comparison test smceg <4
k=1 k=1 '

e‘sd

=1-35 (Assuming 6 < 1 for convergence).

es

1-6

If we can have = g, we will be done.



g .
1_6—ez6—ec+£€(0,1)(somdeed6<1)

The use of the infinite triangle inequality follows directly from the finite version.

Let b, = |X}=1 axl, cn = Xr=1lak| (assuming these both converge). Then by the finite
triangle inequality, b, < c¢,. Hence lim b, < lim ¢, (squeeze theorem) = |};°_; ax| <

Yi=1lakl.

Writing this all into a more streamlined proof:

pf:
Letc € R, Lete >0

£
e+ ¢

Choose § = >0

0<e<e‘+e>0< <1, e, 0<6<1

e+ ¢

Suppose |[x —c¢| < 6

z(x—C)k Seczlx—CI"
k! k!
k=1 k=1

- 5k ., €6 _
< e€ Z —<ef Z ) (converges since § € (0,1))

If() = flO)] =le* —ef[=ele*™ 1] = €€

! “1-5

k=1 k=1
efe £ efe e¢
ec+¢ e+ ¢ ec+¢ e‘+¢

ie, |f)—-flal<e

Hence e* is continuous!

The § that we choose is allowed to depend on € and the point c. In the first 3 examples,
&

e+e

the ’s we chose did not depend on c. In the last example, § = does dependonc.

We use this distinction to define the notion of uniform continuity.

The idea of uniform continuity is that there exists a value of § which works for every
value of c. In other wods, it is possible to choose a § before being given c. Formally we



define this by simply moving the V ¢y, to after the 35, in the definition (we choose &
before we choose c).

Veso ds5>0S- L, Veexs lx—cl<d=>[f(x)—fl)l<e

You should NOT memorise this definition. Instead, if you want to show that something is
uniformly continuous, you simply need to show that it is continuous, using a § which
does not depend on c¢. We have already shown that k, x, and v/x are uniformly
continuous. Note that we have not demonstrated that e* is not uniformly continuous.
We found a § which depends on c, but it might be the case that there is some clever
choice of § which does not. Proving that this is indeed impossible (and hence e* is not
uniformly continuous) is left as an exercise on the problem sheet.

e* is not uniformly continuous. We know it is continuous though, by using § = -

(which depends on c). Notice that if instead we were to consider e* on some closed

. & &
interval [a,b]thena < c<bhb=2e‘<el>—> .
e+e€ — eg+eb

S06=—:< ﬁwould work everywhere on this interval. This § does not depend on c.

It does depend on a, meaning the § you choose depends on the interval, butitis
independent of where in the interval you are.

We might then suspect that a continuous function on a bounded interval I is uniformly
continuous. This is almost true but it turns out that we also require the interval to be

closed.
Theorem 4.2:
If f is continuous on a closed interval, [a, b]
Then f is uniformly continuous on [a, b]
pf:

We proceed by contradiction. Let f be continuous on [a, b]. Suppose f is not uniformly
continuous on [a, b].

Using the negation of uniform continuity, f is not uniformly continuous iff:

JesoS- L, Vs>o Jx,ce[a,p]S- Lo lx —c| <&but|f(x) —flc)l = ¢

We are assuming that this is true.



There exists an € > 0, this € is given. Then it says, for alld > 0 so we can choose any §

we like. Let’s let §,, = % then for each §,, there exists some x,,, ¢,, € [a, b] such that

lx, —cpl < 6, = %and |f(xn) — f(cp)| = €. Do this for each n to form sequences x,,

and ¢,.

Our goalis to show that | f(x,) — f(c,)| = € will lead to a contradiction (since we
suspect that f(x,,) — f(c,) gets smaller as n gets larger, i.e., that lim(f(xn) — f(cn)) =
0. Since f is continuous it would be easy to prove this if we knew that lim x,, = lim c,,.
Unfortunately, we cannot conclude this, since we don’t know that x,, and ¢,, are
convergent. We do however know that they are bounded by [a, b] so we use the Bolzano
Weierstrass theorem:

There is a convergent subsequence Xn; of x,

Let L = lim Xn; then L € [a, b]
1
Then |xnj — an| < — = lim (an — xnj) = 0 (squeeze theorem)
j
Then lim (an — xnj) + lim Xn; = lim Cn; (solim Cn; exists)
and lim Cn; = L
Since f is continuous at L, lim f (xnj) =f (limxnj) = f(L) and lim f (an) = f(L).
So lim (f (xn].) —f (cnj)) = lim f (xnj) —lim f (cnj) =f(L)-f(L)=0

lim (f (xnj) —f (an)) = 0 =>there exists a j such that |f (xnj) - f (an)| <e.

But by definition |f (xnj) - f (an)| = &.This is a contradiction and so the assumption

(that f is not uniformly continuous) was false. f is uniformly continuous.

And we are done!

The reason we needed that the interval was closed is since if we had an open interval
(a, b) we would still have L € [a, b] (L could be still an endpoint) and the proof relies on
continuity of f at L so we need f to be continuous at the endpoints, meaning the proof
only works for closed intervals.

There is one final type of continuity which actually simplifies the idea of continuity
considerably, (though it is a more strict condition).



When looking at the definition of uniform continuity, the tricky partis showing that
lx —cl<d=|f(x)—f(o)| <e.

If we are forunate enough to have a situation where we know that |f(x) — f(c)| <

M|x — c| for some constant M > 0 and every x and ¢, then we may set§ = %to get

If() —fO|SMlx—c|<M§=¢

We use this idea to define a final type of continuity:
Def f(x) is Lipschitz Continuous iff:

Im>o such that: |[f(x) — fF(¥)| < M|x —y|

for every x, y (in the domain of f)

We call M > 0 the Lipschitz Constant. Note that this constant is not necessarily
unqiue (there may be more than one which works, in fact if M works, then anything > M
would also work).

| have already explained why Lipschitz Continuity = Uniform Continuity =
Continuity. This definition is nice because it doesn’t involve any &’s or §’s. This means if
we are fortunate enough to have a Lipschitz continuous function, it is (sometimes)
easier to prove than the other types of continuity, and then we get the other two types
for free.

The interpretation of Lipschitz continuity is (roughly) to do with the slope of a function.
F)-r»)
-y

. represents the “slope” of a line connecting two point on the function.

IfG)=FI
lx=y|
become “infinitely steep” in some sense. For this reason we would not expect vx to be

< M means that this slope is bounded above, and so the function doesn’t

Lipschitz continuous (the gradient seems to become vertical close to 1). We can easily
prove that k and x are Lipschitz continuous functions.

|k — k| = 0 < 0|x — y| So Lipschitz with Lipschitz constant 0.

|x —y| < 1]x — y| So Lipschitz with Lipschitz constant 1.

Moving back to regular continuity, we can determine whether most function we deal
with are continuous by combining results we already know.

If f(x) and g(x) are continuous then

f(x) + g(x) is continuous



f(x)g(x) is continuous

f(x)
9(x)
These results follow immediately from the results for combining limits (and the original
definition of continuity that lim f(x) = f(c)).
X—C

is continuous (wherever g(x) # 0)

There is however a new way of combining functions which we have not yet considered.
Function composition. If f: B = C and g: A = B are functions, then f o g:A - Cis a
function. The arrow notation here, if you need reminding means f takes an elementin B
as an input and returns an elementin C as an output.

The " o " notation means: (f ° g)(x) = f(g(x)), we call this f composed with g. This
passes an element of A into g, getting an element of B out, which is then passed into f,
which returns an element of C as the final output.

It would be nice if: when f and g are continuous, then sois f o g. That s,
lim f(9(0) = f(9(e)
If we could bring the limit inside of £, we could say thatlim f(g(x)) = f (1im g(x)),
xX—C X—C

and then use continuity (}CI_IE g(x) = g(c)) to get }Ci_r)rgf(g(x)) = f(g(c)).

We need to justify the step of bringing the limit inside.

Theorem 4.3 (a):

If L = lim g(x) exists and f is continuous at L
X—C

Thenlim f(g(x)) exists and equals f (lim g(x))
x=C x—-c

We first ask why we would expect this to be true. “f is continuous at L” roughly means
thatwhenuis closeto L, f(u) is close to f(L).

When x is close to ¢, g(x) is close to L, meaning f(g(x)) is close to f (L).
pf:
Let L = lim g(x)
X—C
| aim to show that lim f(g(x)) = f(L).
xX—C

Lete >0



Using the continuity of f at L:
d5,sosuchthat0 < |u—L| <d; = |f(u) —f(L)| <e
Then using the limit of g(x),
forall € > 0, d5-0 such that, 0<|x—c|<d=>|gx)—L| <&

Then set € = §; and choose this new § > 0 as our 4.

Suppose 0 < |x —c| < &
> |g) - LI < 8,
Assuming g(x) # L,we have 0 < |g(x) — L| < &,
= |fg)) —fW)| <«
If g(x) = Lthen |f(g(x) = fF(L)] = If L) = F(L)| = 0 < &.

Hence we have found § > Osuchthat0 < |[x —c| < § = |f(g(x)) — fF(L)| < e.

ie., }Ciir(l:f(g(x)) =f(L)=f (Ll_r}} g(x)) (so long as f is continuous at L).

This theorem fully justifies the proof:
Let f be continuous at g(c), g be continuous at ¢

Then lim g(x) = g(c) and f continuous at g(c)
xX—C

= Ll—rg f(g(x)) =f (Li_rgg(x)) (using theorem 4.2(a))

=f(9())

Hence f o g is continuous at ¢

The reason | call this 4.2 (a) is because this only covers limits with x - ¢ € R, but we
may also wish to take limits with x — o or x - —co.

Theorem 4.3 (b):

If L = lim g(x) exists and f is continuous at L.
X—00

Then lim f(g(x)) exists and equals f (lim g(x))
X—00 X— 00



The proof is similar to (a)
pf:

LetL = ;1_{{)10 g(x)

Lete >0
Continuity of f at L:
dssosuchthat0 < |lu—L|<déd=|f(w)—f(L)|<e
Then using the limit of g(x),
forall € > 0, 3,, such that, x=2M=|glx)—LI <&

Then set § = §, which gives us a value for M.

Suppose x = M

= |gx)—L|<$§

Assuming g(x) # L,we have 0 < [g(x) = L| < 6
= |f(g)) —f)| <«

If g(x) = Lthen [f(g(x)) — fF(L)| = If (L) = f(L)| = 0 < e.

Given any & > 0, we have found an M suchthatx > M = |f(g(x)) — f(L)| < e.

Meaning, lim f(g(x)) = (L) = f (lim g(0)).



Limits by Substitution

One often overlooked theorem in real analysis is that of performing substitutions on
limits.

If | have to evaluate L = lim f(g(x)) one may wish to write "Let u = g(x), then L =
X—C

lirr(l )f(u) ". We can only do this though, if certain conditions are met, most
u-g(c

importantly that g is continuous at c. There are also some weird extra conditions the
need for which will become apparent during the proof.

Theorem 4.4: (limits by substitution)
lim f(g(x)) = lim f(w) if g is continuous at ¢
x-c u-g(c)

and either [f is continuous at g(c)]
or [g(x) # g(c) for all x sufficiently close to c]
These two extra conditions will used to deal with an annoying edge-case.

Substitution is often done without justification. This section will consist of a proof of
this theorem. The idea (roughly) is that if x is close to c then g(x) is close to g(c) (by
continuity of g at c), and so (letting u = g(x)), f(u) is close to lirr(l )f(u).

u-g(c

This will be similar to the proof at the end of the previous section (that lim f(g(x)) =
f(im g(x)) when f is continuous).

pf:
LetL = lim )f(u)

u—g(c
Lete >0
There existsa §; > Osuchthat0 < |lu —g(c)| <&, =2 |f(w) —L| < e
Then using continuity of g at c:
There existsa d > 0O such that |[x —c| < d = |g(x) — g(c)| < 8,
Suppose |x — c| < 6,
Then [g(x) — g(c)| < 6;
If g(x) # g(c) then:
0<lglx) —g(al <6
= flgx) -1 <e



If g(x) = g(c), we deal with this edge case by using the one of the extra conditions.

If f is continuous at g(c) then L = uggr(lc)f(u) = f(g(0).
Then |f(g(x) =L = |f(g(c) —L| =L —L| = 0 < g (since g(x) = g(c) and f(g(c)) =
L).

If we have the second condition, g(x) # g(c) for all x sufficiently close to c, then we
can just choose § such that x is close enough to ¢ so that g(x) # g(c), avoiding the
edge case.

In all cases we have shown that given € > 0, we canchoose d > 0sothat|x —c| < § =
|f(g(x)) - L| < e(where L = lim _f(u))
u-g(c)

ie,limf(g(0) =L = lim f(u)

We will be using substitutions later and so it is a good idea to justify their use.



Intermediate and Extreme Value Theorems

This section covers two important (yet very intuitive) theorems.

The Intermediate Value Theorem (IVT) says that if a function f is continuous on [a, b]

then for any point d between f(a) and f(b), there is a point c on [a, b] such that f(c) =
d.

Intuitively, the graph of any continuous function must pass through any horizontal line
which is vertically between the start ane end points.

Intermediate Value Theorem (IVT) (4.5):

If f is continuous on [a, b] and d is between f(a) and f(b) (inclusive)
Then there exists a c € [a, b] such that f(c) =d

Note: if f(a) < f(b)thend € [f(a), f(b)],if f(a) = f(b) thend € [f(b), f(a)].

We, will need some kind of “candidate” for our value of c. The proof will clearly rely on
our function being continuous, so we will be using the definition of continuity. If our
function was defined only for rational numbers, there could be “gaps”, e.g., take f(x) =
x20on[0,2],then f(a) = 0, f(b) = 4. Clearlyd = 2 € [0,4] would be a fine choice for d,
but then there is no rational number ¢ € [0,2] such that f(c) = ¢? = 2. This suggests
that the the “lack of gaps” in the real numbers is essential to this theorem. For this



reason, we will be invoking the axiom of completeness. Recall, the AoC says that any
non-empty set of real numbers which is bonded above has a supremum (least upper
bound).

We will consider the set, S = {x € [a, b], f(x) < d}

This is the set of all values in the interval such that the graph is below the horizontal line.
For the graph shown on the previous page, this the the set of all points with the blue
beneath the red (in this particular graph this happens to be all points left of the
intersection). | looks like the supremum (callit c) is the x co-ordinate where the curve
(blue) meets the horizontal line (red), thatis f(c) = d). If the curve were to intersect the
line multiple times, the supremum would seem to be the x value where it happens last.

Our plan will be to define c as the supremum of this set S and then show that f(c¢) = d.
pf:
Case 1: f(a) = f(b)
The only value of d allowed isd = f(a) = f(b) and so ¢ = a or c = b would each work.
Case 2: f(a) < f(b)

If d = f(a) then ¢ = aworks, if d = f(b) then ¢ = b works. Otherwise d € (f(a), f(b))
andc € (a,b).

LetS = {x € [a, b], f(x) <d}
f(a) € S sonon empty.
x €S = x € [a,b] = x < bsoSisbounded above.
We can then apply the axiom of completeness, the supremum exists.
Letc =supS$
We now have a candidate for f(c) = d. To prove this we will use contradiction.
Suppose f(c) < d

This is similar to the proof that V2 is a real number. One case will contradict ¢ being an
upper bound, the other case will contradict no upper bounds being less than c. Which
case is this?

Consulting the diagram, this should lead to problems because if f(c) < d (the blue
function is below the red line) then c is too far left (too small). We seek to show that c is
too small to be an upper bound. We want to find some x € Swithc < x. Forx € S we
require x € [a,b] and f(x) < d.



Recall the definition of continuity, in particular continuity at our point c:
Veso J5-0 such that, lx —c|<d=|f(x)—flo)] <e¢

This is the definition for continuity at an interior point (non-endpoint) which is fine since
c € (a,b).

Taking inspiration from our “J2 € R” proof (from quite a long time ago), we notice that
d — f(c) > 0 (since we are assuming that f(c) < d) and we

Lete=d—-f(c)>0
Then thereisa § > 0 such that
lx—cl<8=If(x)~fOl <e(=d~f(c))
We take this § as given.
We wish to findanx > cwitha < x < band f(x) < d (thatis, find an x > ¢ with x € S).
If we find such an x, we have shown that c is not an upper bound and we will have our

contradiction.

Letx =c+ =
Certainly x > c.
Also |x — c| =g< dandso |f(x) — f(c)| <e.

This also implies that f(x) exists meaning x € [a, b] (limits require the function to be
defined everywhere close to c).

Since we chose ¢ = d — f(c), we have |f(x) — f(c)| < d — f(c), which is equivalent to:
fl)=d<f(x)=f(c) <d—f(c)
= fx) = f(c) <d - f(c)
= f(x)<d
Which means x € S so we have a contradiction (as c is not an upper bound).

To complete the proof we assume f(c) > d and reach a contradiction. The proofis
similar, but a bit tricker. We need to find an upper bound which is less than c. We again
callit x.

Lete = f(c) —d = g5 suchthat|x —c| < = |[f(x) — f(c)| < f(c) —d.

Letx=c—96



Clearly x < c. We want to show that x is an upper bound.

Let X > x, we wish to show that X € S, hence x is an upper bound.

EitherX € (x,c]orXx > c.

IfX >c= X & S (since cis an upper bound for S).
fX€(xcl>x€(c—6,c]>X€(c—8c+d)=>|x—c|<d=2|fE) —-f(c) <e
=f(©)-d

Thend — f(0) <fR) - fl)<fl)—d=>d—-flc) <f(@) - flc)=>f(X) >d

= X & S (by definition of S).

Hence x is an upper bound for S and x < c. This contradicts ¢ = sup S.

We have now contradicted f(c) < d and f(c) > d, and we have victory.

f(c) = d where c € [a, b] as required.

Case 3: f(b) < f(a)

This case is symmetric to case 2. You could either go through all the working again
(whichisn’t a bad exercise if you want to check that you understood this proof). We can
also use a shortcut.

Let g(x) = —f(x)
f) <d<f(a)=>—f(a) <—d<—f(b) > g(a) <—-d<g(b)

Using case 2: there exists a ¢ € [a, b] with g(¢) = —d. Then f(c) = —g(c) = d and we
are done.

That was a lot of work for something which seems obvious, but there are occasionally
seemingly obvious things in mathematics which turn out to be false. How do we know
that there isn’t some very clever edge case where the statement doesn’t hold? Just
because we can’t think of one, doesn’t mean it doesn’t exist. The only way to be certain
is with proof, which we have now provided.

This proof seemed quite similar to the proof that v/2 is real. This is because IVT is
essentially just a generalisation of this fact. Setting f(x) = x2,a =0,b =2,d = 2, we
getthatc? = 2 and ¢ € [0,2], meaning ¢ = V2 is real.



An immediate consequence of IVT, is that continuous functions map intervals onto
intervals. Put precisely, if f is continuous and I is an intervalthen J := f(I) is an interval.
This is becauseifa, b € J witha < b and ¢ € (a,b); thena = f(x;) and b = f(x,) for
some x, x, € I meaning (by IVT) there is some x3 € I with f(x3) = ¢, hencec € J.

The final theorem we will prove in this chapter is the EXTREME Value Theorem (EVT).
Make sure you say the word EXTREME in the most extreme way you can. This theorem

says that if a function is continuous on a closed interval (similar to IVT), then the
function has a minimum and maximum value (meaning the function is bounded and the
“extreme” values are attained).

EXTREME Value Theorem (EVT) (4.6):
If f is continuous on [a, b]
then there is some upper bound M, with M > f(x) for every x,and M = f(C) for some C
and there is some lower bound m, with m < f(x) for every x,and m = f(c) for some ¢

M clearly seems to be a supremum, so the idea will be to use the axiom of
completeness (AoC) again and go from there. We will also do some magic with
sequences as that will make our lives a little bit easier.

pf:
LetS = {f(x),x € [a,b]}
f(a) € S so non-empty.
Showing that S is bounded above is slightly harder. We will use contradiction.
Suppose S is not bounded above.

Then 1is not an upper bound meaning there exists an x with x > 1. Call this x;. 2 is also
not an upper bound, so there is some x, > 2.n € Nis notan upper bound, so there is
some x, > n. We use this to form a sequence x,,.

Next, we know that x,, € [a, b] and so is bounded. We use Bolzano-Weierstrass to find a
subsequence Xn; which is convergent. Call the limit ¢ € [a, b]. We may think of Xn; @s

being a function of j with domain N. We then can use the continuity of f at ¢ with
theorem 4.3 (b) to say that:

lim Xn; exists = lim f (xn].) exists

j— j—0

Since convergent sequences are bounded, f (xnj) is bounded.



But we constructed this sequence so that f (an) > n; which is unbounded above. This

is a contradiction meaning S is bounded above.

We then let M = sup S, then M > f(x) forevery x € [a, b]. We need to find a C so that
f(C) = M. We will again do this by using sequences.

By Theorem 2.8, there exists a sequence y,, € S withlimy,, = M.

Yn €S = y, = f(x,) forsome x,, € [a, b]. This gives us some (not necessarily unique,
there may be more than one choice) sequence x,,.

We know that lim y,, = lim f(x,) = M. If we knew that x,, were convergent we could
move the limit inside the function (since f is continuous). x,, is not necessarily
convergent, but it is bounded (x,, € [a, b]). The means (by B-W) there is a subsequence
Xn; which is convergent.

Let C = lim Xn; € [a, b]

We now have that f (xnj) = Yn; is a subsequence of y,. We know that lim y,, = M and
so lim Yn; = lim f (xnj) =M.

Since we do know that Xp; converges, we can now bring the limit inside f (since fis

continuous).

M =limf (x,,) = f (limx, ) = f(C),  whereC € [a,b]

We have f(C) = M with C € [a, b] and so we are done. The upper bound M is attained so
we call it a maximum.

For the minimum you could either do the entire thing again with a symmetric argument
(not a bad idea to test your understanding) but we can also use a shortcut.

Let g(x) = —f(x)

Using what we have proved so far, find ¢ suc that g(¢) = —m. (where —m is an upper
bound for g).

-m=gx)V,2=>m< f(x)V,
This means m is a lower bound for f.

Then —f(c) = g(c) = —m = f(c) = m. The lower bound m is attainted so we call it a
minimum.



Inverse of Continuous Functions

We have seen that if f and g are continuous functions, thensoare f + g, fg,f ° g.If
additionally, g # 0, we have g is continuous. There is one more result which | omitted

because we will need to use the intermediate value theorem (which we did not have at
the time) to prove it. If f is bijective (meaning it has an inverse) and continuous, then its
inverse is also continuous.

To prove this we first need to prove a lemma.

Since f is cotinuous you can draw its graph without taking your pen off the page. Since
it’s bijective it can never go back on itself (since then you would have multiple inputs
giving the same output). This means f must be monotonic. We will now prove this more
rigorously:

Lemma 4.7:
If f is continuous and injective on an interval [
Then f is strictly monotone.

The standard proof for this theorem makes some assumptions which | don’t think are
usually fully justified. | have modified the proof here as to fully justify these
assumptions.

pf:

The trouble with this proof is that monotone might mean increasing or decreasing, and
we don’t know which it will be. We will assume (for now) that I = [a, b] is a closed
interval with a < b. To determine whether we should be aiming to show increasing or
decreasing:

f(a) # f(b) (injectivity)
So either f(a) < f(b) or f(b) < f(a)
Suppose f(a) < f(b)

In this case we want to show that f is monotone increasing. That s, given x; < x, | need
to show that f(x;) < f(x,). We first show that given x; € (a, b) we must have f(a) <

f(x) < f(D).
Supposea < x; < b

Injectivity tells us that f(x;) # f(a) and f(x;) # f(b).



Suppose f(x;) < f(a) and aim for contradiction.

Since f is continuous on [x;, b] and f(x;) < f(a) < f(b), by the intermediate value
theroem, there exists some x, € [x;, b] suchthat f(x,) = f(a).Buta < x; < x, = x, #
a = f(x,) # f(a) (injectivity). This is a contradiction (the assumption being that

f(x1) < f(a)) hence f(a) < f(x1).

Similarly, if we suppose f(x;) > f(b)thena < x; < band f(a) < f(b) < f(x;).Use
IVT to find x, such that:

a<x, <x;and f(x;) = f(b)
Butx, <x; <b=x, # b= f(x,) # f(b) (contradiction).

Hence f(a) < f(x1) < f(b)

We have shown that if f is continuous and injective on [a, b] with a < b and f(a) <
f(b),thena < x; <b = f(a) < f(x;) < f(b).|callthis result (*).

To show that f is increasing, let x; < x, with x;, x, € [a, b], we need to show that

f(x) < fxz).
Wehavea <x; <x, <bh

We know f is continuous and injective on [x;, b] and f(x;) < f(b). Also x, € (x, b].
Hence (by (*)) we have f(x;) < f(x;) < f(b). Importantly, f(x;) < f(x,). Hence f is
increasing in this case.

The proof that f(a) > f(b) = f is strictly decreasing, is a symmetric argument to what
we have done here. In either case, we have shown that f is strictly monotone.

| call what we have proved so far (xx)

We did assume that I was a closed interval (which it might not be). If itis not, we do the
following:

Let a < b (for some a, b € I) these are fixed
In the case that f(a) < f(b) we want to show that f is increasing.
Then consider [a, b]. Since f(a) < f(b),by (**) f is increasing on [a, b]
We still need to show that f is increasing everywhere else in [
Supposeu < a < b < v (for some u,v € I). [This is so that [u, v] contains [a, b]]

Then by (*x) [u, v] is strictly monotone.



Sincea < b and f(a) < f(b),and a,b € [u, v], f cannot be strictly decreasing on [u, V]
so it must be strictly increasing on [u, v].

(This is true for any u, v withu < a < b < v)

Finally, let x;, x, € I with x; < x,.
If we can show that f(x;) < f(x,) then we have shown that f is increasing on I.
Let u = min{x,, a}, v = max{x,, b}

This choice of u and v ensures that that u < a < b < v (so that f is strictly increasing on
[u, v]) and ensures that x,, x, € [u, v].

X1, X3 € [u,v], f isincreasing on [u, v], and x; < x5, s0 f(x1) < f(x3).

Hence x; < x; = f(x;) < f(x,) meaning f is strictly increasing on I.

The case for f(b) < f(a) is almost identical, but we end up with x; < x, = f(x;) <
f(x1) and we have f is strictly decreasing on I in this case.

A very small Lemma next.
Lemma 4.8

If f is strictly increasing Then f 1 is strictly increasing

Suppose f(a) < f(b).
a=b=f(a)=f(b), a>b= f(a)> f(b) (both contradictions)
a<b=f(a)<f(b), (notacontradiction)
Meaning, f(a) < f(b) > a <b
Letu = f(a), v=Ff(b)
Thenu <v= f1(u) < f1(v)
Hence f~1 is strictly increasing

Similarly if f is strictly decreasing, then f 1 is strictly decreasing.

We will now use this Lemma to prove the main theorem we were trying to prove.



Theorem 4.9:
If f, defined on some interval [ is bijective and is continuous at ¢

Then f~1 is continuous at f(c)

Lete >0
Choose 6 -+
We come back later to choose a § > 0 which will work.
Suppose |y — f(c)| <&
We know thaty € (f(c) — 6, f(c) + §).

We wish to show that | f~1(y) — ¢| < € and we will have proved that f ~ is continuous at

f(©.

Since f is bijective, itis injective. Also f is continuous. This means, by Lemma 4.7, that
f is strictly monotone.

Case 1: f is strictly increasing

Then f~1is also strictly increasing (Lemma 4.8). Assume that ¢ is small enough that

(c — g,¢c+ ¢) c I (recall c means “is a subset of”). If this assumption is false, the § we
find under this assumption would still work for any larger . We make this assumption to
make sure that this entire interval is within the domain of f.

Since f is monotone increasing, the image of this interval under f is

A=(flc—9),flc+9)

Also (since f is monotone increasing) f(c — ¢) < f(c) < f(c + €) which means f(c) €
A.

We now choose our § > 0 suchthat (f(c) — 6, f(c) +8) c A.
[6 = min{f(c+ &) — f(c), f(c) — f(c — &)} works for this.]
Sincey € (f(c) — 6, f(c) + §), we now also know that y € A.

Using the fact that f ~! is increasing, the pre-image of this intervalis (¢ — &,¢ + €). By
definition of the pre-image, f~1(y) € (c — &,¢c + €)

meaning |f~1(y) —c| < ¢

Hence f~1(y) is continuous at f(c) as required.



Some immediate applications of this theorem are that functions like Vx (inverse of
x%,x = 0) and log x (inverse of e*) are continuous.

We also then get for free that x%, (at least for x > 0) is continuous for any @ € R, since
a — ealogx

X

And we now know that e* and log x are continuous.



Differentiation and Differentiability

Definition of Differentiation

Differentiation is a key concept from calculus. We have now developed the tools
necessary to make it rigorous.

Roughly speaking, the derivative of a function f at some point x, tells you how quickly
the value of the function f will change as you increase the input value, when the input
value is close to x. One way of thinking about the derivative is as the gradient (slope) of
the tangent line to the function at that point.

In this example, the derivative of the function at the point c is the gradient of the tangent

line.

We can approximate the tangent line by drawing a line through (c, f(c)) and through a

point near c, let’s say (x,f(x)) where x is some number close to c:



=

Which might look something like this. Of course, the closer the points are together, the
better this approximation will be.

Since we know that this line passes through (c,f(c)) and (x,f(x)), it’s gradient (change
in f divided by change in x) will be

f) = f()

X —C

Since this is only an approximation (which gets better when x gets closer to c) it makes
sense to define the derivative of f at ¢ (which we write as f'(c)) by:

, . fx)—=f()
f@=lin
We say that a function is differentiable at c, if this limit exists. If it is differentiable at
each pointin it’s domain, we simply call it differentiable.

An alternative definition which we will sometimes use can be obtained by using the
substitution, h = x — c. (You might want to check back to the “limits by substiution”
section to verify that this substitution is allowed. g(x) = x — cis continuous at x = c.
Also g(x) is injective, meaning g(x) # g(c) whenever x # c. The substitution is
allowed.)

f(x)—f(C)_l. flc+h)—f(c)
= lim
X —c h—>0 h

f'(c) = lim

—C



We may think of the derivative as itself being a function. To remind ourselves of this we
often write:

fx+h) - f(x)
h

"(x) = lim
f'() = lim
. .. d . . . d
We sometimes write P to denote “the derivate of [] with respectto x”, i.e., af(x) =

f'(x).

E.g., f(x) = k where k is some constant

,  k—k .
:}f(x):}ll_r)%—h Z}IILI(I)OZO

E o 00 = i x+h—x_l_ h—l' 1-1
g f(x) =x f(x)_hl—%T_hl—%ﬁ_hl_% =
E o ) = I (x+h)2—x2_l_ x2+2xh+h2—x2_1_ 2xh + h?
8. f() =x"= f160) = lim —————= lin R =m——

= }ll_r)%(Zx + h) = 2x

One of the first results you learn in a calculus course is that f(x) = x™ = f'(x) = nx™ !
(forn € W). This can be easily proved by the binomial theorem and the definition of the
derivative (problem sheet).

Itis easy to conceive of a function which is continuous but not differentiable, e.g.,
f(x) = |x| is continuous everywhere, but it is not differentiable at x = 0 since,

, . |nl=10] |
FO=n = =i
The right limitis lim 2 = lim %=1
h-0t h h—-0t h
The left limitis lim ¥ = lim =% = —1 = lim ™
h—-0— h h-0— h h—-0t h

Hence the limit does not exist at zero. Continuity # differentiability.

We are however fortunate enough that differentiability = continuity. This can be quickly
proved by using a clever, but not at all complicated, trick.

Theorem 5.1:

If f is differentiable at c then f is continuous at ¢



fx) = f(c) )= f(o)
—(x—-0o)|=lim——————
xX—c -

X—C X

-lim(x — ¢)

lim[f(x) = f(e)] = lim am
=f'(c)-0=0
Butalso lim[f (x) — f(c)] = lim f(x) — lim £ (c) = lim f (x) — f(c)
Solim £(x) = f(¢) = 0
= lim f (x) = f(c)

Hence we have continuity.

I will show you an alternative way of defining differentiability, which gives us an explicit
form for f, which makes many proofs much easier.

The intuitive idea first. When x is close to c,

f(x) :f(C) ~ F(0)

X c

~ means “approximately equal to”. We will call the error in this approximation the
remainder, denoted by r(x). Then

P19 _ prey+reo

= f)=f)+x-o)f'(c)+ (x—)rx)
So f(x) is differentiable if it can be written in this form.

Also, as x — ¢, we expect the remainder to — 0, meaning lim r(x) = 0.
X—=C

We want to show that this new definition is equivalent to the old one.

Theorem 5.2:

f(x) is differentiable at c iff it can be written in the form:

fG) =fle)+f)x—c)+rx)(x—c)

where r(x) is some function withlimr(x) = 0
pando

This is an iff (if an only if) statement. We need to prove both directions.



pf:

Suppose f is differentiable at ¢

This means }CI_IEM = f'(c)

Then we define r(x) = M f'(c), X #cC

It doesn’t matter what r(c) is because we only care about the limitas x = c¢. r(c) can be
anything as long as it is defined.

We need to show that f(x) = f(c) + f'(c)(x — ¢) + r(x)(x — ¢) (forall x).
For x # ¢ we rearrange:

r(x) = M flled=fx)=fl)+f(x-c)+rx)x-oc)

Forx = c:
LHS = f(x) = f(c)
RHS = f(O) + f'()(x =) +r()(x =) = f(c) + f'(c) - 0 +7(c) - 0 = f(c) = LHS
Sowe always have f(x) = f(c) + f'(c)(x —¢c) + r(x)(x — ¢).

We finally need to show that lim r(x) = 0.
X—C

—fll@=f()=f)=0

limr(x) = lim

X—C X—C C

(f() f(© f()> @ = f(©)
X —C

"
Suppose f(x) = f(c) + M(x —c¢) + r(x)(x — c) where y_rgr(x) =0

We need to show that f is differentiable at ¢ with f'(c) = M. Rearranging:

M=M+r(x), X+cC
X—c
yﬁcf(xi_f( c) c(M ()

L@@

xX—C X—C

Hence f is differentiable at c with f'(c) = M



We can modify this defintion slightly by factoring out the (x — ¢)
f) =)+ (f'(©) +r(x)x—c)
And then by letting f; (x) = f'(c) + r(x).
fO)=fl)+ i) (x—c),  wherelimf;(x) = f'(c)

You can show that this goes both ways by letting r(x) = f;(x) — f'(c).

I will refer to this new definition, as the remainder definition. This definition is useful

because it gives us the form for f(x) so we can talk about f in a somewhat more explicit
way than we could before.



Rules for Differentiation

We have so far seen how to differentiate functions of the form f(x) = x™, n € W. | will
hold off for now on differentiating other familiar functions (x%, e*, In x) because we still
need some more knowledge before we can tackle these.

We have seen with limits thatlim(f + g) = lim f + lim g, lim(fg) = lim f - lim g,

limg = Emlg (for g,lim g # 0), and (if f is continuous) lim f(g(x)) = f(lim g(x)).

We might hope for similar results to hold for derivatives.

Indeed it is not difficult to showthat%(f(x) +g(x)) = f'(x) + g’ (x), but when it

comes to multiplication, division and composition, the corresponding derivative results
are a bit more complicated than these.

Theorem(s) 5.3:

Let f and g be differentiable, then:

f+9)'=f"+g
(f9) =f'g+fg’
f\ _f9-fg
(5) =T (aslongas g(x) # 0)
(feg) =("eg)xg
FH'= 7 olf—1 (aslongas f'(f~1(x)) # 0)

These are usually proved by using the limit definition of the derivative, starting with the
LHS, manipulating until you have the RHS, but this often requries clever manipulations

which are difficult to come up with, certainly if you don’t already suspect what the RHS
is going to be.

I will proof these results (except the first which is easy using limits) by using the
remainder definition, which will allow us to derive them (so the motivation for each step
should be clear).

Addition is certainly the easiest. Simply by considering limits.

[fx+h) +g9x+n]-[f(x) +g()]
h

(f+9) ()= lim



B h h

h—0

_ 1 <f(x +h)—f(x)  gx+h)- g(x))
m +

+ lim
h—0

= lim

h—-0 h

fx+h) - fx)
h

<g(x +h) - g(x)>

=f'(x)+9'(x)

Next, the product rule. This is often done using the limit definition of the derivative, but |
will use our remainder definition instead.

Since f and g are both differentiable at c:

fO=fO+AE-0, gx)=g)+g:(x)x—-0)

Wherelim f; (x) = f"(c) andlim g, (x) = g'(c)
We then let h(x) = f(x)g(x). Then we then try to write h(x) in the form h(c) +
hi(x)(x — c¢). Then to determine h'(c), we find }CI_I’)I; hq(x).
h(x) = (f() + i) (x — ) (g(c) + g1 () (x — ©))
=f(©0)g(e) + fi(x)(x — )g(c) + g1 (x)(x — )f (c) + f1(x) g1 () (x — ¢©)?

= h(c) + [1(x)g(c) + f()g1(x) + f1(x) 91 () (x — )] (x — ¢)

Thenwe let hy (x) = fi(x)g(c) + f(€)g:(x) + fi(x) g1 () (x —¢)
so that h(x) = h(c) + hy(x)(x — ¢)

Finally, lim h, (x) = f'(c)g(c) + f(c)g'(c) + f'(€)g'(c) - 0 = f'(c)g(c) + f(c)g'(c)
Hence the derivative of f(x)g(x) at cis f'(c)g(c) + f(c)g’(c). This is the product rule.

(Note that the product rule along with % (k) = 0 gives us d% [kf (x)] = kd% [f(x)], where

k is any constant).

Next, the quotient rule. We can simplify the task by considering only ﬁ, and then use

the product rule.

1
90 9@+ g @k -0

Remember we want this in the form h(c) + h;(x)(x — ¢). Assuming g(c) # 0

Let h(x) =

_toor 1
9@ g© g@+g -0

h(x)



g@)+g1(x)(x —c) g(c)

=he - g©)[g(c) + g1(x)(x — c)] * g9 + 9.0 (x — )]
= _ g1(x) B
= h(c) OO RGICED) (x—1c¢)
Thenleth,(x) = — g1(x)

9(©@[g(e)+g1(x)(x=c)]
then h(x) = h(c) + hy(x)(x — ¢)
g'(c) _—9'(c)

Then K(0) = Mm@ = = OO + 7 QO] ~ 9@

d/1\_ g™
Hence 3 (g(x)) T g?”

Then use the product rule to get the full quotient rule:

d(f@Y_ . 1 W

ax (g(x)) RS ares R ARt

_F® fWeE) _F 90 - f6)g' @)
0 902 962

Next, the chain rule. Again the remainder definition makes this easier than it would
otherwise have been. Instead of f and g each being differentiable at ¢, we suppose that
g is differentiable at c and f is differentiable at g(c).

Then we can write:
f@ =f(g)+fiw)(u—-g()),  where uLiggc) fiw) = f'(g(0))
9 =g(@) + 1) —c),  wherelim g;(x) = g'(c)

Let h(x) = f(g(x))
= f(9() + fi(9(0))(g(x) — g(©))
= h(c) + fi(9(©) + g1 () (x = ©))(g(c) + g1 () (x — ©) — g(©))
= h(c) + fi(g(©) + g1 () (x — ©)) g1 (X) (x — ©)
Thenwe leth,(x) = f; (g(c) + g, (x)(x — C))gl(x).
Sothat h(x) = h(c) + h;(x)(x — ¢).

Finally, h'(c) = lim h,(x)
X—C



lim hy (x) = lim £, (g(c) + g1 (1) (x = ©)) g1 (x)
= lim f,(g(c) + g1 () (x = ©)) x lim g, (x)
=1im £,(4(0) + 6: () (x = ) X g'(©)
We know that !Ci_r)ré(g(c) +9:(x)(x —¢)) = g(c).

We could bring the limit inside of f; if we knew that f; were continuous at g(c). We
know that lirr(l )fl(u) = f'(g(c)). For continuity then, we need f;(g(c)) = f'(g(c)).
u-g(c

Note that we have not yet defined f;(g(c)), so | now define f;(g(c)) = f'(g(c)). Now f;
is continuous at g(c) and we can take the limitinside.

K@ = £ (lim(g() + 9100 (x = ©))) x g/ (<)
= f1(g(©) + g'(©) - 0) X g'(©)
= f1(9(0)) x g'(©)
=f"(9(©)) x g'(©)
Hence — (f(g(x)) = f'(9(x))g’ (x)

Finally we have the inverse function rule. For this we can simply use the chain rule:

1) =x

Differentiate both sides.

FUe) x o f 1 =1

_r
/(1)
(assuming f is differentiable at f~(x) and that f'(f~1(x)) # 0

d -1 —
> —f7100) =

We have now successfully proved the standard results for differentiating functions
which are composed of other standard functions, but for these to be practically useful,
we need to be able to differentiate those standard functions themselves. So far we



know how to differentiate x™ wheren € W (recall W := {0,1,2,3,--- } is the whole
numbers).

We might also wish to differentiate x* where @ € R can be any real number. The
definition of x% is

X% = ealogx

So we need to be able to first differentiate e* and log x. Since these are inverses of each
other, if | can differentiate one, | can differentiate the other by using the inverse function
rule.

n
If we were to differentiate the infinite series of e* = Z,ﬁo% term-by-term, we would

. . . . d .
find the same series we started with, which suggests that aex = e”. Note that this is

not a proof because we haven’t proved that infinite series can be differentiated
termwise (term-by-term).

We can take a more direct approach by using the definition of the derivative. The limit
definition is easy enough to work with in this case, though one small detail makes the
proof harder than it first seems.

Theorem 5.4:
iex = e¥
dx
pf:
. ex+h —ex . eh -1 . ® hn—l
—e¥ =lim——— =e*lim = e* lim
dx h—0 h h—0 h—0 n!
n=1
had hn—l
=e*( 1+ lim
h—0 n!
n=2
. . . "1 . S
It might seem obvious that }llng Yy = 0 butyou can’tjust take the limitinside the
- !

series because an infinite series is a limit (of partial sums), and you can’t always swap
the order of any two limits. We can prove that this limitis indeed 0 by using the
comparison test, and then the squeeze theorem.

We have seen previously that n! > 2" 1 forn € N (problem sheet Q13).
|hn—1| |hn—1|
= <
n! 2n-1
|hn—1| hn—l |hn—1|
T ST S e




Then use the comparison test,

© hn—l
z | _1| converges (for |h| < 2) to (geometric series)

2" 2 —|h|

n=2

BN I et N T
L1kew1se,z = = =2

n=2

o Il <ih"-1< Al
=24 7 =2-1n|
n=2

Then use the squeeze theorem,

i || 0 — 0and I lhl 0 _ 0
molh—2 0—2 "2 T 20"
hn—l
So lim =0
h—-0 n!
n=2

Which was what we wanted. Returning to the original thing we were trying to prove:

d had n-1

—pX = p¥ i — pX — pX

dxe e 1+}11_r>r(1) 2 — e*(1+0)=e
n=

We now can use the inverse function rule, with f(x) = e* = f~1(x) = logx

d 1 _1
dx 8% T eloex T x

We can also now differentiate x%, x > 0.

d d | a a 1
x® = —palogx — palogx o~ — @ y — — Hy@

dx dx X X

Which is the same as we have for &« € W, which is good news.



The Mean Value Theorem

Previously we have seen the intermediate and extreme value theorems. There are a few
more theorems similar to these, which we will look at here.

The firstis Rolle’s Theorem which states, if f is differentiable on [a, b] and f(a) =
f(b) then there exists some ¢ € (a, b) such that f(c) = 0.

E.g.,

The black points are the end points. This function is differentiable everywhere between
these points and so there exists a point (the blue point) where the gradientis 0. If you go
up you must come back down, if you go down you must come back up, so you must
have a turning point where the derivative is zero. That is at least the intuition, of course
we also need proof.

First we prove a related lemma (it’s relevance is clear from the intuition).
Lemma 5.5:
If f is differentiable at ¢ and f(c) is a local maximum (or minmum)
and c is an interior point in the domain of f

Then f'(c) =0

“Interior point” just means “not an endpoint”. We say that f (c) is a “local maximum?” if
f(c) is the maximum in some local nieghbourhood. More precisely, if there exists § > 0



suchthat |[x —c| <& = f(c) = f(x). Similarly f(c) is a local minimum if
Jsso S t,|x —c| <6 = f(c) < f(x).

This proof is short and sweet. It uses left and right limits. Recall that a limit exists if and
only if the left and right limits both exist and they agree.

pf:
We suppose that f(c) is a maximum (the minimum case is essentially the same).

Since we are given that f is differentiable atc, f'(c) = limM exists.
X—

This means the left and right limits both exist and are each equal to f'(c)

We know that there is some § > O sothat |x —c| < § = f(c) = f(x). Thisis because
f(c)is alocal maximum and is an interior point.

[x being an interior point is important as it guarantees that we can choose § small
enough that (¢ — §, ¢ + &) lies entirely within [a, b].]

Letx € (c —6,c + 8),then f(c) = f(x).
f(x) f(C)

Whenx > ¢, f(x) — f(c) < 0and x — ¢ > 0 meaning that———— < 0.
Hence lim (x) f(c) = f'(c) <0.

X—C
Whenx < ¢, f(x) — f(c) < 0and x — ¢ < 0 meaning that f—(x;:’:(c) > 0.

Hence lim M =f'(c) = 0.

X—=C

f'lc)<0andf'(c) =0
= f'(c)=0

Rolle’s theorem follows almost immediately.
Corollary 5.6: Rolle’s Theorem
If f is differentiable on [a, b] and f(a) = f(b)
Then there exists some ¢ € (a, b) such that f'(c) =0
pf:

Recalling our intuition before, we expect that a maximum or minimum point will achieve
this.



By the extreme value theorem, there exists am, M € [a, b] such that f(m) is a global
minimum and f (M) is a global maximum. f(m) < f(x) < f(M) forevery x € [a, b].

There are 3 cases.

Case 1: f(m) = f(M) = f(a). If this is not true then either f(m) < f(a) or f(M) > f(a)
(or both).

If f(m) = f(M) then f is constant.
The derivative of a constant is zero everywhere, so any point ¢ € (a, b) will do.
If f(m) < f(a) = f(b)
Then m # a and m # b so m is an interior point.
Also since f is differentiable everywhere, f is differentiable at m.
By the previous lemma, f'(m) = 0
If f(M) > f(a) = f(b)
Then M # aand M # b so M is an interior point. Also f is differentiable at M.
By the previous lemma, f'(M) = 0

We are done.

The next theorem is a generalization of Rolle’s theorem. Itis called the

Mean Value Theorem (MVT). It could be formulated in terms of integrals, but we have
not defined integrals yet. (In fact we will need to use MVT to prove one of the most
important fact about integrals, the fundamental theorem of calculus.)

We define the mean value theorem for now in terms of derivatives. If | have a function f
differentiable on [a, b] then there is some point ¢ € (a, b) where the derivative of f at ¢
is equal to the average (mean) slope of the curve. By “mean slope” of the curve, | really
mean the gradient of the line which connects the endpoints.



Here, there is a black point with an x coordinate between the endpoints so that the
tangent line at the black point has the same gradient as the secant line between the
endpoints.

A“secantline” is just a line connecting 2 points. Rolle’s theorem is a special case of
MVT in which f(a) = f(b).
fb)-f(a)

The gradient of the tangent line is f'(c) and the gradient of the secant line is —

Since the core idea of this theorem is similar to Rolle’s theorem, we might be able to cut
out the bulk of the work by invoking Rolle’s theorem in some clever way.

If we consider the difference between the secant line and the curve we notice that the
difference is zero at the endpoints. If we consider then the function which tells us this
difference, we can apply Rolle’s theorem to that function. Then hopefully this will give
us the result we want.

Mean Value Theorem (5.7):
If f is differentiable on [a, b]
f(b) — f(a)

Then 3¢ p) s-t., f'(c) = h—a

pf:

First we determine the equation of the secant line. The line has equation y = mx + c. It

fb ) f( ) f(b) f( )

has gradient x + c. It passes through (a, f(a)) so

c=y-— £(b) f(a)x = f(a) — f(b) f(a) ————a. We now have the equation of the secant line:
b-a

so thisbecomes y =



B - f@ £ - £ (@
=T @

We are now prepared to make our educated guess of a function which might be helpful.
The difference between the curve f(x) and this line.

b) —
Letg(x) _f( )—M _ f(a)+f( ;_Z(a)a
f is continuous on [a, b] so g is too. We need to then check that g(a) = g(b).
b b) —
9@ = rt) - LOL@ _ pq SO @,
b
9o = iy - LT D iy SO T@,
fb)—f(a)

=[f(b) - f(a)] t——, (a=b)
=[f) - f@]-[fb) - f(@]=0=f(a)
Then we apply Rolle’s theorem.

There existsa ¢ € (a, b) suchthat g'(c) =0

b
v - iy - LOI@

fB) ~f(@ _

b—a

= f'(c) -
f(b) f(a)

b—a

= f'(c) =

Which is precisely the Mean Value Theorem. We are done.

The mean value theorem will be incredibly important when we talk about integrals later
on. We can generalise MVT even further with
Cuachy's Generalised Mean Value Theorem (GMVT).

For the intuition of this one, consider parametric equations. Bear in mind the following
is just intuition meaning | am allowed to be as unrigorous as | want. If you are unfamiliar
with parametric equations, the idea is that instead of thinking about y = f(x) (you give
me some x and | give you y) we think of y = f(t),x = g(t) (you give me some t and |
give you x and y). Parametric equations allow us to describe a wider variety of curves
(e.g., there may be vertical lines which cross the curve more than once, and the curve
may even cross over itself). The graph of y = f(x) on some interval, I is the set of all



points {(x, f(x)): x € I}. The graph of some parametric equations where ¢t ranges over [
is the set of points {(g(®), f(t)): t € I}.

(gb), f(D))

(9(0), f(©)

(9(a), f(@)

Here is a diagram of the graph of some arbitrary parametric equations x = g(t),y =
f(t), fort € [a, b] with f and g both differentiable on that interval.

Cauchy’s Generalised Mean Value Theorem (GMVT) essentially says, if we call the
gradient of the secant line m, then there exists some ¢ € (a, b) where the gradient of
the curve att = cis equal to m. For the regular MVT, the gradient of the curve was given
by f'(c). What Would it be in this case? Roughly speaking (we are still in the intuition

stage) x = g(t) :> —=g'(t)andy = f(t) :> = f'(t). Therefore the gradient, j—z =

dy . dx _ JHO) '@
de ~dt ~ g'(® g' )

Note that MVT is just a special case of GMVT in which g(t) = t.

The gradient of the tangent line att = c is ——. The gradient of the

fb)-f(a)
g)-g(a)’
We are now equipped to precisely state the GMVT.

secant lineis

f)-fla) _ O]
g)-g@ g' )

write (f(b) — f(a))g’(c) = (g(b) — g(a))f’(c). Writing it like this also allows us to
include the case where the secant line is vertical (g(b) — g(a) = g'(c) = 0).

we instead

To avoid any accidental division by zero, instead of writing



Cauchy’s Generalised Mean Value Theorem (5.8):

If f and g are each differentiable on [a, b]
Then Iceapms-t,  (f(b) = f(a))g'(c) = (g(b) — g(@)f'(c)

pf:

We can actually prove this directly from Rolle’s theorem (meaning we could have
skipped the proof of MVT if we wanted to).

We use a similar idea, guess some function h(t) and apply Rolle’s theorem to it.

F®) - f(@) F®) - F(@)
) 9@ O i i@

(Assuming for now that g(a) # g(b))

Let h(t) = f(t) — g(a)

(This represents the vertical difference between the curve and the secant line. |
encourage you to derive this guess for yourself.).

fb) - f(a) f() f

_ fla) _ (a ) _
_ f( ) — f( )

=[f) - f(@] - [f(b) - f(a)] =0 = h(a)
Hence we can apply Rolle’s Theorem.

There exists a ¢ € (a, b) with h'(c) = 0. Differentiate h:

e O =@
RO =10 -5y @
on [ f@
~S O —g@? @0

= (g(0) — g(@)f'(c) = (f(B) = f(@))g'(c)

In the edge case where g(a) = g(b), the secant line is vertical. We wish to finda c €
(a,b) such that.

(f) - f(@)g'(© =0

We can easly achieve this using Rolle’s Theorem. g(a) = g(b) and g is differentiable on
[a, b] meaning there is some ¢ € (a, b) with g’(¢) = 0.

= (F(B) - f(@)g'(© = (f(b) — f(@) - 0=0



And the edge case is dealt with. We are done.

If we further assume that g(a) # g(b) and g'(x) # 0 for any x, then we can write the

fla)-f(b) _ '@
g@—-gb) g' )

original



Interpretation of Differentiation

We have seen that we get turning points when the derivative is zero. What about when
the derivative is positive (or negative)? Clearly we should have a function which is

increasing (or decreasing respectively). Also, we expect the function to be constant if its
derivative is zero everywhere.

These are our intuitive ways to interpret differentiation and so we may be tempted to
assume them to be true, but in the spirit of analysis, we shall prove them.

Theorem 5.9:
If f is differentiable on some interval I,and f'(x) = 0 forallx € I
(orf'(x) <Oforallx €1)
Then f is monotone increasing (or decreasing respectively) on [
[Similarly, f'(x) > 0(< 0) = f is strictly increasing (decreasing)]
and f'(x) = 0 = f is constant

This proof is relatively easy by using the mean value theorem (MVT).

pf:
Suppose x < y (with x,y € 1).
fQ)—fx)
y—x

Then (by MVT) 3.¢; such that = f'(c)

y — x > 0 meaning:
') 2 0Vye= f'(©) 2 0= f(y) — f(x) = 0= f(x) < f(y) (monotone increasing)
f'(c) < 0= f(x) = f(y) (monotone decreasing)
f'(c) >0 = f(x) < f(y) (strictly monotone increasing)
f'(c) <0 = f(x) > f(y) (strictly monotone decreasing)
f'(c) =0 = f(x) = f(y) (constant function)



L’Hospital’s Rule

(The “H” and “s” are silent. You can either write L'Hospital or L'Ho6pital.)

L'Hospital’s rule is evey calculus student’s favourite theorem as it makes many limits
much easier to calculate.

When dealing with limits we often break down the expression into smaller parts and
deal with each part separetely by using the theorems for combining limits:

lim(f +g) =limf +limg, limfg =limflimg, lim= =

If you can caluculate lim f and lim g then you can always find the original limit, except

in the case of limg = %When lim g happens to be 0. In particular, if im f = limg = 0
then limg may converge, but we don’t know what it converges to (it may also diverge).

L’'Hospitals rule is a tool to solve this problem.

First, the intuitive idea:

Suppose lim f (x) = lim g(x) = 0 and we want to find lim J;g;
X—=C

Since we dealing with limits, we only care about what happens whenever x is close to c.
If we “zoom in” near ¢ (assuming f and g are differentaible near c), f and g should be
approximately straight lines (I am still being intentionally imprecise).

The gradients of these lines will be f'(c) and g'(c) respectively (the slope of the curve at
c). The equation of the line approximating f near c willbe y = xf'(c) + k. To find k, the
lines passes through (¢, 0) so 0 = ¢f'(c) + k meaning the approximation is:

fx) = xf'(c) —cf'(c) = f(c)(x—c)
Similarly, the approximation for g near cis g(x) = xg'(c) —cg'(c) = g'(c)(x — ¢).

These “linear” approximations of f and g will be discussed in more detail later when we
see Taylor Series. Finally use these to determine the limit.
f . fllok—-0o i f'(c)

lim lim —— =
e g(x)  xoeg(x—c)  xotg'(c)

O]
g'(©)

. (Itis crucial that both f and g each approach 0.

Which makes sense when you think about it. f is getting close to zero at a rate
f'(©

g’
The above argument fails if they approach some othervalue. If f - 3 and g = 3 then

£—>1).
g

“faster” than g is, meanlng - —



Before going into full on rigour mode, | will mention some more details to make this even
more general. First, we don’t actually need f or g to be differentiable at ¢, we only care

about what happens close to ¢, so we can use lim % instead. Secondly, this should
xX—C

also work for endpoints and in cases where the left and right limits are not necessarily
the same.

Since we have f = 0, g — 0 and are considering g, we call this the "g" case of

L’Hospital’s rule. There is another case | will discuss after.

Theorem 5.10: L'Hopital’s rule (a):

If f and g are differentiable on (a, b), lim f(x) = lim g(x) = 0,and lim ( exists.
x—at x—at x-at g'(x)
Also assume that g(x) # 0 and g'(x) # 0 for any x € (a, b).
X "(x
Then lim 1 )= lim &)
x-at g(x) x-a* g'(x)
One might notice this is not the first time we have seen something like Z:gg In the

previous section, Cauchy’s Generalised Mean Value Theorem mentions something
fB)-fla@) _ f'(0)
gb)-gl@ g'(o)
something to look out for.

of a similar form ( for some c) and so attempting to apply GMVT might be

pf:
First, since the limits of f and g exist (= 0), we can actually make them continuous by
simply defining f(a) = g(a) = 0.

For any sequence x,, € (a, b) withlim x,, = a, we have lim f(x,) =limg(x,) =0
[since lim f(x) = lim g(x) = 0]
x—at x—-at

Then we use GMVT: For each x,, in this sequence, there exists some y,, € (a, x,,) such

FOn)—f(@) _ f'm)
glxn)-g@ g’

that

f(xn) _ f’(l"n)

Then (since f(a) = g(a) = 0), ) 9 Orm)

Then by using squeezing:

a<y,<xpandlimx, =a=limy, =a



fe o fe) O G

lim = lim im = lim
et g(x) g 9' )  x-at g'(x)
We can immediately extend this to two-sided limits. If L = lim % existsthen L =
x—ad
') £ fe o ) f& _
Jlim, 755 = lim 75, Using the above: lim, o5 = lim, 7= Land lim =
lim @ _ = L. Hence lim —= @) =L = lim @
x—a— g'(x) x—a g(x) x—>ag (x)

And we are done!

We have seen one and two sided limits, but we can also apply L'Hospitals rule with
limits where x = o or x - —oo. Let’s consider +o.

Theorem 5.10: L'Hopital’s rule (b):

If f and g are differentiable on (4, ) (for some A > 0)

. e _ ()
and ;1_{130 fx) = ;Lngo g(x) =0,and all—lgog’(x)
Also assume that g(x) # 0 and g'(x) # 0 for any x € (4, ).
Then lim &) = lim f,(x)
5o g(x) | e g'(x)

exists.

pf:
1 1 . . .
Letp(x) =f (;) andy(x) =g (;) Then xll)r(r)1+ ¢(x) = ;l_)rg’ f(x) =0and ,}LIS‘J/’(") = 0.
(¢ is greek letter phi, Y is greek letter psi).

Also define ¢(0) = ¥ (0) = 0, so ¢ and ¥ are right-continuous (continuous from the
right hand side) at 0. f is differentiable and so is% (for x > 0) which means that ¢(x) is
differentiable also. Similarly ¥(x) is differentiable. We also have lir(lgl+ P(x) =

X—

lim ¥(x) = 0 so apply part (a).
x—0t

lim r) = lim 20y P /() = lim ')
BT TR TR LT

X x2 X X

Then use the substitution t = %, (asx = 0%, t » +00). The right hand side becomes

f'gt; We are given that this limit exists and so this is okay. The left hand side

becomes lim —= 4O
t—>oo g(t)

lm



FO_ . f©

1 -

= 11im
o ge) e g (0

And we are done!

There is yet another case where L’'Hospital’s rule still applies. The intuition is similar to

mn 0 mn H n o n
the 5 case. ltis referred to as the —  case.

As the name would suggest, you can apply it whenever lim f(x) = o and lim g(x) = .
x—-a x—-a

Theorem 5.10: L'Hopital’s rule (¢):
If f and g are differentiable in (a, b) and lim f(x) = lim g(x) = oo,
x—at x—at

!

exists

and lim exists,and lim
x—at g'(x) x-at g(x)

and g'(x), f'(x) # 0 for all x sufficiently close to a.

f) ()
Then 10960 T i g

| have written x = a™, but this should work for one-sided, two-sided, and infinite (x —

+00) limits too.

pf:

. 1 1 ||0|| H
Slnce% - 0and o 0, we apply the 5 case. Since f(x), g(x) — oo, we know that

f(x) # 0and g(x) # 0 for all x sufficiently close to a.

) 1/g(x)
LetL = xlirc?"’ﬁ_ xll)lgl_'.w

Differentiating the top and bottom:

—9'(x)/g(x)*

L= lim E (Assuming that this limit exists)

woar —f' (0 /f (x
L:<“ f(x))z N CONMPI ()

ot g(x) ) woar f1(x) - xoat f1(x)

. ()
L L=1
(assuming L # 0) = Jim, 700



| will refer to the result we have so far (L # 0 case) as (). If L = 0 then we can be clever.
f(x) f(x)+g(x)(

Instead of consideringﬁ consider 200

f) +g9(x) f(x)

which is fine since f(x) + g(x) — oo).

LetL, = lim ————— = i 1=L+1=1
etl; x—>a+ g(x) xirt?*'g( )+ +
fO)+gx) , . L
We can therefore apply (1) to 00 (since the limit is not zero).
o fG)+gl) ) +g'(x) (%)
1= lim ————= lim ——————— = lim ——+1
x—at g(x) x—at g'(x) x—a* g'(x)
F@, .,
g T
G _

lim
x=a* g' (x)
We Are Done.

If f > oandg - —oorf - —cwand g —» ©or f - —coand g = —o0, we can simply
factor out the minuses from the limit, and the result still works.

We have proved all cases of L'Hospital’s rule.

To summarise the results from this section. If f and g are differentiable nearaand L =

hmf()

x—a g'(x)

exists, and lim f(x) = lim g(x) = 0.
xX—a x—-a

), [
e g0~ gt

If instead we have lim f(x) = oo and lim g(x) = +o0, and we also know that both of
x—a x—a
the following limits exist, then:

lim f&) = lim [
xsag(x)  xoag'(x)

These also work for one sided limits and limits with x = o0 orx —» —oo.

Part (a) is the only version of this theorem which we will be using, but the rest of the
cases are useful for practical purposes of evaluating limits.



Functions as Infinite Series

Taylor’s Theorem

The intuition of Maclaurin series is that if | have a function f which | wish to
approximate, | assume that it can be written as some kind of “infinite polynomial”.

f(x) =ay+ax +a,x? + azx3 + -

Then to find the coefficients, a,, a; etc., we differentiate and evaluate at 0.

f(O) =Qay
f'(x) = a; +2a,x + 3azx2+ - = f'(0) = a;
f"(x) =2a, +3lazx + = f"(0) = 2a, = a, = f"2(0)
f(x) =3tag + = f7(0) =3la; > a3 = f”;EO)

_f®™(0)

n!

aTL
Where f™ is the n'" derivative of f.

fo_ o 1O, 0

Then f(x) = ol 1 2T T X3+ oo
Yo,
n!
n=0

This is not a proof, because we made some unjustified assumptions. Namely that we
can write f as one of these “infinite polynomials” and that we are allowed to
differentiate this infinite series term-wise (term-by-term).

This idea provides some more motivation to the series definition of the exponential
function. We want a function which is its own derivative and such that f(0) = 1. Then

£0) = £'(0) = f"(0) = = 1= f(x) = Xzg = x™.

One function which we do not have an infinite series representation for is log x, which
we have defined as the inverse of the exponential function. Unfortunately, we cannot
create a Maclaurin series for log x, because log 0 is undefined. In fact, each of the



N 1 1 2 .
derivatives, T TR are each undefined at x = 0. We can however create a

x_Z'
Maclaurin series for f(x) = log(1+ x). f(0) =log1 =0. f'(x) = ﬁ = f'(0) =1.
f"(x) = (1+x)2 = f"(0)=-1,f"(x) = (1+x)3 = f""(0) = 2---.In general we can
. . ) _ (=" 1(n-1)! (n) (1 \n—-1 _
show (by induction) that f'(x) = — T > f0) =Dt (n—- 1! [forn >

1].

Then f(x) —1Og(1+x)_2( - l(n_1)l Z( 1)n-1

x? x3 x*

Xyt

We can then replace x by x — 1 to get:

logx = Z(_lT)n_l(x - 1"
n=1

This then motivates the idea of Taylor series:

2, F)
Foo =S gy
n=0

For situations where it might not be possible to evaluate the function or its derivatives

at 0. We call this a Taylor series centred at c. A Maclaurin series is just a Taylor series
centred at 0.

The intuition | have provided so far is likely familiar to those of you who have taken
calculus before, but of course the goal of this course is to make these ideas more
formal. We do this via Taylor’s Theorem (among other things) which will tell use just
how good of an approximation this kind of series will be.

We define the n™ order Taylor polynomial of f as:

Z f(k) (C) ok

We wish to determine how well this polynomial approximates f. One thing to note is
that if f is differentiable at c then f(x) = f(c) + f'(c)(x — ¢) + r(x)(x — ¢) with

lim r(x) = 0 (remainder definition of differentiability). Note that f(c) + f'(c)(x —c) is
X—C

the 15t order Taylor polynomial of f centred at c. Perhaps we will have a similar result if

f is n times differentiable at ¢ (meaning f ™ (c) is defined).



Taylor’s Theorem (Peano) 6.1:

If f is n times differentiable at ¢, where n € N, and f(n) is continuous at ¢

L £
Then f(x) = Zf n|(c)

k=0

(x — )™+ r,(x)(x — c)™ where lim7,(x) =0
xX—C

We call7;,(x)(x — ¢)™ the Peano Form of the Remainder.
pf:
The proof is relatively simple.

£~ Bl (e — o

Define 1,(x) = = c)” ,X #EC

To make this easier to write down,

f(")( )

Let R, (x) = f(x) — Z —o)¥

=0 (@ + -0+ 52— 0+ a0 )
R
Thenrn(x)—m

We wish to show that lim 7, (x) = 0 and we will be done.
X—C
Notice thatlim R, (x) = f(c) — f(c) = 0.
X—C

(f is differentiable at c meaning it is continuous at ¢ meaning lim f(x) = f(c)).
X—C

We can therefore apply L'Hospital’s rule:

P -(F@+©a-0+ 58— +)
hm 7, (x) = lim - :
x—C n(x — C)n 1
o0 -3 (’; @) (e gyt

_ D!
N }Cl_r)rg n(x —c)n-1

We repeat this (applying L'Hospital’s rule a total of n times).

You may wish to check that we can cnotinue to apply L'Hospital’s rule (that the limit of
the numerator and denominator are always both 0).



After n applications we have:

_ f(n) (x) — f ( )nl (x —¢c)° _ f(n) (x) — f(n) (©) f(n) (c) — f(")(c)
lim = lim = =0
x—c n! (x —)0 x—c n! n!

Using continuity of f(") (x) at c in the last step.

There is a much more useful version of Taylor’s theorem where the remainder carries
more information.

Taylor's Theorem (Lagrange) 6.1:

If f:1 - Ris (n+ 1) times differentiable in/ and ¢ € I

LI (n+1)
Then f(x) = Zf n!(c) (x—o)"+ f( " 1(;)( %
k=0

where € is strictly between x and c.

(¢ is the Greek letter "xi")

(n+1)
We call - 1;8 (x — ¢)"*! the Lagrange Form of the Remainder.

The intuition behind this idea requires some very basic integration and the mean value
theorem:

Define the remainder:

" (n)
— 1 - (r@-roa-o0 2w -0 - - o)

Then differentiate both sides n times (As this causes most of the terms to go to zero) to
get: R,Sn)(x) = f™(x) — F™(c). We can simplify RHS using MVT.

Using MVT, there is a £ strictly between x and ¢ such that

D@ =) = FM ) = F™ () = RV ()
Then anti-differentiate both sides n times, (easy calculus).
fHE)
(n+1)!

This almost amounts to a proof but not quite. The only real problem is that there are
many different anti-derivatives of a particular function (more on this later when we

Rn(x) =

(x — c)™*1, for some ¢ strictly between x and ¢



discuss integration) and we haven’t justified choosing this particular one. (We also
haven’t yet discussed anti-derivatives in any capacity).

For a more rigorous approach we will do something slightly different and use Cauchy’s
GMVT.

pf:
We define:

£ = Do LD (= oy

(x — C)n+1

™=

This is slightly different to how we defined 7;, in the Peano case, because we are using
(x — )™ rather than (x — ¢)™. This is because the form of the Lagrange remainder
contains an (x — ¢)™*1.

rME
(n+1)!

— ¢)™*1, the lagrange form).

Then the remainder R,, = 1,,(x — ¢)™*1. We wish to show that ;, =

_rm0®
(n+1)! (x

forsome &

between x and c (so that the remainder R,,

Since r;, is defined by a function divided by another function, we will use the GMVT. We
know that we will find some & between x and c, so we want a differentiable function
F(t) such that

f(")( )

F(©) = F(@) = f() - Z (x = ) (= Ry)

And a differentiable function G (t) such that
G(c) = G(x) = (x —c)"*!

Itisn’t too difficult to come up with functions which work.

) (¢
FO = f() - Zf O-oF, 6=x-om

f(")( )

— x)k

(k)
F(c)—f()—zf Do, Fey =00 -0 - Z

So F(c) — F(x) = R, as we wanted.
G(c) = (x — o)™, G(x)=0

SoG(c) — G(x) = (x — )™ as we wanted.



F(c)—F(x)
G(c)-G(x)
differentiable between c and x. So we can apply the GMVT:

This is great news because it means thatr,, = where F and G are both

F'(9)

) for some ¢ strictly between x and c.

F' and G' are the derivatives of F and G respectively with respect to t (not x). Evaluating
these: (F' takes some effort but terms cancel out nicely and you end up with this)

") (¢
FO) = () - Zf() %

_ f(n+1)
S F(D) = fT(t)(x .

(prove that this is F'(t) on the problem sheet)

G'is much easier.

G =x—-)""1=260t)=-m+Dx—-t)"

CF(©)  —fM()

= Th = Gl(f) - n! (x_f)n+_(n+1)(x_€)n
f(””) ()
(n+1D!
(n+1)
Then R,, = 1;,(x — c)"*1 = f(nTl()f') (x — c)™+1
(n+1)
R, = f( n 1(;) (x — c)™*1 for some ¢ strictly between x and ¢

This is called the Lagrange Form of the Remainder.

We are done!

This remainder tells us the error in a Taylor polynomial approximation, but it does not
tell us that the Taylor Series converges to f (unless we can show that R, = 0 asn — o).

oo f< (c) (x —

If we wish to say that f(x) = Y.z, c)*, we need to show that lim R, = 0

n—-oo

which we have not yet done. If the remalnder does — 0 (on some interval around x;) we
say that f is analytic at x;.



Radius of Convergence

A power series is any infinite series of the form:
oo
Z an(x —c)"
n=0

(m)
ATaylor series is a type of power series where a,, = ! n'(c),

An important question regarding power series is, for which values of x do they
converge? We can determine the answer to this question (similarly to what we did for
the exponential function) by using the ratio test.

The series will converge when:

Apeq(x — c)™t? a
li ntl = lim | =L [x—c|l <1
a,(x —c)n an
S |x —c] < lim
An+1
We callR = lim aa” the Radius of Convergence of the power series. The term
n+1

“radius” might seem odd as there are no circles or spheres here. The reason for this
becomes more apparent once you study complex analysis. Instead of a number line,
complex numbers lie on a plane. A power series with complex numbers converges not
on some interval of the number line, but on some circle of the number plane, with a
centre ¢, and radius R.

The series converges when |x — c| < R and diverges when |x — ¢| > R. It may either
converge or diverge at x = ¢ + R (the endpoints).
An+1

| = 0). In this special case the series converges forall x € R
n

(this is the case for the e* series).

R = oois also okay (lim

an+1

= oothen R =

A power series will always converge at x = c (to the value a;). If lim "
n

0 and the power series converges only at x = c.

An+1
an
but it would be nice if we still had a radius of convergence. This motivates the following

theorem.

We have been assuming that lim

exists (or is infinity). This may not be the case,

Cauchy-Hadamard Theorem (6.2):
Every power series has a radius of convergence R € [0, o]

Such that the series absolutely converges for |x — ¢| < R and diverges for [x — c| > R



Note that the interval [0, o] “includes o”. o is of course not a real number, but we use it
to represent the case where the series converges everywhere.

It may seem that we already have proved this theorem by using the ratio test, but we

_aZ+1 exists (or is o). This may not always be the case.

n

assumed that lim

We can use the stronger version of the ratio to include the cases where the limit does

not exist, but this test is only good so long as we don’t have lim inf % <1<
n
lim sup % . If we want something which will work all of the time, we ought to use the
n

strong root test.

pf:

We always have convergence at x = ¢, so suppose that x # c.

1
If |ax|* - |x — c| (as a sequence of k) is unbounded above, then by the
Strong Root Test, the series diverges for all x. This case can only occur if x # ¢ since if
x = ¢, the sequence would be bounded. In this case we have R = 0 and convergence
only at c.

1 1
Otherwise, lim sup|a|* - |x — c| exists, meaning that lim sup|ay|x exists.

1
Let a = lim sup|a|k = 0

The applying the Strong Root Test: (assume for now thata > 0)
1
lim sup|a, (x — c)*|x = a|x — c|

1
Ifalx—c|<1(<:) |x—c|<a)

Then z ax(x — ¢)* converges absolutely
k=0

1
Ifalx—c|>1<=) |x—c|>a)

Then Z ay(x — c)¥ diverges
k=0

Edge case,a = 0. Then a|x — ¢|] = 0 < 1 and we have convergence for all x (R = o).

We now have the following 3 cases:

1
|a, |* is unbounded above = R = 0

1
Otherwise a = lim sup|a; |« exists (and is = 0).



a>0=>R-=

SHN

a=0=>R=o

We have now proved Cauchy-Hadamard. Power series only converge on an interval
centred at c.



Uniform Convergence

The next thing | wanted to talk about was if power series are continuous, and whether
we can differentiate them term-wise.

[SPOILER] the answer turns out to be yes to both. In fact there are more general classes
of series which are continuous and which can be differentiated term-wise. The proof
that power series can be differentiated term-wise actually requires the more general
case for continuity (at least the way | will present it), so we will jump straight to the more
general case for when an infinite series of functions is continuous.

When we define a function by an infinite series, e.g., f(x) = Yo, axx*, we are really
defining it as a limit of partial sums.

n

Let f,,(x) = z axx® then f(x) = lim £, (x)

k=0

So if we want to learn more about series of functions, it might be easier to first consider
sequences of functions.

By definition of the limit of a sequence:
If f,,(x) is a sequence of functions with domain X and f(x) is a function with domain X,
lim f,(x) = f(x) means
Vxex: Veso) Jnen s.t, Vaen Ifn(x) —f) <e
(i.e., lim f,,(x) = f(x) for every x).

Note that the natural number N may depend on € and may also depend on x. We often
refer to convergence of a sequence of functions as pointwise convergence.

Similar to the idea of uniform continuity, we say that the sequence f,, (x)
converges uniformly to f(x) if N does not need to depend on x (if there is a value of N
which works for every x). Formally:

f(x) converges uniformly to f(x) means

Veso dyen s-t, Vaen Viex |fn(x) - f(x)l <¢g

The only difference is that we are now choosing x after we choose N. This value of N
works for every x. This definition might seem a bit out of nowhere but its use and
motivation will soon become apparent.

Clearly, if a sequence converges uniformly, it converges pointwise.



For a more intuitive idea of uniform convergence:

A sequence of functions f,, converges uniformly to f, if one of the functions in our
sequence, fy (and every function after it) is close to f everywhere at once (this N works
for every x).

This is a diagram of some arbitrary function f and ¢ = 0.3:

Here the blue curve represents f(x). The black curves are f(x) * €. The red curve

represents the 3™ term of our sequence f3(x). Even though the red curve is between
the black curves in some places, itisn’t between them everywhere. If | choose N = 10
however,



The green curve represents f;,(x) which lies entirely between the black curves. In this
example, the sequence only gets closer to f meaning N = 10 will work here (but N = 3
would not work).

For a smaller value of € you may need a larger value of N. The big picture is that for any
€ > 0 thereis some N such that foreachn = N, f,,(x) lies between the black curves

(f(x) L &)
To help this click, | have created an interactive desmos graph:

https://www.desmos.com/calculator/rbni9dupog

Where you can change the values of € and n. For any € > 0 you choose, you can make n
large enough that the curve of f,, lies entirely between the black curves.

If I have a sequence of functions f;, (x) with f(x) = lim f,,(x) (a pointwise limit), where
each f, (x) is continuous, is it necessarily the case that f(x) is continuous? It seems
like a reasonable thing to suppose but it isn’t too difficult to think of a counter example.
There are many examples you could come up with, but | think this is the simplest one.

Let f,,(x) = x™ forx € [0,1],n € N. Then f,,(x) is continuous.


https://www.desmos.com/calculator/rbni9dupog

0 xe€[0,1)

Let f(x) = lim f;, (x) = limx™ = {1 x=1

Which is clearly discontinous at 1. We need an extra condition in order to ensure that
our sequence of continuous functions converges to a continuous limit. | will not yet
spoil what this condition is (though you may be able to guess based on the topic of this
section), we will figure it out together.

Theorem 6.3 (Incomplete):
Let f,,(x) be a convergent sequence of continuous functions with f(x) := lim f,, (x)
Then f(x) is continuous.

I write Incomplete because as it stands, this is false. We need to figure out what the
extra condition is.

pf:

Lete >0,ce X
Definition of limit:

lim f, (x) = f(x)

£
= dyey suchthatn > N = |f,(x) — f(x)] <§

Take this N is given.
(The reason for using 2 instead of just € will become apparent).
Continuity:

fn(x) is continuous at ¢
= 35,50 such that |x — c| < 8, = |f,(x) — fu()]| < %
(I write &,, as this value may be different depending on which f,, (x) we are considering).
(This is the definition of continuity assuming c is an interior point.)

Nextletn = N. Let § = §y. Suppose |x — c| < §. We want to show that |f(x) — f(c)] <
€. Using the things which we already know can be made small:

If () = fI = 1f () = fu () + fv(x) = fv () + fw () = f ()
< IfG) = i@l + v () = fu (D] + | fv(e) = f (o)l



(We used §because here we have 3 things added together, we hope to have each to be

< gso thatthe sumis < g).

We kow that |f(x) — fy ()], |fn(x) — fy(©)] < § but what about |fy(c) — f(c)|?

We know that fy (x) is close to f(x), but remember the value of N depends on x
meaning we cannot gaurantee that fy (c) is close to f(c). We could solve this problem if
we knew that there was some N (independent of x) such that | fy (x) — f(x)| < € for
every x € X, (including for x = c).

This requirement, that N does not depend on x is precisely the idea of uniform
convergence. If we have this additional requirement, then we have |fy(x) — f(x)| < §

and |fy(c) — f(0)| < § We still have (by continuity of fy) |fy () — fy ()] < §

Hence |f(x) — f(c)| <§+§+§= €

Since the definition of continuity at endpoints is (ever so slightly) different, we would
need to make a few minor changes to show that this works at the endpoints (I leave this
toyou).

And we are done!

To state the complete theorem:
Theorem 6.3 (Complete):

Let f,,(x) be a uniformly convergent sequence of continuous functions where

f(x) = lim f, (x)
Then f(x) is continuous.

i.e., uniform convergence preserves continuity.

We might want to use this to show that power series are continuous.
(0]

Let f(x) = Z axx® be an arbitrary power series (centred at 0).
k=0

Then f(x) is defined as lim f,, (x)

n

where f,,(x) = Z ax® (this is a polynomial hence continuous)
k=0



If we can show that f;,(x) converges uniformly (this turns out to be be quite true, but
things will still work out) then we can use Theorem 6.3 to conclude that f(x) is
continuous. Determining whether an infinite series converges uniformly can be difficult,
the next section provides a useful test to determine if it does.



Weierstrass M -Test

The Weierstrass M-Test will give us a way to determine if a series converges uniformly.

The simplest case of a series converging uniformly (meaning N does not depend on x) is
a sequence of constant functions, f,,(x) = M,,. Each M,, depends on n but not on x, itis
a sequence of numbers.

The idea of the M-test is to compare our series of functions Y.z, fx (x) against some
convergent series of constants, ).~ , M, (using the comparison test). It seems
reasonable that the choice of N which works for ), M, (which is independent of x) will
also work for Y; fi. (x), meaning we have a choice of N which is independent of x which

works for Y; fi. (x), so we have uniform convergence of the series. | will now state this
idea more precisely and then will prove it:

Theorem 6.4 (Weierstrass M-Test):
If fi. (x) is a sequence of functions with domain X
and there is a sequence M, such that |f (x)| < My V,ex and Y-, M converges

Then z fi.(x) converges uniformly (and absolutely)
k=0

We use |fi (x)| < M, because we need both sequences to be > 0 in order to use the
comparison test.

pf:
By the Comparison Test, (0 < |f,(x)| < M,), z fi.(x) converges (absolutely)
k=0

We can therefore let f(x) = z fie(x)
k=0

Lete >0

[Our goalis to find an N independent of x such that V,,.5, we have |f,(x) — f(x)]| < €]

LetL = Z M,
k=0

We know that there existsan N € Nsuchthatn > N = |Yp_ M, — L| < ¢



oo}

>

k=n+1

[}
= Z Mk<€
k=n+1

n

ZMk—L

k=0

n
L—ZMk

k=0

= sz_ Mk

[ee) n
=0

k=0 k

Each M, = 0 so we can get rid of the modulus signs at the end.

This N is of course independent of x, we suspect that this N will also work for the
sequence of partial sums, Y;_o fi. (x).

Letn > N
We finally wish to show that | Y7 _, fx (x) — f(x)| < € and then we are done.

Proving that this is indeed the case is hot too bad:

iﬁm—iﬁ@
k=0 k=0

< z |fi(x)| (triangle inequality)
k=n+1

> R - @] = |f0 - fitw
k=0 k=0

o)

D f)

k=n+1

o

< Z M,, (comparison test)
k=n+1

<¢g

And we are done!

The motivation for this test was to show that power series converge uniformly (and are
hence continuous).

(o]

Let f(x) = Z a, (x — ©)F

k=0

Be a power series. We will assume (for now) that this power series converges on a
closed interval, (c — R,c + R) with R # oo,

Let fi (x) = a,(x — ©)¥, forx € [c — R,c + R]
Then |x — c| < R. Then we apply the Weierstrass M-Test.
i GOl = lagllx — c[* < |ax|R¥
So let M), = |a,|R*

Finally, we need to show that Y5, My, = Y5 lax|R¥ converges.



This is just Y5> ola (x — c)*| but with x — ¢ = R. We know that power series converge
absolutely within their radius of convergence, and ¢ + R is in the radius of convergence,
[c — R,c + R], meaning X5_, a, (x — c)*converges absolutelyatx = ¢ + R, i.e.,
>%_,axR¥ converges absolutely and hence Y.%_,|ax|R* converges.

We have shown that };;’_, M), converges, hence the original power series converges
uniformly.

There are two small problems with this proof. Namely the assumptions that R # oo (that
the power series does not converge everywhere) and that the interval of convergence is
closed (the endpoints converge). If these are not the case, we cannot conclude that the
power series converges uniformly, but we can cheat slightly (don’t worry it’s still
rigorous).

Callthe interval where the series converges I (may be an infinite interval). Let r be a real
number with 0 < r < R (if R = oo then r can be any non-negative real number).

Then we definitely have absolute convergence at the endpoints, ¢ & 7.

Restrict the domain of f,(x) to [c — r, ¢ + r] (we know we have absolute convergence
everywhere on this interval, since this interval is entirely contained within I).

Finally, Let My = |a,|r¥
= |fi )] = lagllx — c|* < lag|r* = My

(00} oo
This time we can guarantee that Z M, = Z la|r*® converges
k=0 k=0

sincec+r€fc—r,c+r]

So then by the Weierstrass M-Test, Y.;-, fi (x) converges uniformlyon [c — 1, ¢ + 7].

We now have:
Theorem 6.5:
A power series converges uniformly on any closed interval

which lies within its interval of convergence

[IMPORTANT: The restriction of the domainto [c — 1, ¢ + r] is absolutely necessary!
Power series do NOT generally uniformly converge on their interval of convergence, but
they do converge uniformly on any closed interval which lies within the interval of



convergence. If the original interval is already closed at both ends (meaning it must also
be finite) then this extra step is not necessary.]

We are now ready to prove that power series are continuous.
Theorem 6.6:

Power series are continuous.

Let Y52, ax(x — ¢)¥ be a power series with interval of convergence I.

To show that f is continuous we show that it is continuous at every pointin I.

Let x, € I. We now show continuity at x,. Letr = |x, — ¢| (then [c —1,c + r] S ).
By theorem 6.5, the power series converges uniformlyon [c —r,c + 7].

Each Y7_, ax(x — c¢)¥ is a polynomial and is hence continuous.

Then (since uniform convergence preserves continuity) Y.r_, a, (x — ¢)* is continuous
on[c —r,c +r]. Inparticular it is contnuous at x, = ¢ + r as required.



Term-wise Differentiation of Power Series!

| put an exclamation mark in the title of this section because | am excited for this one.
This is one of those facts which is often taken for granted. We have now put a lot more
effort than may have been anticipated in getting to the point where we are finally ready
(more or less) to prove that power series can be term-wise differentiated (term by term).

Thatis:

d [0/0) [o.0]
k_E k—1
— ax”® = ka,x
dxz k k
k=0 k=1

(the k = 0 term vanishes when we differentiate)

Before | proceed there is one small useful fact we will need. The motivation for this fact
will become clear once we do the proof for term-wise differentiation.

At one point of the proof we will be required to factorise an (x — y) out of expressions of
the form x™ — y™,

Forn = 1, thisis triviab x —y = (x — y)
n = 2 is easy by using the difference of squares: x2 — y? = (x + y)(x — y)

n = 3 is a bit harder. We want to write x> — y3 = something X (x — y). We probably
want this “something” to have an x? and y? term (so that we get an x> — y3 when we
expand. Trying x2 + y?:

(2 +y))(x—y) =x*—y> +xy® —x%y

Which is close but we have these extras xy? — x2y terms at the end. If we factorise
these terms:

X +yD)x—y)=x3—y3>—xy(x—y)
=> @2 +xy+yDx—y) =x3-y3

So the correct answer is x2 + xy + y? (we we could have also just guessed with some
more attempts).

You might start to notice a pattern here and guess that
x* =yt =P +xPy +xy? +y3)(x —y)
Indeed, this is correct. We might then make a general guess that:
Lemma 6.7:

X" — yn — (x _ y)(xn—l + xn—zy + xn—3y2 + -t xyn—z + yn—l)

n—1
=(x—y) Z x"17kyk forn € N
k=0



pf:

We can use induction, the method of differences or geometric series. This is the
method of differences approach:

-1

S

-1

(x—y) ) a7yl = ) xR (x - y)
= 0

S

=
=
1l

n-—1

0
z (xnkyk — xn1ky kt1)
k=0

= (" = x"Ty) + Ty = xRy e+ oy =)
= x" + (_xn—ly + xn—ly) + (_xn—zyz + xn—ZyZ) 4+ et (_xyn—l + xyn—l) _ yn
= x" — yn

Try proving this yourself by induction, or geometric series.

Now for the main event! We want to show that:

Theorem 6.8 (Differentiation of Power Series)

o)

Iff(x) = z ay(x — x¢)* has radius of convergence R

k=0
Then f(x) is differentiable, with f'(x) = z ka, (x — xg)* 1

k=1

also with radius of convergence R.

We call Y5 kay (x — x¢)*~1 the “formal derivative” of f. Our goal is to show that the
formal derivative is the actual derivative.

I will denote the formal derivative as h(x). We aim to show that f'(x) = h(x).
pf:

For now, we assume that x, = 0 (this makes our job easier, and the case for general x
will follow quickly).

co

)= ark

k=0



It is easy to show using the strong root test that Y5> ; ka,x*~! has the same radius of
convergence as f (x) (problem sheet). Preservation of convergence at endpoints is not
guaranteed.

Let I be the interval of convergence of f(x), then let ¢ € I be an interior point

(c is not an endpoint)

We need to show that lim L_];(C) exists and is equal to Y5>, ka,ck1.
xX—=C -
x) — f(c
Let g(x) = ]% (for x # ¢)

1 o
900 =m;ak(xk—ck>

o)

1
_ k _ .k
— > ek —cH

k=1

(Thek = 0termis ag(x® — c®) = ay,(1 —1) = 0)

This is where we apply Lemma 6.7:

k—ck= (x—c)Zxk‘l‘ici, fork >1

i=0
So that the (x — ¢)'s cancel out.

k-1

kzxklll

i=0

Ms

g(x) =
k=

[y

But g is so far only defined for x # c. | then set

=

-1

9@ =) @ ) c*iic

I
g

i
_ voo k=1, k-1-i
Sothat g(x) = Y, ax Xizo X ct for every x.

Theng(c)—z:akz k=1-ict = Zak ck1=Zakck‘1

=1 i=0 k=1 i=0 k=1

k-1 k-1

[= h(c)] (remember, h represents the "formal derivative")
Which is precisely what we hoped for f'(c) to be!

f(x)-f(c)

But we are not quite done yet. f'(¢) = lim
xX—C xX—Cc

= lim g(x).
X—=C



We need to show that lim g(x) = g(c), thatis we need to show that g is continuous at
xX—=C

c. Then we will be done.

k-1

akz xk—l—lcl

Is)
k=1 =0

gx) =

This is a series of functions. Each partial sum is continuous.

We can guarantee that the limit g is continuous if the series converges uniformly. We
will use the Weierstrass M-Test for this. When we saw that power series are continuous,
we had to restrict the domain to some closed interval, so here | do the same thing.

As an aside, we know that g(x)(= Y= ax XKy x*17{ct) converges on (=R, R)

because, (forx # c) f converges on (—R,R) and g(x) = f(x)_’:( 9 hence g converges.

Forx = c, g(c) = h(c). We know that h (the formal derivate) converges for x € (—R, R)
which includes x = c (since c is an interior point) so the series converges at c.

Next, we restrict g to the interval [—c, c] (which is fine since [—c, c] € (—R, R)).

Finally, we are ready to apply the M-Test.
k-1

gk(¥) = a ) x*17ct, x € [—c,c] (note |x| < [c])

Ing

=0

Then | gy (x)| = |ay|

k-
< |ak|z| -] = |ak|Z|x|k e
k-1 k-1
<l D 1l el = lay| Y el

= kla|lc[**

So let My, = k|ay||c|F?

Then ) My = ) klaglicl™ = ) klallcl*
k=1 k=1 k=1



oo

z ka,c* 1 is the formal derivative evaluated at ¢
k=1

c isinthe interval of convergence of the formal derivative meaning this series converges

[0/0) [0/0)
Z M, = Z klay||c|*~t converges
k=1 k=1

By the Weierstrass M-Test, we have shown that

absolutely, i.e.,

(00}
Z ar Y x¥17tct converges uniformly

We know that each term of this series is continuous at c. Hence g is continuous at c,
which means

ey e S —f(e)
f(c)—hmT

X—C

=limg(x) = g(c) = Z ka,ck1
X—C
k=0

f'(x) =) kagxk1
kZO ‘

For the case where x, # 0:

[o9] [o9]

f)= ) ar(x—x)*=>f(x+x0) = ) apx®* = f'(x +x0) = ) kapx*?
Z k 0 0 Z k 0 kz::‘) K

k=0 k=0
= f100 = )k (x = 1)
k=0

And We Are Done!

That took way more effort than we would have liked but we have now shown that power
series are term-wise differentiable!

The (arguably) hardest part of this chapter is now over. The rest should be easy in
comparison.



Power Series are Unique

Clearly if | have two sequences a; = by (two names for the same sequence) then

o)

> - o)k = kzzobk(x — o)

k=0
The converse is not so obvious. If Yo, a,(x — c)* = Y5, b (x — ¢)*, does this imply

that ay = bk.7

Different sums often add to the same thing, forexample 2 +2 =4and 1 + 3 = 4. Two
different calculations give the same result. Is it possible that two different power series
result in the same function? The answer is no!

(0]

Letf() = ) ayGe—o)F,  g0) = ) bylx—o)F
k=0

k=0

With f(x) = g(x)
Then f(c) = a,

Then since we can differentiate term-wise,
f'x) = Z ka,(x — o)k 1, andso f'(c) = a;
k=1

Differentiating again, f''(¢) = 2a,, f"'(c) = 3!as, - f®(c) = k! a;, (you can prove this
by induction, see problem sheet Q39).

SO, we have ay = fk_'(c)‘ Slmllarly, bk — g k'(C).
f(k) (c) g(k) (c)
f(x):g(X):> k! = Kl =>ak:bk
And we are done.
2 £ (¢
Notice also that f(x) = z f k'( ) (x — )k
k=0 )

[s the taylor series of f centred at ¢

This means that if a function f can be represented by a power series (which is not
always the case) then the power series is the Taylor series (which we can find by
differentiating).



Trigonometric Functions and 1t

We are finally ready to define the sine and cosine functions (and the famous constant m).
We could have done this before, but without being able to term-wise differentiate it
would have been much more difficult to do anything with these functions.

Similarly to how we defined the exponential function, we define the trig function by
power series (intuition comes from their Maclaurin series).

_ i (—1)nx2n+1 X3 55
sin(x) = NN =x—§+§—---
n=0
had (_1)nx2n xz X4
cos(x) = W = 1_5 IR

n=0
[We are of course using radians here.  radians = 180°]

We can use the ratio test to show that these converge for all x:

(_1)n+1x2n+3 (_1)nx2n+1 x2
inx: li + =li
S i ’ 2n+3)! en+ D! | |@n+3)@n+2)
21 ! 0<1
= m =
A Y32+ 2)
Cosine is similar.
We can easily evaluate sin0 = 0 and cos 0 = 1.
Itis clear from the definition that sine is odd (sin(—x) = — sin x) and cosine is even
(cos(—x) = cosx).
We can also differentiate term-wise:
d O+ DEDR o (=DM
ax = Cn+ 1! o) %X
n=0 n=0
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= =— ) ——————— = —sinx
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We would like to prove some of the famous trig identities. Importantly, sin? x + cos? x =
1, sin(x + y) = sinx cosy + siny cos x, and cos(x + y) = cosx cos y — sinx siny. The
rest are easy enough to derive from these alone so we will focus on these.



These seem intimidating at first, but we can use a clever trick. First, we wish to show
that sin® x + cos? x = 1 for every x. That is, we want to show that sin? x + cos? x is
constant with value 1.

Let f(x) = sin? x + cos? x
f'(x) = 2sinx cosx + 2 cos x (—sinx)
= 2sinxcosx —2sinxcosx =0
Since f'(x) = 0 everywhere, f(x) must be constant. Also f(0) = sin? 0 + cos? 0 = 1.
Hence f(x) = 1 forevery x.

We can use a similar tactic to prove the other identities. For sin(x + y) = sinx cosy +
siny cos x, let’s try:

Fix y and let f(x) = sin(x + y) — sinx cosy — siny cos x
f'(x) = cos(x +y) —cosxcosy + sinysinx

Since we don’t yet know that cos(x + y) = cos x cos y — sin x sin y, we cannot conclude
that f'(x) = 0. We need to try something else.

We want to define a function f which is equal to sin(x + y) for some input, is equal to
sinx cosy + siny cos x for another input, and with a derivative of zero everywhere
(meaning it is constant). After some tinkering, we might come up with:

fixx,y
Let f(t) == sin(x + t) cos(y — t) + sin(y — t) cos(x + t)
Then f(0) = sinx cosy + siny cos x, f(y) =sin(x +y)
Where x and y are fixed. Hopefully f'(t) will be 0.
f'(®)
= cos(x + t) cos(y — t) + sin(x + t) sin(y — t)
—cos(y — t) cos(x + t) — sin(y — t) sin(x + t)
=0
Therefore f(t) is constant so f(y) = f(0) = sin(x + y) = sinx cosy + siny cos x.

We could try something similar for cos(x + y), but we can make things easier by using
the result for sin(x + y).

fix y, sin(x + y) = sinx cosy + cosx siny

Differentiate with respect to x:



cos(x +y) = cosxcosy —sinxsiny

Another important fact about the sine and cosine is that they are bounded. [sinx| < 1
and |cosx| < 1.

We know thatsin?x + cos?x = 1
=sin?x=1—-cos’x <1
= |sinx| <1

Similarly, cos? x =1 —sin?x < 1 = |cosx| < 1.

Avery important property of the trig functions is that they are periodic, meaning they
repeat. In particular sinx = sin(x + 2m) and cos x = cos(x + 2m) for every x. Currently
we have no chance of proving this because we haven’t even defined m yet!

We might define m (Greek letter pi) as the smallest positive real number where sinm = 0.
This can be done but it will be slightly easier to define T as the smallest positive real
number such that cosg = 0.

Theorem 6.9 (existence of )

T
There exists smallest a real number # > 0 such that cos o) =0

We expectthat T = 3.14,% ~ 1.57 < 2. Theideais to show thatcos0 > 0 andcos2 < 0
and then use the intermediate value theorem.
pf:
Cosine is defined by a power series, hence is a continuous function
[since power series are continuous]
cos0=1>0

® (_1)n22n 3 ® (_1)114_11

cos2 = ol T 4 @)

We originally proved convergence using the ratio test. We could also use the alternating
series test, which here will be more useful as it tells us something about the sign of the
answer. Clearly this is an alternating series.

n
Also # is decreasing (forn = 1). A quick proof of this fact:



4n 2n+1)2n+2) gn+l - gn+l1
= X
(2n)! 4 2n+2)! ~ (2n+2)!

(since 2n+1)(2n+2) = 4forn > 1)
[Each term is = the next term hence decreasing]

By the alternating series test, this series converges (which we already knew). Recalling
how the proof of the alternating series test went, we split the series into increasing and
decreasing subsequences of partial sums. The subsequence of the partial sums which
end in a positive term was a decreasing subsequence, and moreover each element of
this subsequence was an upper bound for the alternating series.

Considering the partial sum consisting of the first 3 terms:

S (DA 1 &
2n)! 21 4l

n=0

2

This partial sum ends in a positive term (%) hence is —gis an upper bound for the sum.

1
cosZS—§<0

We now apply the intermediate value theorem, there exists an x € (0,2) such that
cosx = 0.

We still need to show that there is a smallest positive x with this property. To find the
smallest number with a certain property, the infimum of some set might be a good thing
to consider.

LetS = {x > 0:cosx = 0}
[The set of positive zeroes of the cosine function.]

We already showed that there is at least one x > 0 with cos x = 0 meaning S is non-
empty.

S is also bounded below (by definition, 0 is a lower bound for S).

Therefore a = inf S exists. Since 0 is a lower bound for S, @ = 0. There exists a sequence

X, € Swithlimx, = «a.

By definition cos x,, = 0 (since x,, € S = cos x,, = 0), meaning cos x,, is a constant
sequence with lim cos x,, = 0.

Since cosine is continuous, 0 = lim cos x,, = coslim x,, = cos a.

We know a = 0. If &« = 0 then cosa = cos 0 = 0, but we know that cos 0 = 1, meaning
a > 0.



Since a is the infimum, 0 < x < a@ = cosx # 0 meaning « is indeed the smallest
positive real number with cos @ = 0. We can then define m = 2a. We are done!

We can then use our trig identities to evaluate sine and cosine at various multiple of .

T 2T _ 2 _
smE—l—cos 5—1—0 =1
) /M T A | S S
51nn=sm(5+5)=smEcosE+smEcosE=0
m m M T
cosn=cosEcos§—sm§smE=—1
And so on, sin%ﬂ = —1,sin2m = 0, cos%ﬂ =0,cos2n =1

sine and cosine each repeat every 2m:
sin(x + 2m) = sinx cos 2w + sin 2w cos x = sinx

cos(x + 2m) = cos x cos 2w — sin x sin 2w = cos x

We can also find out where sine and cosine are positive/negative and where they are
increasing/decreasing so that we might get a better idea of what their graphs look like.

Also note that since cos 0 = 1 and cos x is continuous and g is the smallest positive real
number with cosg = 0, it must be the case thatcosx > 0 forx € [O, g) since otherwise

we could use the intermedaite value theorem to find an x € (O, %) with cos x = 0 (which
is not possible since g is the smallest which works).
Then since cosine is even, cosx > 0 forx € (— g,g) and cos (— g) = cosg =0.
This also means that sin x is strictly increasing on (—gg) (its derivative is cos x > 0).
Then since sin 0 = 0 and itis strictly incresing on (— g,g), we must have sinx > 0 for

T . T
X € (O’E) andsinx < Oforx € (_E’O)'

Also sine is just a shifted version of cosine:

- 7-[ . 7-[ . 7-[
sm(x+z) = smxcosz+smEcosx =cosx

Which means

T T
cosx >0forx € (_E'E) = sinx > 0 for x € (0,m)



Then since sine is an odd function we must have sinx < 0 forx € (-, 0).

Then again using that cosine is a shifted version of sine: cosx < 0 forx € (— 37” — E), in

particular, forx € (—n, — g)

So far we have:
sinx < 0 forx € (—m, 0) meaning cos x is increasing for x € (-, 0).

sinx > 0 for x € (0,7) meaning cos x is decreasing for x € (0, ).

T T . . .. . T T
cosx > Oforx € (_E'E) meaning sin x is increasing for x € (—;,5).

cosx < Oforx € (—n, —g) U (g,n) meaning sin x is decreasing on (—n, —g) U (g,ﬂ).

sinx = 0 atx = 0, +m so cos x has stationary points for these values.

cosx =0atx =+ g so sin x as stationary points for these values.

There are other multiples of m where the trig functions have nice values.

N l T T
amely o
Using the cos(x + y) identity setting x = y we get cos 2x = cos? x — sin? x. Then using

sin?x = 1 — cos? x, we get cos 2x = 2 cos? x — 1. Now setx =

)

NE

Z_0=2cos’=—1
cos==0=2cos*——
2 4

We take the positive root since % € (O, g) and cosine is positive on this interval.

-E_/_zz_i-~ iti (E)
sin = 1 —cos 4—ﬁ(smelsalso positive on O,2 ).

We can also find triple angle formulae:

sin 3x = sin(2x + x) = sin 2x cos x + sin x cos 2x = 2 sin x cos? x + sin x cos? x — sin3 x



= 3sinx cos? x —sin® x
T

Then Let x = ;:
s s

sint = 0 = 3sin—cos“—= — sin° —
3 3 3

Dividing by sing(qt 0):

T T
0=3 2 —sin?=
cos 3 sin 3
Using sin? x = 1 — cos? x:
T 1
2_ — _
cos 3-1
SinceZ € (O,E), cos= > 0:
3 2 3
T 1
c053—2

sing > 0 also:

V3
)
We can then also find sine and cosine of %:

T ) (7T n) T T T /4 T 1
sin— =sin{=———=) =sin—cos——sin—cos— = cos— = —
6 2 3 2 3 3 2 3 2
T (n n)_ T n+.n.n_.n_\/§
cos6—cos 573 —coszcos3 sm251n3—51n3— 5

We now know all of the basic facts about sine and cosine. We can also define:

sin x 1 1 coSs X
tanx = , secx = , cscx = —, cotx = —
COS X COS X sin x sin x

Whenever these denominators are non-zero.



A Power Series for the Logarithm

The exponential function, sine and cosine, all have known power series (as they were
defined by their power series), but the logarithm does not.

The best we have is its Taylor series centred at 1:

n=1

Which only converges for x between 0 and 2 by using the ratio test (we need to check
endpoints separately). The series has convergence for x = 2 (alternating sign test) but
divergence at x = 0 (harmoic series).

The series only converges for x € (0,2]. (This won’t end up being too much of a problem
thankfully).

Even where it does converge, we don’t yet know that it converges to log x.

Showing that the Taylor series converges to log x is equivalent to showing that the
remainder — 0 as n — co. We could attempt to do this directly by using the Lagrange
Remainder but this turns out to be very difficult (I will explain why later).

Thankfully there exists a much easier way to prove that this power series converges to
log x. First | will prove a very small Lemma.

Lemma 6.10:
If f'(x) = g'(x) then f(x) = g(x) + c where c is some arbitrary constant.
pf:
Leth(x) = f(x) — g(x).Thenh'(x) = f'(x) —g'(x) =0

Therefore h is a constant function, h(x) = ¢

= f)-gx)=c=fx)=g(x)+c

Theorem 6.11 (Taylor series of the logarithm):

D
logx = Z T(x —1)" for x € (0,2]
n=1



o _1\yn—1
Let f(x) = Z %(x D", xe(02]

= f'(x) = i(—l)”‘l(x -t = i(—l)”(x D" = i(l —x)"

This is a geometric series. It converges for |1 — x| < 1 © x € (0,2), so assume for now
thatx # 2.

1 1

o =1—a=n=%

We know that log’ x = %so by Lemma 6.10,
f(x)=logx+c
f(1)=0and log(1) =0=>c=0

e _1\yn—1
logx = Z(%(x— 1™ (forx + 2)

n=1

For x = 2 we can simply use the fact that log is continuous and power series are
continuous, then take the limit x > 2 on both sides:

lim logx = i y (o Hn
Jig logar = lim ) "= (=D
n=

1 z—i(_l)n_l—l t it
082 = n 27374
n=1

Another way to handle x = 2 is to use the Lagrange Remainder (which is harder, but |
think is more fun). | said before that using the Lagrange Remainder approach is very
difficult (which it is for general x € (0,2]), but if we only care about x = 2, itisn’t so bad.

Recall:
f(n+1) ({:)
Ry = e+ (x — 1)™* for some ¢ strictly between x and 1
The (n + 1) derivative of log x is f ™D (x) = (;2:11"!_
R = ﬂ(_x _ 1)n+1 _ (—1)71 (x — 1)n+1
" (n+ 1)Entt mr D\ ¢

Also x = 2:



(-~

e W,for some ¢ € (1,2)

|Rn| ZW—) OHenceRn -0

And we are done!

The fact that this works at x = 2 meanslog2 =1 —%+§—%+%— .-+, though this

converges rather slowly. The first 10 terms are correct to only 1 decimal place.

Dealing with the lagrange remainder for x > 1 is relatively easy (you can show that

-1 - . . .
xT| < 1 giving a geometric sequence — 0. Itis a bit harder, but not too hard, to show

that |xT_1| < linthe casethatx > % ForO0 < x < %it becomes much more difficult to

prove (mainly because itisn’t true for general £ € (x, 1), though it it true for the specific
value chosen by the Lagrange Remainder Theorem). This difficulty is why we avoided the
Lagrange remainder for the whole proof, though you may wish to show that R,, = 0 for

X = %using the Lagrange remainder directly as this is not too bad (problem sheet).

What should we do in the case that we wish to calculate log x for some x > 27 In this
case our taylor series diverges. We could create a new taylor series centred somewhere
else, x = c but then we would need to know what log c is.

. . 1
A cleaner approachisto noticethatx > 2 = - € (0,2] and then we can use our log laws:

o (D
oo = -t -5 I
0g x log x - . 1
n=1

n

n=1 n=1
1 /3\"
g logd =) - (3)
n=1
3 9 9
_Z+§+a+

Forx € [0.5,2] we also have% € (0,2] meaning you may use either version. In such
(_1)77.—1
n

cases, the first version Y5 (x—1D)" (= Z;‘f’zl% 1- x)”) typically converges



faster for x < 1, and the second version },;_; — (1 — ;) typically converges faster for

x > 1.

This means we can also use the second version to write:

o)

1 Z_Z 1
Be= Ln o

n=1

The first 10 terms are correct to 3 decimal places
The rest of this section is just an interesting aside.

An even faster converging series can be obtained by considering,

4 2 4 2
sz =22 =) )

o)

D
T Lun-4n n-3n

n=1 n=1

4 2
(using the second version for log§ and the first version for log §>

g i 1 [ 1,1
0ge= nl4n 3n
n=1
Which converges even more quickly to log 2. The first 10 terms give an answer correct to

5 decimal places. (Though perhaps this is cheating as each term of the series requires
adding 2 things together).

We can also determine arbitrarily precise lower and upper bounds on log 2 (or any other
logarithm we like). We could use the alternating series to obtain bounds, but it is easier
to use the second version: First compute as many terms as you like, | will do 10.

oy H4711 Z
082 = cre17 n-2n

n=11

1 1

1
R > =
T 11 on for n > 11 (with equality only whenn = 11)

i 1 1 1 1 1
= =
mon S11 /2. 727 11219 11264

n=11 n=11

44711 < 44711 + i 1 < 44711 4 1 122971
= 64512 64512 n-2" 64512 11264 177408

n=11



44711 _ 122971
64512 ~ °8“ = 7177408

44711d q di 122971
64512 own and rounding 177208 up:

0.69306 < log?2 < 0.69316

So

rounding

solog2 =~ 0.693 is correct to 3 decimal places

1
+ 1)2N

N N
1 1
In general, ch large Nand » —— <log2 < ).
n general, choose some large N an 2" <logs< 1n2n+(N
n= n=



Integration

Step Functions

The idea of an integral can be thought of in many ways, but perhaps the easiest to
consider is that of area under a curve. We have not defined “area” in any sense and so
we must be more precise. Before we can be precise we will be intuitive.

Defining the area under an arbitrary curve seems like a difficult task. We can make the
task easier by first considering curves consisting only of rectangles, we (roughly
speaking) call functions of this kind “step functions”. Then we can easily define the
integral of step functions (by adding the rectangle areas together).

If we want to define the integral of an arbitrary function f, we find a sequence of step
functions converging to f, and define the integral of f as the limit of the integrals of the
step functions.

There are a few details which we will need to iron out here, but this idea is called
“regulated integration”.

Integrals are often defined by using the approach of “Riemann Integration”, defining the
integral as a limit of “Riemann Sums”. There are some functions which are Riemann
Integrable but are not regulated integrable, but these are not worth worrying about.
There are more general definitions such as “Lebesgue Integration” which we will also
not be touching here. | chose Regulated integration because it is probably the easiest to
teach (and it relates to sequences of functions which is an idea we have already built
up) and so itis a good choice for a first course in real analysis.

For now we will only consider functions on closed intervals. Extending the definition to
infinite intervals will be fairly easy (see the section on improper integrals).

First, we define step functions.
Def: Step Function
f:la, b] - Ris a step function if there exists a partition
a=xy<-<x,=>b
such that f is constant on each interval (x;, x),;) for each integer 0 < k <n — 1:
We might also consider a function defined only at a single point to be a step function.

“Partition” just means an increasing (finite) sequence of n + 1 numbers, begging with
Xo = a, ending with x,, = b. The term “partition” may be used to refer to the endpoints
X, or the intervals (xy, x;+1) between them.



A common refinement of two partitions P and Q is a partition which includes every
endpoint from P and every endpoint from Q (you can always use the union of P and Q).

The partition splits the interval [a, b] into n subintervals (xg, x;), (X1, X5), - (Xp—1, X,).
Notice that these are all open intervals, meaning the endpoints of each subinterval
(which includes a and b) can be whatever you like. This makes sense in the context of
defining integrals because we would expect that altering or removing individual points
would not change the area.

E.g., (graph of a step function):

2 @
1.5
1 L
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1 O O

[The red circles represent gaps.]

For this example our partition couldbea =0 <1 < 2.5 <4 <5 = b because the
function is constant on (0,1), (1,2.5), (2.5,4), (4,5). Note that partitions are not unique, |
couldalsousea=0<05<1<15<2<25<3<35<4<45<5=h.Thisisa
valid partition, because the function is constant on each of those intervals.

Let f:[a, b] = R be a step function with partition a = x, < :- < x,, = b. For each integer
0 < k <n—1,choose some x;, € (x, Xr1+1). We define the integral of f as:

b n—-1
Def: f f(x)dx = Z(xk+1 — xx) f (xg)
a k=0



(xr+1 — xi) represents the width of the rectangle, f(xy) is the height. Multiplying these
and adding them together gives us the total area (which is the idea). If arectangle is
below the graph f(x;) < 0 meaning it contributes a negative area, for this reason we
callit a “signed area”.

If our step function is of the kind defined only at a single point a, then this definition

does not work. In this case we define f;f(x)dx = 0.

Before proceeding we need to make sure that this definition is coherent.

We choose an arbitrary x; € (xi, xx+1)- Since f is constant on this interval (by definition
of step functions), our choice does not affect the value of f(xy).

| also mentioned that the choice of partition for a step function is not unique. It is easy
to see, from the intuitive notion of adding rectangle areas, that the choice of partition
does not matter.

A more rigorous proofis possible (and conceptually very simple):

Let P and Q be any two partitions for f, we want to show that they give the same
integral.

Let R be acommon refinement of P and Q (e.g., the union). Then for each interval,
(x, xx+1) Of P, there are endpointsin R, (yl-,yj with i < j) suchthaty; = xi, ¥j = Xg41,

meaning Xi+1 — Xk = ¥ = ¥i = (¥ = ¥j-1) + (¥jo1 = ¥j-2) + -+ Gisa — ¥0)-
f is constant on (x, xy+1), SO it is constant on each of (v;, ¥i41), - (¥j-1,¥;)-
crr — ) F ) = [(vj — yja) + 4 Qi — YD) f (x30)
= (y; = - )f ) + -+ Gier — ¥ ()
= (v = y-)f (joa) + + G = ¥IF )

Where y{ € (i, Vis1), ---,yj_l € (yj_l,yj) are arbitrary points in their respective
intervals (f is constant on all of these intervals so the choices of y;, .- y;_; do not

matter).

Suppose P has n endpoints, and R has m endpoints.

Then " (tips = 10f () = ) Oeer = ¥0f )
k=0 =0

So, the integral given by P equals the integral given by R. By the same argument, the
integral given by Q equal the integral given by R. Hence the integral given by P equals the
integral given by Q. This means the choice of partition does not matter.



Regulated Functions

I will not define what a regulated function is just yet. We will proceed with the plan, and
then the motivation for the definition should become clear.

We want to define f:f(x)dx (to save space | will use the notation I(f) = ff f(x)dx.

Suppose there is a sequence of step functions f,, which converges to f. Then we wish to
define I(f) = lim I(f;,), (thatis I(lim f,,) = lim I(f;,)).

For this definition to be any good, we need to check that lim I(f;,) always converges. We
also said that f,, is some sequence of step functions with lim f;, = f. There may well be
multiple sequences of step functions which converge to f, we need to be sure that

lim I(f,,) converges to the same thing regardless of which sequence we choose.

It turns out that these two conditions are not always met, meaning the definition is no
good. Luckily there is a small extra condition we can impose which makes it work. We
will proceed blindly for now, and the extra condition will become apparent during the
proof.

First, we wish to show that lim I(f;,) always converges. We will use an &-N proof.
pf:
Sincelim f,, = f:
Lete >0
There exists N € Nsuchthatn > N = |f,,(x) — f(x)| < ¢
(The N chosen may depend on x as we have only pointwise convergence).

We wish to show that I(f;,) converges, but we have no candidate limit. Luckily, we do
have a way to show convergence without a candidate limit, that is by showing the
sequence to be Cauchy.

Letnm=>=N

(Sothat |f,(x) — f(x)| and |fn (x) — f(X)] <€)

We wish to show that |I(f;,) — I(f,,)| < € as this is what it means for a sequence to be
Cauhcy. f,, and f,, are step functions each with some number of partitions. Let a = x, <
-+ < x = b be acommon refinement of these partitions. (Meaning it is a partition of
both f,, and of f,;,).

M-1 M-1
G = 1)l = | D Genr = 86 = ) iers = 5 fn (00
k=0 k=0




M-1
_ Z et — %) (£ O) = frn(x))
k=0
M-1
< Z | XK1 — Xpe 1 fn () — fin (x|
k=0

We know that | f;,(x) = fin ()] = [/ () = f(x) + F () = frn GO < | (x) = FCO| +
lf (%) = fn ()| = 1fn(x) = FOO| + | fin(x) — f(x)] < 2¢, but this only works for this
particular value of x (because N depends on x). If we had uniform convergence then
there is a value of N which works for every x, (including x;) meaning we have

|fn (i) — fn (i) < 2e.

Also Xy < Xpqq = [Xpqr — Xkl = Xpq1 — X

M-1
Hence [1(£) = 1(fml < ) een = %l () = fon i)
k=0
< 2¢ Z (X41 — xx) = 2(b— a)
k=0

(We could have chosen to make |f,,(x) — f(x)| < z(bg_a)
would read |I(f,) — I(f)] < €).

And we are done!

so that this final inequality

To write the same proof more concisely (now that we know what the extra condition is):

€
Lete > 0, then———— > 0so

2(b—a)
dnen s-t, vxe[a,b],nzN: Ifn(x) - f(x)l < Z(b — a)
Letn,m = N = |f,(x) — fin ()| < (i) — F O] + | fin i) — £ ()]
& & &

S 2b-o 20— " b-a

and [I(f,) — I(fm)| =

M-1
PRCRETA(ACARTNE)
k=0

M-1 M-1
& &
< D s = 5llfu0D) — Gl < == ) G —x) = (b - =&
k=0 k=0

Hence I(f,) is cauchy and is therefore convergent and we are done!



We are only certain that the limits exists if the convergence of the step functions is
uniform. From now on we will assume uniform convergence. We also need to prove the
second condition for the definition to make sense,

If f,, and g,, are both sequences of step functions which converge uniformly to f
Thenlim I(f,) = limI(g,)

We already know that both limits exist, we just need to show that they are equal. One
way to do this is to show that lim[I(f;,) — I(g,)] = 0

pf:
This proof is almost identical to the last one.
Lete >0

Using uniform convergence to f:

€
Let N be such that V¢[q p]nzn» |fn(x) — f(x)| < €and |g,(x) — f(x)| < m

(We are using 2(%_(1), as we did before, because it works out the same.)

We wish to show that |I(f,,) — I(g,)| < €.

As before, leta = x5 < -+ < x); = b be a common refinement of the partitions of f,, and
Jgn (soitis both a partition of f,, and of g,,).

|I(fn) - I(gn)l =

M-1 M-1
D Cesn = 15/ = ) Ctiers = 1) gn6i)
k=0 k=0

S

-1

i

Cerrr = %) (fu () — g (x0))

S

-1
< (xk+1 - xk)lfn(xlt) - gn(xlt)l
0

We know that | f;, (x;) — gn (i) | < 1/ (i) = FOO| + 1gn (i) = F()] < ﬁ

&
Il

() = 1(ga)] < bf—a;(xkﬂ —x)=—(b-a)=¢

Hence lim([(fn) — I(gn)) = 0 (andlim I(f,),limI(g,) exist)
= lim(I1(f,)) = lim(I1(g,))

And we are done!



So, our definition is good:

If there exists a sequence of step functions f,, which converges uniformly to f on [a, b]
then,

fbf(x)dx = lim Lbfn(x)dx

a

We now have our motivation to define a regulated function:
Def: we say that f is regulated iff
there exists a sequence of step functions which converges uniformly to f

So we can integrate a function if it is regulated.

Some important observations can then be made:

If ., gn are step functions and a, 8 € Rthen af,, + g, is a step function. f,, g, is a step
function. Also |f,,| is a step function. These are relatively obvious statements.

Then if f and g are regulated functions, (meaning there are sequences of step functions
fn» gn Which converge uniformly to f and g respectively) then af + g =

lim(af, + fg,) meaning af + (g is regulated also (it easy to show thatlim(af,, + 8 g.)
converges uniformly). Similarly, f(x)g(x) is regulated and |f (x)| is regulated (problem
sheet).

Typically, we talk about whether a function is “Riemann Integrable” or “Lebesgue
integrable” etc.,

In our formulation, our definition for integration applies iff our function is regulated, so |
may interchange the terms “integrable” and “regulated” (even though in other contexts,
e.g., Riemann integration, they do not mean the same thing).

The idea of a regulated function is that it can be approximated arbitrarily well by step
functions, so we can reformulate regulated functions in this way:

Theorem 7.1:
f(x):[a, b] » Ris regulated iff
V>0 there exists a step function g: [a, b] —» R such that [f(x) — g(x)| < € Vye[gp]

i.e., iff you can find step functions which approximate f arbitrarily well.



pf:

=

Let f be regulated, then there exists a sequence of step functions f,, = f uniformly. Let
€ > 0,thereisan N suchthatn > N = |f(x) — f,(x)| < € Vyeap]- 9(x) = fn(x) works.

=

Lete, = % Then there is a step function g, (x) such that | f (x) — g,(x)| < %for allx €
[a,b].

Let € > 0, there exists an N suchthat N > i(archimedes).

Letn >N = |f(x) — g,(x)| < % < % < &.Hence g,, = f uniformly and so f is regulated.

We are done!

We might not expect every function to be integrable (by which | mean regulated) e.g., the
famous Dirichlet function:

(1 xeQ
f@={ eq

But most functions we would be interested in in practical situations we would expect to
be regulated. E.g., all continuous functions.

Theroem 7.2:
Continuous Functions are Regulated
pf:
Let f be continuous on [a, b]
Since f is continuous on a closed interval, it is uniformly continuous on that interval.
(Theorem 4.2)
Lete >0

There exists § > 0 such thatV, yeiap,  lx =yl <862 [f(x) —f()|<e



The ideais to create a step function where each intervalis small (< §) and equalin

. b- .
length, for this we need n > Ta. We also want the endpoints to touch f:

Hopefully, if we make the interval small enough, we can show that our step function is
close to f everywhere and then use Theorem 7.1.
Letn > b?Ta be a natural number. Define the partition, x;, = a + (b — a)%for 0<k<n

(this is a partition where each intervalis equal in length). Each partition has length ? <

flxx) x€ [xk:xk+1)-

f(b) X = Xn

We finally wish to show that |f(x) — g(x)| < & for every x.

6. Then define g(x) = {

Ifx = x, = b,then |[f(x) —gx)| = |f(b) — f(b)] = 0 < . Otherwise x € [x;, X}1) for
some k. Relabel x as x; accordingly.

1f(x) = gl = If () = g (el = 1f (xie) = £ (x|

. . . b-
Since we know that xj; € [x, Xx41), we know that [x; — xi | < |xpe1 — x| = Ta <4,

hence (by uniform continuity of f), |f(x;) — f(x,)| < €.

= |f(x) —g)l<e

So by Theorem 7.1, f is regulated and we are done!

This is excellent news as it means we can integrate any continuous function.

Of course you can have functions which are not continuous but are regulated (e.g., any
non-constant step function).



The Mean Value Theorem (for integrals)

We have seen the mean value theorem, if f is differentiable on [a, b] there exists some

c € (a,b) with f'(c) = f0)-fla) f'(c) is essentially the mean value of the derivative.

b—a
There is another version of this theorem which says:

(MVT):

If f is continuous on [a, b] then there exists a ¢ € [a, b] with

1 b
= — d
f(c) b_afa f(x)dx
f(c) is essentially the mean value of function f over the interval [a, b].

We already know that f; f(x)dx exists (continuous functions are regulated).

Before we can prove this theorem, we have some other facts of integration which we
need to uncover.

Theorem 7.3: Linearity of Integration:

Ifa, B € Rand f and g are regulated on [a, b]

b b b
Thenf (af(x) +[3g(x))dx = af f(x)dx +ﬁf f(x)dx

pf:
We know that af + g, f, g are regulated so all integrals here exist automatically.

f(x) =lim f,,(x), g(x) = lim g, (x) where these are uniform limits.

M-1

M-1
@l (F) + BI(G) = @ ) (esr = 15 fu@) + B ) (nn = 1) gn ()
k=0 k=0

M-1
= Z (xk+1 - xk)(afn(x;) + ﬁgn(x;))
k=0

=I(afy + Bgn)
And af + Bg = lim(af, + Bg,) where this is a uniform limit.

Hence I(af + Bg) = limI(af, + Bg,) = lim(al(f,) + BI(gn)) = alimI(f;) +
plimI(g,) = al(f) + BI(g)

b b b
i.e, (xf f(x) +ﬁf gx)dx = f (af(x) +/3g(x))dx as required

We also have monotonicity:



Theorem: 7.4:
b
FG) = 0Vaqap= | f)dx =0
a

pf:
Let f(x) = 0 Vye[qp]

Then there exists a sequence of step functions g, which converges uniformly to f. Then
|gn| converges uniformly to |f| = f (If]| = f because f(x) = 0). Let f,,(x) = |gn(x)| =
0. Then f, is a sequence of step functions which converges uniformly to f and f,,(x) = 0
for every x and every n.

b M-1
[ Feax =tmic) = im Y Gien - mAGD
a k=0

but f,,(x;) = 0 and x;,, — x; > 0 for every k

= > (s = 5 (@) = 0
k=0

b
:>f f(x)dx =0

Corollary 7.5:
If f(x) = g(x) for every x € [a, b]

b b
Then j f(x)dxzf g(x)dx

f(x) —g(x) = 0 forevery x € [a,b]

b b b
:>f (f(x)—g(x))dx=f f(x)dx—f gx)dx =0

= fbf(x)dx > fbg(x)dx



There is also the triangle inequality for integrals:

Theorem 7.6 (Triangle inequality for integrals):

fa x| < f Pl

lf Gl = f(x) and |f(x)] = —f (x)
(this is just a propery of the modulus funciton)
so by monotonicity:
IfD =1(f), and,  I(fD =1(=f) =—-I(f)
Then since |I(f)] either equals I(f) or — I(f) (and I(|f]) is > both of these things)

IAfD = (O

b b
i.e, jlf(x)ldxz ff(x)dx

If b < a we define f:f(x)dx = — fbaf(x)dx.

Finally, we have the property of additivity:

Theorem 7.7 (Additivity):

Lbf(x)dx + j:f(x)dx = j:f(x)dx

The idea is that we can add the area under a curve on multiple adjacent intervals to find
the area under the curve on the whole interval (though this still works even if we don’t
havea < b < c).

pf:
Firstassumingthata < b < c:

Let f,, be a sequence of step functions converging uniformly to f on [a,c]. f;, has a
partition on [a, c], if this partition does not include b as an endpoint, add the endpoint b.

Let the partition of f,, on [a,b] be a = x; < -+ < xy = b, and the partition on [b, c] be
b =xy < - < xp4en = C. Then the partitionon [a,c]isa = xy < - < xpey = C.



M+N-1

b c M-1
[ mGd+ [ f00dx = Y s =R GD D Gos — 0D
a b k=0 k=M

M+N-1

c
= ) G = 96D = [ G
k=0 a
Take the limit n = oo on both sides:

fabf(x)dx + .[:f(x)dx = 'l:f(x)dx

If we don’thave a < b < ¢, you can use f:f(x)dx = — fbaf(x)dx and go case by case

(problem sheet).

We are now ready for the all-important mean value theorem:
Theorem 7.8 (MVT):

If f is continuous on [a, b] then there exists a ¢ € [a, b] with

1 b
f©=5— [ reod

1 b
Letd = mja f(X)dX

We wish to find a ¢ € (a, b) with f(c) = d.

By the extreme value theorem there exist some m < M such thatm < f(x) < M for all
X € [a, b].

Then by monotonicity,

fbmdx < fbf(x)dx < fbde

a

Since m and M are constants, they are step functions, and their integrals are trivial:

b
m(b — a) Sf f(x)dx < M(b —a)

1 b
<— <
m_b_afaf(x)dx_M



m<d<sM

Since m and M are attained (by the extreme value theorem) there exist some x4, x, such
that f(x;) =m, f(x,) = M:

f(x1) =d < f(xy)

Then (since f is continuous) by the intermediate value theorem, there exists some ¢
between x; and x, with f(c) = d. Since x4, x, € [a, b] and c is between x; and x,, we
have ¢ € [a, b].

1 b
Hence we have some ¢ € [a, b] with f(c) = m[ f(x)dx
a

We are done!

The Mean Value Theorem is about to be of great importance.



The Fundamental Theorem of Calculus

Every calculus student should be familiar with the Fundamental Theorem of Calculus
(FTC). There are a few ways to present the intuition for it, e.g., consider a distance time

graph. velocity = v displacement (signed distance) = s, time = t. v = % A small change

in distance divided by a small change in time (the derivative of displacement with
respect to time) gives us velocity. On a velocity time graph, s = vt so the displacement
is width (t) times height (v). This is the area under the curve (integral of velocity with
respect to time). Differentiating displacement gives velocity, integrating velocity gives
displacement, suggesting the differentiation and integration are inverse operations.

Another intuition comes from the method of differences. The discrete version of

% (f(x)) could be considered Af (k) = f(k + 1) — f (k). The discrete version of an
integralis a sum. Xp_ A(f(k)) = f(n + 1) — £(0) (method of differences). The
continuous analogue to this is that f: % (f(x))dx = f(b) — f(a).

However you think about it, or even if you just take the intuition for granted, the
fundamental theorem of calculus says:

Fundamental Theorem of Calculus (FTC parta) (7.9):

If f is continuous on on [a, b]

Let F(x) = ]xf(t)dt, X € [a,b]

Then F'(x) = f(x)

pf:

We use the definition of the derivative:

Fx)—F(c) . [ f®dt—[ f®dt [T f©Ode+ [ f(t)dt
T = lim = lim

F'(c) = lim
X— X—=C X —C X—=C X —C

c

Then use additivity

[Ff®dt
— limc—
X—C X —C

Then use the Mean Value Theorem. If x < c thereisa & € [x, c] such that f(§) =
1 (¢ 1 x . 1 x
;fx f®)dt = ;fc f(©dt.Ifx > cthereisa{ € [c,x] such that f(§) = — J. f®)dt.

This ¢ depends on x, so we will write é(x). Either way, there is a ¢ (x) between x and ¢ so
that:

F'(c) = lim f(§(x))



Since &(x) is between x and ¢, lim £(x) = ¢ (squeezing theorem). Also, since f is
xX—=C
continuous atc, lim f(é (x) = f (lim E(x)) = f(c).
X—C X—=C
so F'(c) = f(c) (for every c)
e, F'(x) = f(x)
We can then write the usual version:
Fundamental Theorem of Calculus (FTC partb) (7.9):
Let f be continuously differentiable on [a, b]
b
Then f F10dx = F(b) - f(@)
a
Continuously differentiable means differentiable and the derivative is continuous.
pf:
X
Let F(x) = f f'(®)dt
a
Then F'(x) = f'(x) (FTC part a)
= F(x) = f(x) + C for some constant C (Lemma 6.10)
a
Also F(a) = j f'()dt =0
a
Fla=f(aA)+C=>0=f(a)+C
= C=—f(@
b b
And f f'(x)dx =f ff®dt=F®B)=fb)+C=fb)—f(a)
a a
And we are done!
1 b?

b 1
e.g.,f xdx = =bh? —=0% = —
. 2”0 T2 T2

(makes sense since the area under the line creates a triangle with width = height = b)

e.g.,jnsinxdx =(—cosm)—(—cos0)=—-(-1)—-(-1)=14+1=2
0



Methods of Integration

We call f: f (x)dx a definite integral. We define the indefinite integral:

ff(x)dx = fo(t)dt

Where a is an arbitrary constant.

A definite integral gives a constant, and indefinite integral gives a function which (by
FTC) is the antiderivative of f (at least in the case that f is continuous between a and x).

The arbitrary constant a gives rise to the arbitrary constant of integration +C. When we
differentiate the +C vanishes.

We also define the notation: [F(x)]2 := F(b) — F(a), so f;f(x)dx = [F(x)15 (if fis

continuous on [a, b]).
There are 2 methods that we will look at which will help us to evaluate integrals.

For both of these methods, we assume continuity of all functions involved.

Integration by Parts

If f and g are continuous, the Integration by Parts formula is:

Theorem 7.10 (Integration by Parts):

[ reg@ax =1 [ geodx - [ 760 [ g@axax
This comes from the product rule for differentiation.

pf:

2 (s [ 96ax) = 160 [ g@ax + FgG0

Integrate both sides (use FTC for the LHS):
f) f g()dx = f () f 9GO dx dx + f (g ()dx

= [ r@gedx = 1) [ g@ax - [ 16 [ gaxax



Integration by Substitution

The idea of integration by substitution is (first very informally):
Let g be continuously differentiable on [a, b]

and f be continuous on I = Ran(g)

Ran(g) is the range of the function g which is an interval since

continuous functions map intervals to intervals by IVT.

b
[ want to evaluate f fg(x)g’ (x)dx
a
du
Letu = g(x), then i g'(x) =du=g'(x)dx
when x = a,u = g(a), when x = b,u = g(b)
g()

b
= [ Flow)g@ar= [ rad

g(a)

The actual proof comes from the chain rule for differentiation.

Theorem 7.11 (Integration by Substitution):
Let g be continuously differentiable on [a, b]

and f be continuous on I = Ran(g)

g(b)

b
Thean(g’(x))g(x)dx= . S
a g(a

Let F(x) = ff(x)dx

F'(x) = f(x) so F is differentiatble, hence F is continuous

Let h(x) = F(g (x)) (so h is continuous)

h'(x) = f(g (x))g’(x) (chian rule)

b
By FTC: j f(g@)g' (dx = [F(g()], = F(g(1)) - F(g(a))



g(b)

Also by FTC f( : f(w)du = [F(u)]:ggg =F(g()-F(g(@)
g(a

b g(b)
So f flg(x))g' (x)dx = f f(uw)du as required
a g(a)

We are done.

We will leave it here for integration techniques.



Improper Integrals

We now deal with integrals to oo (and —o0).

We simply define:

foof(x)dx = tli_)r?oftf(x)dx
f_:f(x)dx = th_)rglo f_bf(x)dx

001 t
e.g.,f x—dx—glm de—thm ——] —t11m<——+1) 1

1

“1
but f ;dx = tlim [logx]} = tlim (logt —logl) = tlim logt = oo diverges
1 —00 —00 0

We also define:

f_o:of(x)dx = f_(:of(x)dx + fooof(x)dx

Assuming both of these integrals converge. By additivity we could use f_aoof(x)dx +

famf(x)dx and get the same thing.

You may wonder why we don’t define:

foof(x)dx = ftf(x)dx (incorrect)
—oo -

This definition gives the same thing so long as the —oo and oo integrals converge, but
there are some “co — 0” cases where we get strange results. E.g., foo xdx =

thm f xdx = llm 0 = 0. We call this the Cauchy principle value of the improper integral
centred at 0.

Even more weirdly, if we shift along and use, for example, llm f xdx we would get

divergence to — oo, (this would be the cauchy principle value of the integral, centred at
1). We will not discuss Cauchy princple values further.



Integral Test for Convergence

There is one test for convergence of infinite series which | mentioned once during
chapter 3. We were not yet ready for it, but now we are. The idea is to compare an
infinite series with an improper integral.

We think of our infinite series as an improper integral of step functions and compare it
to another integral whose convergence status we know.

To show convergence, we compare against a function (the red curve) which is always
above the discrete sum (represented by the black step function) and show that the

improper integral of the function converges.

To show divergence, we instead compare against a divergent function which is always
below the step function.

Amazingly we can use the same continuous function for both cases (we will see how).



This picture only works if f(x) = 0 and is decreasing.

Theorem 7.12 (Integral test for Convergence):

If f(x) = 0 is monotone decreasing,

Then Z f (k) converges iff f f(x)dx converges
1
n=1

(Of course we don’t need to start at n = 1, any natural number would do, but this will
give the idea.)

pf:

Define a;, = f(k) = 0, then we are considering the series },;°_; ay.

We find the area under the red curve on each interval (k, k + 1) as by = fkk+1f(x)dx
Then by additivity [, f(x)dx = X3, by.

Since f is decreasingforx € (k,k + 1),wehave 0 < f(k+ 1) < f(x) < f(k),

i.e.,Osak+1 Sf(x) Sak

k+1

k+1 k+1
=0< j Apprdx < flx)dx < J a,dx
k k k

=>0Sak+1Skaak

Then by the comparison test, if Y7, a; converges, then Y.;_; b, converges, meaning

floof(x)dx converges.

Likewise, if 1=, ai diverges, then Y, a4 diverges, meaning Y.;, by diverges, hence
floof(x)dx diverges.

We are done!

. . 1
We can use the integral test to determine whether }.;; — converges (we already saw

this is for p > 1 but we now have another way to do it).

for p <0, f is increasing for x > 1 so we cannot use the integral test but we
clearly have divergence in this case anyway (since each term of the series does not — 0).

Also clear divergence for p = 0.



1
o is decreasing forx > 1andp > 0

o 1
Zk_ converges iff f —dx converges
k=1

%) t

forpqtl'f —dx = lim ! xl_p] =;(11mt1p—1)
: ) xP t—>0o 1_p ) 1 p \t—o

lim t17? convergesforl—p<0ep>1

t—oo

lim t17? divergesforl—p >0 p<1

t—>oo

| “1
Forp = 1: f x—pdx = f ;dx diverges (as we saw before)
1 1

1
So Z p converges iff p > 1 (which we already knew)
k=1
This also means we can use all of our tests for convergence of infinite series to test
whether certain improper integrals converge.

[ee]
[ee]
—x2 . — k2
e. g.,j e * dx converges iff 26 k® converges
0 -

0<e ™ <e*for(k>1)and Z e~ ® converges (geometric series)

(o] (o]
. _k2 _kZ
so by comparison, ) e converges and then e
k=1 k=0

[ee]

hence by the integral test, J e~ dx converges
0
(f e~ dxis “non-elementary” meaning (loosely) that it cannot be written in terms of
functions we are familiar with (like sine, cosine, roots, logairthms, exponentials). Non-
elementary also means it cannot be written in terms of algebraic functions which are
functions which are the roots of polynomials, but this is far, far beyond the scope of this

course. fooo e~*"dx turns out to be g, which is (only slightly) outside the scope of this

course.)



Term-Wise Differentiation and Integration

There are occasionaly situations where we might wish to swap the integral and sum
symbols to make a problem easier,

1 o 1) 1 o0 1
2 1 21 171 2
e. g.,.fo Z ﬁcos(Bknx) dx = Z i Fcos(Bkrtx) dx = Z T [ﬂ sin(3"7tx)]0
k=0 k=0 k=0
oo o0 s 00
1w 1 1 sin(343) 1 1\
_IN L (i (2 _ - _ = _z
_nz 6k (sm(3 ) smO) nE 6k nE( 6)
k=0 k=0 k=0
B 1 _ 6
T (1 + %) m

You can check by looking at the graph of sin x (or more rigorously by induction and the

triple angle formula) that indeed sin (3" g) = (—=Dk.

For this result to be valid, we need to make sure that this integral actually exists and
that the first step (swapping the integral and the infinite series) is valid. Essentially,
(when) can we integrate term-wise?

Since an infinite series is just a limit of partial sums, it will be sufficient to answer the
question,

if f(x) = lim £, (x)

b b
when is f f(x)dx = limf fn(x)dx

That is, when can we take a limit outside of a definite integral.

We have already seen (in fact by definition) that this is true when f,, is a sequence of
step functions and f,, = f uniformly. Does this work more generally? Yes!

Since regulated functions can be approximated arbitrarily well by step functions
(Theorem 7.1), f,, can be any regulated function and this will still work!

Theorem 7.13:

If f,, is a sequence of regulated functions converging uniformly to f on [a, b]



b b
Then f f(x)dx = limf frn(x)dx
pf:

We know that (since each f;, is regulated) f: fn(x)dx exists. To show that f: f(x)dx
exists, we need to show that f is regulated.

Since f,, = f uniformly:
Lete > 0, there exists an N suchthatn > N = |f(x) — f,(x)]| < ¢
this N is independent of x

For each f,,(x) there is a step function g, (x) which approximates f,, (x) well
(Theorem 7.1). More precisely,

|fn(x) — gn(x)| < € forevery x € [a, b]

Then | (x) = gn ()] < [f (%) = fo(O] + [fu(x) = gn(X)| < 2€ V,,

b
Hence g,,(x) = f(x) uniformly meaning f is regulated on [a, b] and j f(x)dx exists
a

b b
Now to show that f f(x)dx = lim j frn(x)dx:
a a

b b b b b
j F)dx - j £ (0)dx j (FGO) - fu0)dx| < j £ GO — fu(0)ldx < f edx

=(b—a)e

b b
Hence limJ frn(x)dx =f f(x)dx

And we are done.

Recalling the example from before:

1 o
2 1
f Z—kcos(S"nx) dx
0 k=02

n o

Let f,(x) = zikcos(3knx), f(x) =limf,(x) = Zikcos(Bknx)
k=0 k=0

1 . . . . -
Z—kcos(3knx) is continuous, hence f, (x) is continuous, hence it is regulated.



Using the Weierstrass M-Test:

T 1 1
2_kC05(3 nx)| < >+ SO let M), = 5

(00 (o] 1
Then z M, = Z o= 2 (converges)
k=0 k=0

Meaning f,, (x) converges uniformly.

(Meaning f is continuous since uniform convergence preserves continuity. This means
f is regulated and so the integral actually exists.)

1 oo 1 1
1 1 1 1
Hence LZZ ﬁcos(Sknx) dx = fozf(x)dx = lim fozfn(x)dx
k=0

1
(ive 1 .
= hmf Zz—kcos(B x) dx
0 x=o

By linearity of integrals, we can always swap an integral with a finite sum,

1 o) 1
= (71 71
= lime z—kcos(Skrtx) dx = Zf z—kcos(BkTrx) dx
k=0"9 k=0"0

The swapping of };-, and f will always work as long as you can show that the infinite
series converges uniformly and each term is regulated.

We now revisit a question from a while ago, when can we differentiate term-wise? We
already know that you can differentiate power series term-wise, but we want something
more general.

Since we can integrate term-wise if the series converges uniformly, perhaps we can
differentiate if the sum of the derivatives converges uniformly. Since this theorem is so
closely related to the previous one, we will almost certainly want to use the previous
theorem in the proof.

We will again consider the sequence of partial sums f;,.

We want to relate the derivatives f, to the original sequence f,,, we can do this using
FTC (so long as the f,, are continuous, i.e., f, is continuously differentiable).



Then we will have f(ffn’(t)dt = fn(x) — fn(a). We can then take the limit on both sides

to get our result.

Theorem 7.14
If f,, converges to f on [a, b], and each f, is continuously differentiable,
and f,, converges uniformly,

Then f is differentiable with f' = lim f;;

Define g(x) = lim £, (x)

Since f,, is continuous, we can use FTC:

| R =500 - @

Since f, is continuous, it is regulated, also f,, converges uniformly. Hence we can use
Theorem 7.13 taking the limitas n = o on both sides.

IRIGESHERI®

Then since uniform convergence preserves continuity, g is continuous.
Then by FTC, we can differentiate both sidesto get g(x) = f'(x) = f'(x) = lim f,; (x).

(FTC guarantees that f;g(t)dt is differentiable and hence also that f is differentiable.)

Corollary 7.15 (termwise differentiation):

If f(x) = Z fii(x) forx € [a,b], and each f; is continuously differentiable,
k=0

and Z fr(x) converges uniformly,
k=0

Then f is differentiable with f'(x) = Z fre (%)
k=0



pf:
n
Let o () = ) (@)
k=0
Thenlim g, (x) = f(x)
n
gn(x) = Z fx (x) is continuous (since each f; is continuously differentiable)
k=0
Hence each g, is continuously differentiable

We are given that g, (x) converges uniformly

So by Theorem 7.14, f is differentiable with

£/ =limga(0 = ) fi®)
k=0



Final Word

Thank you for joining me on this fascinating, and sometimes grueling, joruney through
the real numbers. | hoped you learned as much reading it as | did writing it. Make sure to
check out the problem sheet if you haven’t already. If you have any questions, don’t
hesitate to get in touch at c.m.math@outlook.com (check the YouTube channel for my
email address in case this one changes). Also let me know if you have any suggestions

for future courses.

See you next time. Bye!


mailto:c.m.math@outlook.com

Problem Sheet (no hints)

Well done for deciding to brave these problems without any help. If you get stuck, check
the problem sheet with hints to help you out.




Proof, Sets and the Real Numbers
1)

a) Let f: R » R with f(x) = x2. Show that f is neither injective nor surjective.

b) We wish to define vx = f~1(x) but we can't since f is not bijective.

We can solve this problem by restricting the domain to non-
negative real numbers (to get

injectivity) and restricting the codomain to non-
negative real numbers (to get surjectivity).

We can denote the set of non-negative real numbers as R

Let f: Ry = Ry with f(x) = x2. Show that f is now bijective.

2) Show that {0,1} forms a field if we define addition and multiplication in the usual way

except with 1 + 1 = 0. (Check the axioms of addition, multiplication, and distributivity).
3) Check that the rational numbers, Q form a field.

4)Leta<bandc <d, showthata+c<b+d

5)Let0<a<band0<c<d, show that ac < bd

6) Leta<bandc <0, show that bc < ac

7)Let0<a<b, showthat0<bl<aqa?

8) Prove Pascal’s Identity:

show that (1) + (4 4 1) = (5 1 1)



9) Show that the supremum is unique.i.e., Let a, f be supremums of S, show that

a=p

10) Show that if f is non-empty and bounded below, that f has an infimum

11) Completing the proof that V2 € R.

LetS = {x € R:x? < 2}, = sup S. Show that a? > 2 leads to a contradiction

12) Show that ||a| - |b|| < |a-—b|

13) Prove by induction that k! > 2*"1 fork € N



Sequences

14) Show that limits of sequences are unique. That is, if L; and L, each fit the definition for the

limit of a,,, then L; = L,.

15) Show that if b = lim b,, with b # 0 and b,, # 0 for any n

1
Thenlima = 5

1
16) show that if lim a,, = oo then lima— =0
n

17) Prove the Montone Convergence Theorem in the case that a,, is decreasing.

18) Show that the second version of the sequeezing theorem:
la,| < b, foreveryn andlimb,, = 0 = lima, =0
Follows directly from the first version, which stated:

a, < b, <c, foreverynandlima, =limc, =L = limb, =L

19) Complete the proof of Theorem 2.6
If x,, € [a, b] is a sequence withlim x,, = L, show that if L < a then there is some

X, < a which is a contradiction.

20) Let n; be a strictly increasing sequence of natural numbers.

Prove by induction thatn; = j.

21) Let a,, be a bounded sequence. Show that there exists a subsequence O,

with lim An; = liminfa,



S

c n = 3k forsome k € N
n? —2n
22) Leta, ={em"+——— n=3k—1forsomek €N
3n2 -1
—2n+1
_— n =3k — 2forsomek € N
\ n2—3n

(If you have not yet reached the part where we define the exponential function, you may

assume thatlime™ = 0)

Determine lim sup a,, and lim inf a,,.



Infinite Series

23) Determine whether the following series converge, state which test(s) you use:

n=1
® n
» ) 3(-3)
n=1
i n? —4n
) n*+2
n=1

(Check your answers using at wolframalpha.com).

24) Complete the proof that e* is bijective (3.14).

Lety >1and X = {x:e* < y}. @ = sup X.Suppoes e® > y.
1
Show that you can choose n so that a — - is an upper bound for X

(giving contradiction).

25) Prove the following properties of logarithms :
log(a?) = bloga (Recall: x* := ¢*!09%)

logab = loga +logh

a
logE =loga —logh

log b
logab — <R log, b = )
a ecalllog, og a



26) Prove the following properties of expressions like x® [for x > 0]

(You will likely want to use the properties of exponentials):

xa+b — xaxb
xab — (xa)b
x %= 1

_x—a



Limits of Functions and Continuity

27) Given L = lim f(x) exists,
X—C

Show that lim f(x) and lim+f(x) both exist and are both = L
X—=C X—=C

28) Prove directly from the e-§ definition the following results:
lim(f(x) + g(x)) = lim f(x) + lim g(x)

X—C X—C X—C

lim(f (x) g(x)) = lim f(x) lim g(x)

X—C X—C X—C

£(x) lim f(x)

m = X=¢
x=cg(x)  lim g(x)

so long aslim g(x) # 0 and g(x) # 0 sufficiently close to c
X—C

29) Prove that limits are unique.

30) Use the negation of the definition of uniform continuity to show that e* is not uniformly
continuous:
i.e., you need to show that

Jes0,S-ty Yes0, xcer St X —c| < Fand|e* —ef| > ¢



Differentiation and Differentiability

31) Use the limit definition of the derivative and the binomial theorem to show that

d
I (x™) =nx""1forn e W.

32) During the proof of Cauchy’s Generalised Mean Value theroem, we used the guess:

£ - f(@) £ - f(a)
9 —g@ O D @ ?

Which represents the vertical difference between the curve ( f (t)) and the secant line joining

h(t) = f(t) - (@)

the endpoints. By determining the equation of the secant line (between points (g(a), f(a)) anc

(g(b), f(b))), derive this guess for h(t).

33) Using L'Hospitals rule (and justifying that you can use it), evaluate:

X

a) lim (your answer should be in terms of n)

x—0

b) lim xInx
x-0%
1
) lim xx

X—00

a

x
34) Using L'Hospital’s rule, show that lim (1 + E) = e”* (this is a common

a—00

alternative definition for the exponential function).

5
35) Determine the maxima and minima of f(x) = x3 — Exz + Zxon [—1,1]



Functions as Infinite Series

36) Filling a gap in the proof of the Lagrange Remainder:

n

(k)
Given F(t) = F(x) — Zf k!(t) (x — D)
k=0
—Fo ()
Show that F'(t) = — (x—t)"
2 x3 x4 x5 x6 x7

x
37) I wish to approximatee* by 1 + x + — 4+ —+ —+

> t% 7227120 T 720 T 5040’ 70 <~
<05

(order 7 taylor polynomial of e*)

Using the Lagrange remainder, show that the error in this approximation is always

1
< 5000000

(You should use that e < 4, 8! = 40320 > 40000, 28 = 256 > 250)

38) Let f,, be a sequence of functions which converge uniformly on a closed interval I,
to a limit function f (also with domain I).

If each f,, is continuous at the endpoints of I, show that f is continuous at the endpoints of I.

n-—1
39) Prove thatx" —y" = (x —y) ) x™ 1 kyk forn e N
k=0
a) by induction
b) by considering >#Z% x""17*yk as a geometric series

(9]
40) By using the strong root test, show that the formal derivative, Z ka,x*t
k=1
(o]
has the same radius of convergence as z axk.
k=0



[00]

41) Given f(x) = Z a,(x — ¢)*, show (by induction) that f™(c) = n!a,

k=0

(you may assume that we can differentiate power series term-wise).

(_1)nx2n

W’ converges

42) Use the ratio test to show that the power series for cosine, z
k=0

forallx € R

43) Show that the Lagrange Remainder for the natural logarithm — 0 asn

— oo for

1
1 n+
X = E'AS we saw in the notes, the remainder is R,, = ) where € is

D" (x—-1
n+1< &

strictly between x and 1.



Integration

44) Given that a, f € R and thatlim f,, = f,lim g,
= g (both uniform limits), show

that lim(af,, + Bg,) = af + Bg converges uniformly (we already know that it

converges to this limit, but we need to check that the convergence is uniform).
45) Given that f(x) and g(x) are regulated, show that f(x)g(x) and |f (x)| are regulated.

46) We have seen in the notes that whena < b <,
b c c b
f f(x)dx + f flx)dx = j f(x)dx . Using the fact that f f(x)dx
a b a a

= —Laf(x)dx

a
(and that j flx)dx = O) , show that the result is true for any a,b,c € R

a

(assuming f is regulated on [min(a, b, c) , max(a, b, c)].
47) Suppose that f(x) = 0 for every x € [a, b] and there exists some ¢
€ [a, b] with

b
f(c) > 0 and that f is continuous on [a, b]. Show that f f(x)dx
a

> (. This is one of

my favourite proofs from this course. Try it yourself before looking at the hints.

48)

d
a) Use the quotient rule for differentiation to show thatd—tan x = sec?x

X
sin x
recall tanx =
cos x

b) Then use the inverse function rule for differentiation to show that



d
—arctanx =
dx 1+ x2

(arctan is the inverse of tan)

1

1512 dt = arctan x

X
c) Use integration by substitution to verify that indeed .[
0

(0]

sinx
49) Determine whether f

dx converges.
o 2x+e* 8

1 o
2 1 T
Z T cos(3*mx) dx, at one point, we had to evaluate sin (3" E)

50) When evaluating ]
% k=0
You can tell by looking at a graph of sine that this is (—1)*, but (for completeness), I want you ti

prove it by induction. You might want to use thatsin(3x) = 3 sinx — 4 sin? x.

i
Show (by induction) that sin (Sk E) = (—1)* for every integer k > 0.

51) ¢(x)

1
e2'"dt is a very important integral in probability and statistics (used

1 *
to find probabilities for a normal distribution). We cannot evaluate this integral directly by finding an
antiderivative (we will not discuss why not here)but we can evaluate it as an infinite series.

Find a power series for ¢(x), justifying each step. You may assume without proof that

1

$(0) =



Problem Sheet (with hints)

I recommend you use the no hints version of the problem sheet until you get stuck, then
look at this one for the hints.

[Hint: Hints appear like this]



Proof, Sets and the Real Numbers

1a) Let f: R > R with f(x) = x2.Show that f is neither injective nor surjective.
b) We wish to define vx = f~1(x) but we can't since f is not bijective.

We can solve this problem by restricting the domain to non-
negative real numbers (to get

injectivity) and restricting the codomain to non-
negative real numbers (to get surjectivity).

We can denote the set of non-negative real numbers as R

Let f: Ry = Ry with f(x) = x2. Show that f is bijective.

[Hint 1: for injectivity show that f(a) = f(b) = a = b]
[Hint 2: For surjectivity, you can simply note that the domain and codomain are the same (R5)]

2) Show that {0,1} forms a field if we define addition and multiplication in the usual way

except with 1 + 1 = 0. (Check the axioms of addition, multiplication, and distributivity).
3) Check that the rational numbers, Q form a field.

4)Leta<bandc <d, showthata+c<b+d

5)Let0<a<band0<c<d, show that ac < bd

6) Leta<bandc <0, show that bc < ac

7)Let0 < a < b, showthat0 < b™1 < a™?

8) Pascal’s Identity:

show that (1) + (4 4 1) = (5 1 1)



[Hint: If you’re struggling to get from LHS to RHS, you can

simplify the LHS and RHS into the same expression]

9) Show that the supremum is unique.i.e., Let a, § be supremums of S, show that

a=pf
10) Show that if f is non-empty and bounded below, that f has an infimum

[Hint: Consider the function —f(x) and use the axiom of completeness]

11) Completing the proof that V2 € R.

Let S = {x € R:x? < 2},a = sup S. Show that a? > 2 leads to a contradiction

[Hint: aim to find an upper bound whichis < «,

N
try to find an n such that (a - H) > 2]
12) Show that ||a| - |b|| < |a—b|

[Hint: you could do this by cases, but it might be

easier to observethat |a| = |b+ a — b| < |b| + |a — b|

if you can similarly show that |b| — |a — b| < |a|, you can
use Theorem 1.12 and you will be done]

13) Prove by induction that k! > 2** fork € N



Sequences

14) Show that limits of sequences are unique. That is, if L; and L, each fit the definition for the

limit of a,,, then L; = L,.

[Hint 1: use proof by contradiction, suppose L; # L, and lete = L

]

[Hint 2: show that you can find an n such that |a,, — L,| < € and |a,, — L,| < €]

[Hint 3: use the triangle inequality: |L; — L,| = |L; — a,, + a, — Ly|
< lap — Lil + lap — Lyl <2e = |Ly — Ly,

but |L, — L,| < |L; — L,| is a contradiction]

15) Show that if b = lim b,, with b # 0 and b,, # 0 for any n

1
Then lima = 5

[Hint: show that | b, | is has a lower bound C > 0 (hinges on b # 0)

1 1| _ |bp—b]

5~ 3| = pjip. then make |b,, — b| < eC|b|]

1
16) show that if lim a,, = oo then lima— =0
n

17) Prove the Montone Convergence Theorem in the case that a,, is decreasing.

[Hint: Shortcut, consider the sequence —a,, and apply the increasing case]

18) Show that the second version of the sequeezing theorem:

la,| < b, for everyn andlimb, = 0 = lima,, =0



Follows directly from the first version, which stated:

a, < b, <c,foreverynandlima, =limc, =L = limb, =L

[Hint: |a,| < b, © —b, < a, < b,]

19) Complete the proof of Theorem 2.6
If x,, € [a, b] is a sequence withlim x,, = L, show that if L < a then there is some

X, < a which is a contradiction.

20) Let n; be a strictly increasing sequence of natural numbers.

Prove by induction thatn; > j.

21) Let a,, be a bounded sequence. Show that there exists a subsequence n;
with lim An; = liminfa,

[Hint: See proof of 2.17a]

_1n
( (5) n = 3k for some k € N
n® —2n
22)Leta, ={em"4+———— n=3k—1forsomek €N
3n%2 -1
—2n+1
\ -3, n =3k — 2 forsome k € N

(If you have not yet reached the part where we define the exponential function, you may

assume thatlime™ = 0)

Determine lim sup a,, and lim inf a,,.



Infinite Series

23) Determine whether the following series converge, state which test(s) you use:

n=1
® n
» ) 3(-3)
n=1
i n? —4n
) n*+2
n=1

(Check your answers using at wolframalpha.com).

24) Complete the proof that e* is bijective (3.14).

Lety >1and X = {x:e* < y}. @ = sup X.Suppoes e® > y.
1
Show that you can choose n so that a — - is an upper bound for X

(giving contradiction).

25) Prove the following properties of logarithms :
log(a?) = bloga (Recall: x* := ¢*!09%)

logab = loga +logh

a
logE =loga —logh

log b
logab — <R log, b = )
a ecalllog, og a



26) Prove the following properties of expressions like x® [for x > 0]

(You will likely want to use the properties of exponentials):

xa+b — xaxb
xab — (xa)b
x %= 1

_x—a



Limits of Functions and Continuity

27) Given L = lim f(x) exists,
X—C

Show that lim f(x) and 1im+f(x) both exist and are both = L
X—=C X—=C

28) Prove directly from the e-§ definition the following results:
lim(f(x) + g(x)) = lim f(x) + lim g(x)

X—C X—C X—C

lim( f(x) g(x)) = lim f(x) lim g(x)

X—C X—C X—C

£(x) lim f(x)

m = X=¢
x=cg(x)  lim g(x)

so long aslim g(x) # 0 and g(x) # 0 sufficiently close to c
X—C

[Hint: these proofs are similar to the analogous proofs for sequences]
29) Prove that limits are unique.
[Hint: see hint for Q14]

30) Use the negation of the definition of uniform continuity to show that e* is not uniformly
continuous:
i.e., you need to show that

J,50,8. L., V>0, Iy cers S- |x —c| < §and |e* —e€| = ¢

[Hint 1: Any choice of € > 0 will end up working, so let e = 1, then let§ > 0.
Your task is now to find any pair of real numbers x, ¢ so that |x — ¢| < § but |[e* — e€| > 1.

(you should expect these x, ¢ to depend on §)]
[Hint2: letx = ¢ — g (ensures |x — c¢| < 6) then

rearrange |e* — e¢| = 1 tofind c.



If there is a solution, you now have x, ¢ such that

|x —c| < 6 and |e* — e€| = 1(= ¢) and you are done.

(You should get c = log< 1_5>)]

1-e2



Differentiation and Differentiability

31) Use the limit definition of the derivative and the binomial theorem to show that

d
o (x™) = nx" ! forn € W.Remember W = {0,1,2,3, -+ }

32) During the proof of Cauchy’s Generalised Mean Value theroem, we used the guess:

£ - f(@) F®) - f(a)
9 —g@ O D @ ?

Which represents the vertical difference between the curve ( f (t)) and the secant line joining

h(t) = f(t) — (a)

the endpoints. By determining the equation of the secant line (between points (g(a), f(a)) anc

(g(b), f(b))), derive this guess for h(t).

[Hint: When you find the height of the secant line in the form mx + ¢,

make sure to substitute x = g(t) to getitin terms of t and not x]

33) Using L'Hospitals rule (and justifying that you can use it), evaluate:

X

a) lim (your answer should be in terms of n)

x—0

b) lim xInx
x—0

. Inx
[Hint: xInx = 1/—x]

) lim xx

X—00

1 llnx Inx
[Hint: Write xx = ex =e x|

a

X
34) Using L'Hospital’s rule, show that lim (1 + E) = e* (this is a common

a—00

alternative definition for the exponential function).



a . X
[Hint: write lim (1 + %) — limalog(1+43) then yge L’Hopital’s rule to

evaluate exp (0161_{1(')1o alog (1 + g)) = exp ( lim log(1+E)>]

a—oo 1/a

35) Determine the maxima and minima of f(x) = x3 — Exz + Zxon [—1,1]

[Hint 1: The only places where maxima and minima can possibly occur are;
where the derivative is 0; where the function is not differentiable;
endpoints (since the theorem which says minima and

axima have derivative 0 only work for interior points)]



Functions as Infinite Series

36) Filling a gap in the proof of the Lagrange Remainder:

Given F(t) = f(x) — Zn:f(k:'(t) (x —t)k
k=0 '
Show that F'(t) = w(x —t)"
[Hint: Method of differences]
x2 x3 x4— x5 x6 x7

: _ X x° xt X
37) I wish to approximate e* by 1 + x + > + G + >4 + 170 + =20 + 2020

,for 0
<x<0.5

(order 7 taylor polynomial of e*)

Using the Lagrange remainder, show that the error in this approximation is always

1
< 5000000

(You should use that e < 4, 8! = 40320 > 40000, 28 = 256 > 250)
[Hint: 0 < € < 0.5]

38) Let f,, be a sequence of functions which converge uniformly on a closed interval I,
to a limit function f (also with domain I).

If each f,, is continuous at the endpoints of I, show that f is continuous at the endpoints of I.

[Hint: this is finishing the proof of theorem 6.3 and

almost identical to the proof for interior points]

n-1

39) Prove that x™ — y™ = (x — y) Z x"17kyk forn € N
k=0

a) by induction



b) by considering > #_5 x""17*yk as a geometric series

(00]
40) By using the strong root test, show that the formal derivative, Z ka,xk1
k=1

e}

has the same radius of convergence as Z a,xk.
k=0

[Hint 1: X5, kagx*~1 = iz,(f:l kayx* for x # 0, so you should
consider the radius of convergence of Y7 ka,x* instead]

1
[Hint 2: You will need to show that lim sup kk = 1.

You can do this by considering logarithms:

logk
kK = eO = 1]

1 1 .
lim kx = ellm;logk _ ellm

[0¢]

41) Given f(x) = Z a,(x — ¢)*, show (by induction) that f™(c) = n!a,

k=0

(you may assume that we can differentiate power series term-wise).

[Hint 1: instead of applying induction directly, you should use induction

to prove a general form for f(n) (x). Then use this to find f(") ()]

[Hint 2: You should try to show that f ™ (x) = Z,f’:n%ak(x — o)k

had (_1)nx2n
42) Use the ratio test to show that the power series for cosine, W

k=0

,converges

forallx e R



43) Show that the Lagrange Remainder for the natural logarithm — 0 asn

— oo for

1 | o (=" (x—1\"" |
x = E'AS we saw in the notes, the remainder is R,, = e where ¢ is

strictly between x and 1.

[Hint 1: consider x € E, 1) separately from x € (1,2]
(we canignorex = lasR,, = 0forx = 1)]
[Hint 2: x € (1,2] is the easier case. Not that ¢ € (1,2), and

x—1€(0,1],meaning0<x—1<f:>0<xT_1<1.Then

x—=1 n+l . . ..
(T) becomes a geometric sequence with limit 0]

[Hint3:x € E, 1) is harder. Note that% <¢é¢<land

1 1
Sx<l=-5<x-1<020<l-x<-<¢

N| —

th ider |R, | = L (lx—1\™ d noti
en consiaer nl = n+ 1 f anda notice

that again we have a geometric sequence which — 0]



Integration

44) Given that a, f € R and thatlim f,, = f,lim g,
= g (both uniform limits), show

that lim(af,, + Bg,) = af + Bg converges uniformly (we already know that it

converges to this limit, but we need to check that the convergence is uniform).

[Hint: the proof is literally identical to the proof that
lim(ax, + By,) = alimx, + B lim y, where x,,, y, are
sequences of constants. This is because the choices of N;, N,

are independent of x (because uniform convergence).]

45) Given that f(x) and g(x) are regulated, show that f(x)g(x) and |f(x)| are regulated.

46) We have seen in the notes that whena < b <,
b c c b
f fo)dx + f fx)dx = f f(x)dx . Using the fact that f f(x)dx
a b . a a
= —j f(x)dx
b

a
(and that J f(x)dx = 0) , show that the result is true for any a, b,c € R
a

(assuming f is regulated on [min(a, b, ¢) , max(a, b, c)].

[Hint: In the case thata < b you have 5 cases:
a<b<c(alreadydone),a<b=c,a<c<bc=a<bc<a<bhb
Inthe case b < a you have another 5 cases:
b<a<cb<a=cb<c<ac=b<ac<b<a

Inthe case a = b there are 3 more cases:
a=b<c,a=b=c,c<a=b

You can do all cases separately if you like (or skip the question once you’ve got the idea



or you might be able to spot some symmetries and write “WLOG” to skip some cases.]

47) Suppose that f(x) = 0 for every x € [a, b] and there exists some ¢
€ [a, b] with

b
f(c) > 0 and that f is continuous on [a, b]. Show that j f(x)dx
a
> (. This is one of

my favourite proofs from this course. Try it yourself before looking at the hints.

[Hint: use the -4 definition of continuity and set ¢ = %

to find aninterval (¢ — 6, ¢ + &) inwhich |f(x) — f(c)| < %_]

[Hint 2: Then % < f(x) on this interval so use monotonicty:

0< %C) (b—a) < f:f(x)dx and you are done!]

48)

a) Use the quotient rule for differentiation to show that—tan x = sec? x

dx
sin x
(recall tan x := )
COS X

b) Then use the inverse function rule for differentiation to show that

d

—arctanx = arctan is the inverse of tan

dx 14 x? ( )
* 1

c) Use integration by substitution to verify that indeed f 1712 dt = arctan x
0

[Hint: You will need to use the identity 1 + tan? x = sec? x, which can be easily obtained

by taking sin? x + cos? x = 1 and dividing both sides by cos? x.]

co

sinx
49) Determine whether f

———dx converges.
0 2x+e* 8



[Hint 1: Consider X7 - o and use the integral test for convergence.]

1 1

<=l

— 2n+en e

sinn

[Hint 2: Compare to a geometric series. Forn = 0,

2n+en

1 o
2 1
50) When evaluating j z % C cos(3*mx) dx, at one point, we had to evaluate sin (3" 2)
k=0

You can tell by looking at a graph of sine that this is (—1)*, but (for completeness), I want you t

prove it by induction. You might want to use thatsin(3x) = 3 sinx — 4 sin3 x.
. . . kT k .
Show (by induction) that sin (3 E) = (—1)" for every integer k > 0.

51) ¢(x)

e 2 “dt isa very important integral in probability and statistics (used

-l
to find probabilities for a normal distribution). We cannot evaluate this integral directly by finding an
antiderivative (we will not discuss why not here)but we can evaluate it as an infinite series.

Find a power series for ¢(x), justifying each step. You may assume without proof that

1
$(0) = >

t2 2
[Hint 1: Write e 2 by using the power series definition of e*, replacing x by — %.]

[Hint 2: (By additivity) ¢(x) = ¢(0) + foxe-tzdt = %+ foxe'tzdt]

[Hint 3: Use M-test to show that you may swap f and)..

(_1)kt2k tZk xzk

2Kkk!

= M, (this is fine since x is fixed)]

= 2 = 2Kkl



x2

[Hint 4: to show that };;"_, M, converges, either use the ratio test, or note that itequals e 2 .]

(_l)kx2k+1

e (OF equivalent)]

. iths 4 Ly
[Ans: you should end up with > + ﬁzk:o
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  a , b , c ∈ F


  Axioms   of   addition :


  Commutativity : a + b = b + a  


  Commutativity : a + b = b + a  


  Associativity :  ( a + b ) + c = a +  ( b + c )  


  Associativity :  ( a + b ) + c = a +  ( b + c )  


  Identity :  ∃  0 ∈ F   s . t . ,      ∀  a ∈ F ,     a + 0 = a


  Identity :  ∃  0 ∈ F   s . t . ,      ∀  a ∈ F ,     a + 0 = a


  we   call   this   " 0 "   the   " additive   identity "


  Inverses :  ∀  a ∈ F ,    ∃  − a ∈ F   s . t . ,   a +  ( − a ) = 0


  Inverses :  ∀  a ∈ F ,    ∃  − a ∈ F   s . t . ,   a +  ( − a ) = 0


  we   call   this   " − a "   the   " additive   inverse "   of   a  


  we   call   this   " − a "   the   " additive   inverse "   of   a  


   ( we   often   write   a × b   as   a ⋅ b   or   simply   a b )


  Axioms   of   multiplication :


  Axioms   of   multiplication :


  Commutativity : a b = b a


  Commutativity : a b = b a


  Associativity :  ( a b ) c = a  ( b c )


  Associativity :  ( a b ) c = a  ( b c )


  Identity :  ∃  1 ∈ F   s . t . ,      ∀  a ∈ F ,     a ⋅ 1 = a


  Identity :  ∃  1 ∈ F   s . t . ,      ∀  a ∈ F ,     a ⋅ 1 = a


  We   call   this   " 1 "   the   " multiplicitive   identity "


  We   call   this   " 1 "   the   " multiplicitive   identity "


  Inverses :  ∀  a ∈ F   with   a ≠ 0  ∃    a  − 1 ∈ F   s . t . ,     a   a  − 1 = 1


  Inverses :  ∀  a ∈ F   with   a ≠ 0  ∃    a  − 1 ∈ F   s . t . ,     a   a  − 1 = 1


  We   call     a  − 1   the   " multiplicitive   inverse "   of   a .


  We   call     a  − 1   the   " multiplicitive   inverse "   of   a .


  0   is   not   required   to   have   a   multiplicitve   inverse   as   this   leads   to   problems    ( as   we   will   see   later ) .


  0   is   not   required   to   have   a   multiplicitve   inverse   as   this   leads   to   problems    ( as   we   will   see   later ) .


  Axiom   of   distributivity :


  a ×  ( b + c ) = a b + a c    ∀  a , b , c ∈ 𝔽


  a ×  ( b + c ) = a b + a c    ∀  a , b , c ∈ 𝔽


  which   connects   multiplication   and   addition


  which   connects   multiplication   and   addition
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  0 ⋅ 0 = 0 ,     0 ⋅ 1 = 0 ,     1 ⋅ 0 = 0 ,     1 ⋅ 1 = 1
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  Axioms   of   order :


  Trichotomy :  ∀  a , b ∈ F ,   exactly   one   of   the   following   is   true : a < b ,     a = b ,     b < a


  Trichotomy :  ∀  a , b ∈ F ,   exactly   one   of   the   following   is   true : a < b ,     a = b ,     b < a


  Transitivity :  ( a < b   and   b < c ) ⇒ a < c


  Transitivity :  ( a < b   and   b < c ) ⇒ a < c


  Monotony   of   addition :  ∀  a , b , c ∈ F ,     a < b ⇒ a + c < b + c


  Monotony   of   addition :  ∀  a , b , c ∈ F ,     a < b ⇒ a + c < b + c


  Monotony   of   multiplication :  ∀  a , b , c ∈ F   with   0 < c ,     a < b ⇒ a c < b c


  Monotony   of   multiplication :  ∀  a , b , c ∈ F   with   0 < c ,     a < b ⇒ a c < b c
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   ( a < b   or   a = b )
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   ( a > b   or   a = b )
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  Theorem   1 . 1 :   0 ⋅ a = 0    ∀  a ∈ F


  pf :


  pf :


  0 ⋅ a


  0 ⋅ a


  =  ( 0 + 0 ) ⋅ a    ( 0   is   an   additive   identity )


  =  ( 0 + 0 ) ⋅ a    ( 0   is   an   additive   identity )


  = 0 ⋅ a + 0 ⋅ a    ( distributivity )


  = 0 ⋅ a + 0 ⋅ a    ( distributivity )


  0 ⋅ a = 0 ⋅ a + 0 ⋅ a


  0 ⋅ a ∈ F


  − 0 ⋅ a


  0 ⋅ a +  ( − 0 ⋅ a ) = 0 ⋅ a + 0 ⋅ a +  ( − 0 ⋅ a )


  0 = 0 ⋅ a + 0    ( since   an   element   plus   it ′ s   additive   inverse   is   0 )


  0 = 0 ⋅ a + 0    ( since   an   element   plus   it ′ s   additive   inverse   is   0 )


  0 = a ⋅ 0    ( since   0   is   the   additive   identity )


  0 = a ⋅ 0    ( since   0   is   the   additive   identity )


  a ⋅ 0 = 0


  a ⋅ 0 = 0


  − 1 × a = − a


  Theorem   1 . 2 :   − 1 × a = − a   for   every   a


  pf :


  pf :


  − 1


  1 +  ( − 1 ) = 0


  − a


  a +  ( − a ) = 0


  a


  1 +  ( − 1 ) = 0


   ( 1 +  ( − 1 ) ) a = 0 a


   ( 1 +  ( − 1 ) ) a = 0 a


  1 a +  ( − 1 ) a = 0


  1 a +  ( − 1 ) a = 0


  using   distributivity   and   that   0 a = 0    ( our   first   theorem )


  using   distributivity   and   that   0 a = 0    ( our   first   theorem )


  a +  ( − 1 ) a = 0


  a +  ( − 1 ) a = 0


  − a


  a +  ( − a ) = 0


   ( − 1 ) a


  − 1 × a = − a


  − 1 × a = − a


   ( − 1 )  ( − 1 ) = 1


  Theorem   1 . 3 :  ( − 1 )  ( − 1 ) = 1


  pf :


  pf :


   ( − 1 ) ×  ( − 1 ) = −  ( − 1 ) ,   which   is ,   by   definition ,   the   additive   inverse   of    ( − 1 )


   ( − 1 ) ×  ( − 1 ) = −  ( − 1 ) ,   which   is ,   by   definition ,   the   additive   inverse   of    ( − 1 )


  1 +  ( − 1 ) = 0    ( by   definition )


  1 +  ( − 1 ) = 0    ( by   definition )


   ( − 1 ) + 1 = 0    ( commutativity   of   addition )


   ( − 1 ) + 1 = 0    ( commutativity   of   addition )


  so   1   is   the   additive   inverse   of    ( − 1 )


  so   1   is   the   additive   inverse   of    ( − 1 )


  i . e . ,   −  ( − 1 ) = 1


  i . e . ,   −  ( − 1 ) = 1


  meaning    ( − 1 ) ×  ( − 1 ) = 1   as   required .


  meaning    ( − 1 ) ×  ( − 1 ) = 1   as   required .


   ( − a )  ( − a ) =   a 2


    a 2


  a × a


  Theorem   1 . 4 : if   a > 0   then − a < 0


  and   if   a < 0   then − a > 0


  and   if   a < 0   then − a > 0


  pf :


  If   a > 0 ,   we   can   use   monotony   of   addition   to   add    ( − a )   to   both   sides


  If   a > 0 ,   we   can   use   monotony   of   addition   to   add    ( − a )   to   both   sides


  a +  ( − a ) > 0 +  ( − a )


  a +  ( − a ) > 0 +  ( − a )


  0 > − a ,     i . e . , − a < 0


  0 > − a ,     i . e . , − a < 0


  If   a < 0 ,     we   do   the   same ,     a +  ( − a ) < 0 +  ( − a ) ⇒ 0 < − a ⇒ − a > 0


  If   a < 0 ,     we   do   the   same ,     a +  ( − a ) < 0 +  ( − a ) ⇒ 0 < − a ⇒ − a > 0


  Finally :
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  Theorem   1 . 5 :
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  If   a ≠ 0   then     a 2 > 0
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  a ⋅ a > 0 ⋅ a    ( monotony   of   multiplication )


  a ⋅ a > 0 ⋅ a    ( monotony   of   multiplication )
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    ∑  k = a  b  f  ( k ) ≔ f  ( a ) + f  ( a + 1 ) + f  ( a + 2 ) + ⋯ + f  ( b − 1 ) + f  ( b )
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  a ≤ b


    ∑  k = a  a  f  ( k ) = f  ( a ) ,       ∑  k = a  b + 1  f  ( k ) =   ∑  k = a  b  f  ( k ) + f  ( b + 1 )


  Prove     ∑  k = 1  n 1 = n


  1 + 1 + ⋯ + 1
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  LHS =   ∑  k = 1 1 1 = 1


  RHS = 1


  RHS = 1
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  We   want   to   show   that     ∑  k = 1  n + 1 1 = n + 1


    ∑  k = 1  n + 1 1 =   ∑  k = 1  n 1 + 1 = n + 1


    ∑  k = 1  n + 1 1 =   ∑  k = 1  n 1 + 1 = n + 1


     ( a + b )  n =   ∑  k = 0  n    a  k   b  n − k  (    n   k )


   (    n   k ) =   n !  k !  ( n − k ) !


  n


  k


  0 ! = 1 ,     n ! = n  ( n − 1 ) ! ,     for   n ∈ ℕ


    x  n :


    x 0 = 1 ,       x  n = x ⋅   x  n − 1 ,     for   n ∈ ℕ
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  n
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  1   1


  1   1


  1   2   1


  1   2   1


  1   3   3   1


  1   3   3   1


  1   4   6   4   1


  1   4   6   4   1


  ⋮


  ⋮


   (    n   k ) +  (    n   k + 1 ) =  (    n + 1   k + 1 )


  Binomial   Theorem    ( 1 . 6 ) :      ( a + b )  n =   ∑  k = 0  n    a  k   b  n − k  (    n   k )    ∀  n ∈ 𝕎


  Basis : when   n = 0 :


  Basis : when   n = 0 :


  LHS =    ( a + b ) 0 = 1


  LHS =    ( a + b ) 0 = 1


  RHS =    ( a + b )  n =   ∑  k = 0 0    a  k   b  0 − k  (    0   k ) =   a 0   b  0 − 0  (    0   0 )


  RHS =    ( a + b )  n =   ∑  k = 0 0    a  k   b  0 − k  (    0   k ) =   a 0   b  0 − 0  (    0   0 )


  =  (    0   0 ) =   0 !  0 !  ( 0 − 0 ) ! =  1  1 ⋅ 1 = 1 = LHS


  =  (    0   0 ) =   0 !  0 !  ( 0 − 0 ) ! =  1  1 ⋅ 1 = 1 = LHS


  Hence   true   for   0    ( A  ( 0 ) )


  Hence   true   for   0    ( A  ( 0 ) )


  Assume   true   for   some   n ,


  Assume   true   for   some   n ,


  Show   true   for   n + 1 :  ( It ′ s   often   good   to   start   with   the   more   complicated   side )


  Show   true   for   n + 1 :  ( It ′ s   often   good   to   start   with   the   more   complicated   side )


    ∑  k = 0  n + 1    a  k   b  n + 1 − k  (    n + 1   k )


  =   ∑  k = 0  n    a  k   b  n + 1 − k  (    n + 1   k ) +   a  n + 1   b 0  (    n + 1   n + 1 ) =   ∑  k = 0  n    a  k   b  n + 1 − k  (    n + 1   k ) +   a  n + 1


  =   ∑  k = 0  n    a  k   b  n + 1 − k  (    n + 1   k ) +   a  n + 1   b 0  (    n + 1   n + 1 ) =   ∑  k = 0  n    a  k   b  n + 1 − k  (    n + 1   k ) +   a  n + 1


  =   b  n + 1 +   ∑  k = 1  n    a  k   b  n + 1 − k  (    n + 1   k ) +   a  n + 1   to   get   some   symmetry


  =   b  n + 1 +   ∑  k = 1  n    a  k   b  n + 1 − k  (    n + 1   k ) +   a  n + 1   to   get   some   symmetry


    ∑  k = 0  n    a  k   b  n − k  (    n   k )


  k


  k + 1


    b  n + 1 +   ∑  k = 0  n − 1    a  k + 1   b  n − k  (    n + 1   k + 1 ) +   a  n + 1


    ∑  k = a  b  f  ( k ) =   ∑  k = a − 1  b − 1  f  ( k + 1 ) = f  ( a ) + ⋯ + f  ( b )


    b  n + 1 +   ∑  k = 0  n − 1    a  k + 1   b  n − k  (    n   k ) +   ∑  k = 0  n − 1    a  k + 1   b  n − k  (    n   k + 1 ) +   a  n + 1


  =   b  n + 1 +   ∑  k = 0  n − 1    a  k + 1   b  n − k  (    n   k ) +   ∑  k = 1  n    a  k   b  n − k + 1  (    n   k ) +   a  n + 1


  =   b  n + 1 +   ∑  k = 0  n − 1    a  k + 1   b  n − k  (    n   k ) +   ∑  k = 1  n    a  k   b  n − k + 1  (    n   k ) +   a  n + 1


  =  (   a  n + 1 +   ∑  k = 0  n − 1    a  k + 1   b  n − k  (    n   k ) ) +  (   b  n + 1 +   ∑  k = 1  n    a  k   b  n − k + 1  (    n   k ) )


  =  (   a  n + 1 +   ∑  k = 0  n − 1    a  k + 1   b  n − k  (    n   k ) ) +  (   b  n + 1 +   ∑  k = 1  n    a  k   b  n − k + 1  (    n   k ) )


  =   ∑  k = 0  n    a  k + 1   b  n − k  (    n   k ) +   ∑  k = 0  n    a  k   b  n − k + 1  (    n   k )


  =   ∑  k = 0  n    a  k + 1   b  n − k  (    n   k ) +   ∑  k = 0  n    a  k   b  n − k + 1  (    n   k )


  = a   ∑  k = 0  n    a  k   b  n − k  (    n   k ) + b   ∑  k = 0  n    a  k   b  n − k  (    n   k )


  = a   ∑  k = 0  n    a  k   b  n − k  (    n   k ) + b   ∑  k = 0  n    a  k   b  n − k  (    n   k )


  =  ( a + b )   ∑  k = 0  n    a  k   b  n − k  (    n   k )


  =  ( a + b )   ∑  k = 0  n    a  k   b  n − k  (    n   k )


  =  ( a + b )    ( a + b )  n


  =  ( a + b )    ( a + b )  n


  =    ( a + b )  n + 1


  =    ( a + b )  n + 1


  A  ( n ) ⇒ A  ( n + 1 )


     ( a + b )  n =   ∑  k = 0  n    a  k   b  n − k  (    n   k ) ,      ∀  n ∈ ℕ   as   required


  A


  A


  ¬ A


  A


  A


   2


   2 ∉ ℚ


   2


  Theorem   1 . 7    ( Irrationality   of    2 ) : There   exists   no   x ∈ ℚ   such   that     x 2 = 2


  Proof :


  Proof :


  Assume   for   the   sake   of   contradiction ,   that   there   does   exists   such   an   x .


  Assume   for   the   sake   of   contradiction ,   that   there   does   exists   such   an   x .


  We   can   write :


  We   can   write :


  x =   p  q


  x =   p  q


  where   p   and   q   are   integers   with   no   common   factors .


  where   p   and   q   are   integers   with   no   common   factors .


  If   they   did   have   common   factors ,   we   could   just   cancel   out   highest   common   factor   to   get   it


  If   they   did   have   common   factors ,   we   could   just   cancel   out   highest   common   factor   to   get   it


  into   this   form .   Then


  into   this   form .   Then


    x 2 = 2 =    (   p  q ) 2


    x 2 = 2 =    (   p  q ) 2


  2 =     p 2    q 2


  2 =     p 2    q 2


  2   q 2 =   p 2


  2   q 2 =   p 2


  2   q 2   is   even   so     p 2   is   even


  2   q 2   is   even   so     p 2   is   even


  p   is   an   integer   so   it   is   either   odd   or   even .


  p   is   an   integer   so   it   is   either   odd   or   even .


  Even   numbers   can   be   written   as   2 k   and      ( 2 k ) 2 = 4   k 2 = 2 ⋅ 2  k 2   which   is   even


  Even   numbers   can   be   written   as   2 k   and      ( 2 k ) 2 = 4   k 2 = 2 ⋅ 2  k 2   which   is   even


  Odd   numbers   can   be   written   as   2 k + 1   and      ( 2 k + 1 ) 2 = 4   k 2 + 4 k + 1


  = 2  ( 2   k 2 + 2 k ) + 1   which   is   odd .


  = 2  ( 2   k 2 + 2 k ) + 1   which   is   odd .


  This   tells   us   that   since     p 2   is   even ,   p   must   also   be   even    ( since   if   p   were   odd ,     p 2   would   be   odd ) .


  This   tells   us   that   since     p 2   is   even ,   p   must   also   be   even    ( since   if   p   were   odd ,     p 2   would   be   odd ) .


  Therefore   we   can   write     p 2   as   4   k 2   for   some   integer   k .


  Therefore   we   can   write     p 2   as   4   k 2   for   some   integer   k .


  2   q 2 = 4   k 2


  2   q 2 = 4   k 2


    q 2 = 2   k 2


    q 2 = 2   k 2


  2   k 2   is   even   so     q 2   must   be   even .   By   the   same   reasoning   as   before ,   q   is   even


  2   k 2   is   even   so     q 2   must   be   even .   By   the   same   reasoning   as   before ,   q   is   even


  We   now   have   that   p   and   q   each   have   a   factor   of   2   which   contradicts   the   assumption   that   they


  We   now   have   that   p   and   q   each   have   a   factor   of   2   which   contradicts   the   assumption   that   they


  had   no   common   factors .   This   means   that   the   assumption   was   wrong   ( remember   the   assumption


  had   no   common   factors .   This   means   that   the   assumption   was   wrong   ( remember   the   assumption


  was   that   there   is   a   rational   number   who ′ s   square   is   2 ) .   We   have   shown   that   there   is   no   such   number ,


  was   that   there   is   a   rational   number   who ′ s   square   is   2 ) .   We   have   shown   that   there   is   no   such   number ,


  in   other   words ,    2 ∉ ℚ .


  in   other   words ,    2 ∉ ℚ .


  Defn :   A   set   of   real   numbers   S ⊆ ℝ   is   𝐛 𝐨 𝐮 𝐧 𝐝 𝐞 𝐝   𝐚 𝐛 𝐨 𝐯 𝐞   iff


   ∃  M ∈ ℝ   s . t . ,      ∀  x ∈ S ,     M ≥ x  


   ∃  M ∈ ℝ   s . t . ,      ∀  x ∈ S ,     M ≥ x  


  M


  S


  Defn :   A   set   of   real   numbers   S ⊆ ℝ   is   𝐛 𝐨 𝐮 𝐧 𝐝 𝐞 𝐝   𝐛 𝐞 𝐥 𝐨 𝐰   iff


   ∃  m ∈ ℝ   s . t . ,      ∀  x ∈ S ,     m ≤ x  


   ∃  m ∈ ℝ   s . t . ,      ∀  x ∈ S ,     m ≤ x  


  m


  S


  𝐛 𝐨 𝐮 𝐧 𝐝 𝐞 𝐝


  Defn : Given   a   set   S ⊆ ℝ ,   we   call   𝛼   a   𝐥 𝐞 𝐚 𝐬 𝐭   𝐮 𝐩 𝐩 𝐞 𝐫   𝐛 𝐨 𝐮 𝐧 𝐝   for   S   iff :


  𝛼   is   an   upper   bound   for   S   and   for   every   upper   bound   M ,   𝛼 ≤ M


  𝛼   is   an   upper   bound   for   S   and   for   every   upper   bound   M ,   𝛼 ≤ M


  𝛼


  𝐬 𝐮 𝐩 𝐫 𝐞 𝐦 𝐮 𝐦


  S


  𝛼 =  sup ⁡  S


  𝐢 𝐧 𝐟 𝐢 𝐦 𝐮 𝐦


  Defn : Given   a   set   S ⊆ ℝ ,   we   call   𝛽   an   𝐢 𝐧 𝐟 𝐢 𝐦 𝐮 𝐦   for   S   iff :


  𝛽   is   a   lower   bound   for   S   and   for   every   lower   bound   m ,   𝛽 ≥ m


  𝛽   is   a   lower   bound   for   S   and   for   every   lower   bound   m ,   𝛽 ≥ m


  𝛽 =  inf ⁡  S


  Axiom   of   Completeness :


  Every   non


  empty   set   of   real   numbers   which   is   bounded   above ,   has   a   least   upper   bound .


  Theorem   of   Archimedes    ( 1 . 8 ) :  ∀  x ∈ ℝ ,      ∃  n ∈ ℕ s . t . ,     n > x


  x


  n


  x


  pf :


   ∃  x ∈ ℝ ,     such   that    ∀  n ∈ ℕ ,     x ≥ n


  ∃


  ∀


  n > x


  x ≥ n


  1 ∈ ℕ


  ℕ


   ∃  𝛼 ∈ ℝ   such   that   𝛼 =  sup ⁡ ℕ


  𝛼


  𝛼 ≥ n


  n ∈ ℕ


  𝛼


  𝛼


  𝛼 − 1 < 𝛼


  𝛼 − 1


  n ∈ ℕ


  𝛼 − 1 < n


  𝛼 − 1


  𝛼 − 1 < n ⇒ 𝛼 < n + 1


  n ∈ ℕ


  1 ∈ ℕ


  n + 1 ∈ ℕ


  𝛼


  𝛼


  for   every   real   number   x ,   there   exists   a   natural   number   n   such   that   n > x


   2


   2


  Theorem   1 . 9 : there   exists   a   positive   x ∈ ℝ   such   that ,     x 2 = 2


  pf :


  pf :


   2


   2


  S =  { x ∈ ℝ :     x 2 < 2 }


  2


   sup ⁡  S =  2


  𝛼 =  sup ⁡  S


    𝛼 2 = 2


  𝛼 > 0


  S


  S


  1 ∈ ℝ   and    1 2 = 1 < 2   so   1 ∈ S


  2


  x


  S


  x ≤ 2


  Let   x ∈ S


    x 2 < 2 < 4 <  2 2


    x 2 < 2 < 4 <  2 2


  so     x 2 <  2 2


  so     x 2 <  2 2


  ⇒ x < 2


  ⇒ x < 2


  S


  𝛼 =  sup ⁡  S


  𝛼 > 0


  𝛼


  S


  1 ∈ S


  𝛼 ≥ 1 > 0


  𝛼


    𝛼 2


    𝛼 2 = 2


    𝛼 2 < 2


    𝛼 2 > 2


    𝛼 2 = 2


    𝛼 2 < 2


  Suppose     𝛼 2 < 2


  𝛼


  𝛼


  2


    𝛼 2 < 2


    𝛼 2 < 2


  𝛼


  S


  𝛼


  𝛼


  𝛼


  S


  𝛼


  x = 𝛼 +  1  n > 𝛼


  n


  x


  𝛼


  x


  𝛼


  n


  𝛼


   ( x > 𝛼 )


  n


  x ∈ S


  x ∈ S


    x 2 < 2


     ( 𝛼 +  1  n ) 2 < 2


    𝛼 2 +   2 𝛼  n +  1    n 2 < 2


  n


    𝛼 2 < 2


   1    n 2


   1    n 2 ≤  1  n


    𝛼 2 +   2 𝛼  n +  1    n 2 ≤   𝛼 2 +   2 𝛼  n +  1  n =   𝛼 2 +   2 𝛼 + 1  n


   (   𝛼 2 +   2 𝛼 + 1  n )


   1    n 2


    𝛼 2 +   2 𝛼 + 1  n < 2


    𝛼 2 +   2 𝛼  n +  1    n 2 ≤   𝛼 2 +   2 𝛼 + 1  n < 2


  ⇒   𝛼 2 +   2 𝛼  n +  1    n 2 < 2


  ⇒   𝛼 2 +   2 𝛼  n +  1    n 2 < 2


  ⇒    ( 𝛼 +  1  n ) 2 < 2


  ⇒    ( 𝛼 +  1  n ) 2 < 2


  n


    𝛼 2 +   2 𝛼 + 1  n < 2


    2 𝛼 + 1  n < 2 −   𝛼 2


  n


  n ∈ ℕ


  2 −   𝛼 2


    𝛼 2 < 2


  2 −   𝛼 2 > 0


    2 𝛼 + 1  2 −   𝛼 2 < n


  n


    2 𝛼 + 1  2 −   𝛼 2


  n


  n


     ( 𝛼 +  1  n ) 2 < 2


  𝛼 +  1  n ∈ S


  𝛼 +  1  n > 𝛼


  𝛼


    𝛼 2 < 2


    𝛼 2 > 2


  𝛼


  𝛼


    𝛼 2 = 2


  𝛼 > 0


  𝛼


   2


   2 ∈ ℝ


  Def :   An   interval   I   is   a   set   such   that ,      ∀  a , b ∈ I   with   a < b ,     a < c < b ⇒ c ∈ I


  a


  b


  a


  b


   ( a , b ) ≔  { x ∈ ℝ : a < x < b }


   ( a , b ] ≔  { x ∈ ℝ : a < x ≤ b }


   ( a , b ] ≔  { x ∈ ℝ : a < x ≤ b }


   [ a , b ) ≔  { x ∈ ℝ : a ≤ x < b }


   [ a , b ) ≔  { x ∈ ℝ : a ≤ x < b }


   [ a , b ] ≔  { x ∈ ℝ : a ≤ x ≤ b }


   [ a , b ] ≔  { x ∈ ℝ : a ≤ x ≤ b }


   ( − ∞ , b ) ≔  { x ∈ ℝ : x < b }


   ( − ∞ , b ) ≔  { x ∈ ℝ : x < b }


   ( − ∞ , b ] ≔  { x ∈ ℝ : x ≤ b }


   ( − ∞ , b ] ≔  { x ∈ ℝ : x ≤ b }


   ( a , ∞ ) ≔  { x ∈ ℝ : a < x }


   ( a , ∞ ) ≔  { x ∈ ℝ : a < x }


   [ a , ∞ ) ≔  { x ∈ ℝ : a ≤ x }


   [ a , ∞ ) ≔  { x ∈ ℝ : a ≤ x }


   ( − ∞ , ∞ ) ≔ ℝ


   ( − ∞ , ∞ ) ≔ ℝ


  ± ∞


  ± ∞


  x


   | x |


   | x | =  {    x  x ≥ 0   − x  x < 0


   | 2 | = 2 ,      |  17 5 | =  17 5


   | 0 | = 0


  − 1


   | − 3 | = −  ( − 3 ) = 3


   | − 5 | = 5


  a


  b


  a − b


  b > a


   | a − b |


  a


  b


  Theorem   1 . 10 :    | a |  | b | =  | a b |


  a , b ≥ 0


  a , b < 0


  a < 0 ,     b ≥ 0


  a ≥ 0 ,   b < 0


  pf :


  Case   1 : a ≥ 0   and   b ≥ 0   so    | a | = a   and    | b | = b


  Case   1 : a ≥ 0   and   b ≥ 0   so    | a | = a   and    | b | = b


  We   have   that   a b ≥ 0    ( monotony   of   multiplication )   so    | a b | = a b


  We   have   that   a b ≥ 0    ( monotony   of   multiplication )   so    | a b | = a b


  LHS =  | a |  | b | = a b


  LHS =  | a |  | b | = a b


  RHS =  | a b | = a b


  RHS =  | a b | = a b


  so   LHS = RHS


  so   LHS = RHS


  Case   2 : a < 0   and   b < 0   so    | a | = − a   and    | b | = − b


  in   this   case ,   a b > 0   so    | a b | = a b


  in   this   case ,   a b > 0   so    | a b | = a b


  LHS = − a × − b = a b


  LHS = − a × − b = a b


  RHS = a b


  RHS = a b


  So   LHS = RHS


  So   LHS = RHS


  Case   3 : a < 0   and   b ≥ 0


   | a | = − a ,      | b | = b


   | a | = − a ,      | b | = b


  a b ≤ 0 ⇒  | a b | = − a b


  a b ≤ 0 ⇒  | a b | = − a b


  LHS =  | a |  | b | = − a × b = − a b


  LHS =  | a |  | b | = − a × b = − a b


  RHS =  | a b | = − a b


  RHS =  | a b | = − a b


  So   LHS = RHS


  So   LHS = RHS


  a ≥ 0


  b < 0


  a


  b


  a


  b


   | a |  | b | =  | a b |


   | b |  | a | =  | b a |


  Theorem   1 . 11 :   " Triangle   Inequality "


   | a + b | ≤  | a | +  | b |


   | a + b | ≤  | a | +  | b |


  pf :


  a


  b


  Case   1 :     a , b ≥ 0 ⇒ a + b ≥ 0


  a , b ≥ 0 ⇒  | a | = a ,      | b | = b


  a , b ≥ 0 ⇒  | a | = a ,      | b | = b


  a + b ≥ 0 ⇒  | a + b | = a + b


  a + b ≥ 0 ⇒  | a + b | = a + b


  LHS =  | a + b | = a + b


  LHS =  | a + b | = a + b


  RHS =  | a | +  | b | = a + b


  RHS =  | a | +  | b | = a + b


  LHS = RHS   so   case   1   works .


  LHS = RHS   so   case   1   works .


  Case   2 : a , b < 0 ⇒ a + b < 0


  a , b < 0 ⇒  | a | = − a ,      | b | = − b


  a , b < 0 ⇒  | a | = − a ,      | b | = − b


  a + b < 0 ⇒  | a + b | = −  ( a + b ) = − a − b


  a + b < 0 ⇒  | a + b | = −  ( a + b ) = − a − b


  LHS = − a − b


  LHS = − a − b


  RHS = − a − b


  RHS = − a − b


  LHS = RHS   so   case   2   works


  LHS = RHS   so   case   2   works


  Case   3 :   a < 0   and   b ≥ 0


   | a | = − a   and    | b | = b


   | a | = − a   and    | b | = b


  We   don ′ t   know   whether   a + b   is ≥ 0   or < 0 ,   so   we   need   to   consider   these   2


  We   don ′ t   know   whether   a + b   is ≥ 0   or < 0 ,   so   we   need   to   consider   these   2


  subcases   separately


  subcases   separately


  Case   3 a : a + b ≥ 0


  Case   3 a : a + b ≥ 0


  LHS =  | a + b | = a + b


  LHS =  | a + b | = a + b


  RHS =  | a | +  | b | = − a + b


  RHS =  | a | +  | b | = − a + b


  Since   a < 0 ,   − a > 0   meaning   a < − a   and   hence   a + b < − a + b


  Since   a < 0 ,   − a > 0   meaning   a < − a   and   hence   a + b < − a + b


  LHS < RHS   so   case   3 a   works


  LHS < RHS   so   case   3 a   works


  Case   3 b : a + b < 0


  Case   3 b : a + b < 0


  LHS =  | a + b | = − a − b


  LHS =  | a + b | = − a − b


  RHS =  | a | +  | b | = − a + b


  RHS =  | a | +  | b | = − a + b


  b ≥ 0   meaning   b ≥ − b   and   so − a − b ≤ − a + b


  b ≥ 0   meaning   b ≥ − b   and   so − a − b ≤ − a + b


  again   LHS ≤ RHS   and   so   case   3 b   works .


  again   LHS ≤ RHS   and   so   case   3 b   works .


   | a − b |


  a


  b


  c


  a


  b − c


  b + c


  Theorem   1 . 12 :    | a − b | < c ⇔ b − c < a < b + c


  pf :


  pf :


  ⇒


  Let    | a − b | < c


  Case   1 :   a ≥ b


  in   this   case ,   a − b ≥ 0 ⇒  | a − b | = a − b


  in   this   case ,   a − b ≥ 0 ⇒  | a − b | = a − b


  so   a − b < c ⇒ a < b + c


  so   a − b < c ⇒ a < b + c


  a < b + c


  a > b − c


  0 ≤  | a − b | < c ⇒ 0 < c


  then   b − c < b ≤ a   hence   b − c < a


  then   b − c < b ≤ a   hence   b − c < a


  we   now   have   b − c < a < b + c


  we   now   have   b − c < a < b + c


  Case   2 : a < b ⇒ a − b < 0 ⇒  | a − b | = b − a


  so   b − a < c ⇒ b − c < a


  so   b − a < c ⇒ b − c < a


  a < b + c


  0 ≤  | a − b | < c ⇒ 0 < c


  then   a < b < b + c   and   hence   a < b + c


  then   a < b < b + c   and   hence   a < b + c


  so   we   have   b − c < a < b + c   in   both   cases .


  so   we   have   b − c < a < b + c   in   both   cases .


  ⇐


  Let   b − c < a < b + c


  ⇒ − c < a − b < c


  ⇒ − c < a − b < c


  if   a − b ≥ 0


  if   a − b ≥ 0


  then   a − b < c ⇒  | a − b | < c


  then   a − b < c ⇒  | a − b | < c


  if   a − b < 0


  then   − c < a − b ⇒ b − a < c ⇒  | a − b | < c


  then   − c < a − b ⇒ b − a < c ⇒  | a − b | < c


  so   in   any   case :    | b − a | < c


  so   in   any   case :    | b − a | < c


   [ 1 , 2 , 3 , 17 , −  34 11 , − 8 , 0 ]


    n th


   1  n


  1


   1 2


  27


   1 27


   1  n =  [ 1 ,  1 2 ,  1 3 ,  1 4 ,  1 5 , ⋯ ]


    a  n =  1  n


    a 5 =  1 5


   1  n


  0


  0


  n


   [ 1 . 49 ,   1 . 51 ,   1 . 499 ,   1 . 501 ,   1 . 4999 ,   1 . 5001 , ⋯ ]


  1 . 5


    a  n


  L


  L


  0 . 1


  L


  0 . 01


  L


  0 . 0000000001


  L


  L


    a  n


  L


   |   a  n − L |


   lim ⁡    a  n = L   means :


    a  n


   |   a  n − L |


  𝜀


   ∀  𝜀 > 0 ,      ∃  n ∈ ℕ   s . t . ,      |   a  n − L | < 𝜀


  L


  L


  L


    a  n


   |   a  n − L | < 𝜀


    a  N


    a  n


    a  N


   |   a  n − L | < 𝜀


  L


   lim ⁡    a  n = L   means


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,      |   a  n − L | < 𝜀


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,      |   a  n − L | < 𝜀


  𝜀


  N


  ± ∞


  ∞


    a  n


  L


    a  n


  Defn : A   sequence     a  n ,   diverges   to   ∞   iff :


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,       a  n > 𝜀


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,       a  n > 𝜀


  𝜀 > 0


  ∞


   ∀  M ∈ ℝ ,      ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,       a  n > M


    a  n


  ∞


   lim ⁡    a  n = ∞


  ∞


  e . g . ,    lim ⁡   1  n = 0


  pf :  


   1  n


  0


  𝜀


  N


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ   s . t . ,        ∀  n ≥ N ,      |   a  n − L | < 𝜀


    a  n =  1  n


  L = 0


   |  1  n − 0 | < 𝜀


   1  n < 𝜀


  𝜀 > 0


  Let   𝜀 > 0


  𝜀


  N


  N


  choose   N   such   that ⋯


  n ≥ N


  Let   n ≥ N


   |   a  n − L | < 𝜀


   1  n < 𝜀


   1  n ≤  1  N


  n ≥ N


  n N


   1  N < 𝜀


   1  n ≤  1  N < 𝜀


  ⇒  1  n < 𝜀


  ⇒  1  n < 𝜀


   1  N < 𝜀


  N


  N >  1  𝜀


  Let   𝜀 > 0


  Choose   N >  1  𝜀    ( possible   by   archimedes )


  Choose   N >  1  𝜀    ( possible   by   archimedes )


  Let   n ≥ N


  Let   n ≥ N


   |   a  n − L | =  |  1  n − 0 | =  1  n ≤  1  N < 𝜀


   |   a  n − L | =  |  1  n − 0 | =  1  n ≤  1  N < 𝜀


  ⇒  |   a  n − L | < 𝜀


  ⇒  |   a  n − L | < 𝜀


  Hence  lim ⁡   1  n = 0


  Hence  lim ⁡   1  n = 0


  𝜀


  N


  N


  e . g . ,  lim ⁡  k = k


  k


  pf :


    a  n = k   and   L = k


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ s . t . ,      ∀  n ≥ N ,      | k − k | < 𝜀


  0 < 𝜀


  𝜀 > 0


  N


  Choose   N = 1


  Let   n ≥ N


  Let   n ≥ N


   |   a  n − L | = 0 < 𝜀


   |   a  n − L | = 0 < 𝜀


  Hence  lim ⁡  k = k


  Hence  lim ⁡  k = k


  e . g . ,    lim ⁡     ( − 1 )  n   does   not   exist


     ( − 1 )  n = − 1


  n


  1


  n


  pf :


     ( − 1 )  n


  𝜀


  N


  L


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,      |    ( − 1 )  n − L | < 𝜀


  L ∈ ℝ


  ∀


  ∃


   ∀  L ∈ ℝ ,      ∃  𝜀 > 0   s . t . ,      ∀  N ∈ ℕ ,      ∃  n ≥ N   s . t . ,      |    ( − 1 )  n − L | ≥ 𝜀


  L


  Let   L ∈ ℝ


  𝜀 > 0


  𝜀


    a  n


  − 1


  1


  1


  − 1


  − 1


  1


  2


  𝜀


  𝜀 = 1


  L


  − 1


  1


  𝜀


  Let   𝜀 = 1 > 0


  N ∈ ℕ


  Let   N ∈ ℕ


  n ≥ N


  Choose   n ⋯


  n


   |    ( − 1 )  n − L | ≥ 1


  𝜀 = 1


  L = 0


   |    ( − 1 )  n − 0 | =  |    ( − 1 )  n | = 1 ≥ 1


  L > 0


     ( − 1 )  n = − 1


  n


  L < 0


     ( − 1 )  n = 1


  n


  n


  If   L ≥ 0   then   choose   n ≥ N   such   that   n   is   odd


  If   L < 0   then   choose   n ≥ N   such   that   n   is   even


  If   L < 0   then   choose   n ≥ N   such   that   n   is   even


  2


  L ≥ 0 ⟹ n   is   odd ⇒    ( − 1 )  n = − 1 ,     also   L + 1 > 0


   |    ( − 1 )  n − L | =  | − 1 − L | =  | L + 1 | = L + 1 ≥ 1   as   required


   |    ( − 1 )  n − L | =  | − 1 − L | =  | L + 1 | = L + 1 ≥ 1   as   required


  L < 0 ⟹ n   is   even ⇒    ( − 1 )  n = 1 ,     also   1 − L > 0


  L < 0 ⟹ n   is   even ⇒    ( − 1 )  n = 1 ,     also   1 − L > 0


   |    ( − 1 )  n − L | =  | 1 − L | = 1 − L > 1   as   required


   |    ( − 1 )  n − L | =  | 1 − L | = 1 − L > 1   as   required


  Hence  lim ⁡     ( − 1 )  n   does   not   exist .


  Hence  lim ⁡     ( − 1 )  n   does   not   exist .


  𝜀


  N


  If    lim ⁡    a  n = a   &    lim ⁡    b  n = b   Then :


   lim ⁡   (   a  n +   b  n ) = a + b


   lim ⁡   (   a  n +   b  n ) = a + b


   lim ⁡   (   a  n   b  n ) = a b


   lim ⁡   (   a  n   b  n ) = a b


  If   Additionally ,   b ≠ 0   and     b  n ≠ 0   for   any   n    ( or   at   least   for   any   suffiently   large   n ) :


  If   Additionally ,   b ≠ 0   and     b  n ≠ 0   for   any   n    ( or   at   least   for   any   suffiently   large   n ) :


   lim ⁡      a  n    b  n =   a  b


   lim ⁡      a  n    b  n =   a  b


  ≠ 0


   [  lim ⁡   (   a  n −   b  n ) = a − b ]


   [  lim ⁡  k   a  n = k a ]


  Theorem   2 . 1 :    lim ⁡    a  n = a ,      lim ⁡    b  n = b ,     ⟹  lim ⁡   (   a  n +   b  n ) = a + b


  pf :


  pf :


  Let   𝜀 > 0


   lim ⁡    a  n = a


   |   a  n − a |


   |   b  n − b |


   |   a  n +   b  n − a − b |


   |   a  n +   b  n − a − b | < 𝜀


   |   a  n − a |


   |   b  n − b |


   |   a  n +   b  n − a − b | =  |  (   a  n − a ) +  (   b  n − b ) | ≤  |   a  n − a | +  |   b  n − b |


   |   a  n − a |   and    |   b  n − b |


  <   𝜀 2


   |   a  n +   b  n − a − b | < 𝜀


   lim ⁡    a  n = a


    N 1 ∈ ℕ


   ∀  n ≥   N 1


   |   a  n − a | <   𝜀 2


   lim ⁡    b  n = b


    N 2 ∈ ℕ


   ∀  n ≥   N 2


   |   b  n − b | <   𝜀 2


  N


  Let   N =  max ⁡   (   N 1   N 2 )


   ∀  n ≥ N


  n ≥   N 1


  n ≥   N 2


   |   a  n − a | <   𝜀 2


   |   b  n − b | <   𝜀 2


   |   a  n +   b  n −  ( a + b ) | ≤  |   a  n − a | +  |   b  n − b | <   𝜀 2 +   𝜀 2 = 𝜀


  i . e . ,    |   a  n +   b  n −  ( a + b ) | < 𝜀


  i . e . ,    |   a  n +   b  n −  ( a + b ) | < 𝜀


   lim ⁡   (   a  n +   b  n ) = a + b


  Lemma   2 . 2 : if     a  n   is   convergent   then     a  n   is   bounded .


  pf :


  Let     a  n   be   a   convergent   sequence   with   limit   L .


  Let     a  n   be   a   convergent   sequence   with   limit   L .


    a  n


  L


  L


  𝜀


  𝜀 > 0


  𝜀 = 1


  N ∈ ℕ


   ∀  n ≥ N :  |   a  n − L | < 1


  L − 1 <   a  n < L + 1


  n ≥ N


  M =  max ⁡   (  {   a  n : 1 ≤ n ≤ N − 1 } ∪  { L + 1 } )


  M ≥   a  n   for   1 ≤ n ≤ N − 1


  M ≥ L + 1 >   a  n


  n ≥ N


  M ≥   a  n


  n


  M


    a  n


  m ≔  min ⁡   (  {   a  n : 1 ≤ n ≤ N − 1 } ∪  { L − 1 } )


    a  n


    a  n


  C =  max ⁡   {  | M | ,  | m | }


  C ≥ 0


   |   a  n | ≤ C


   ∃  C ≥ 0


   |   a  n | < C


  C


  > C


  C = 0


  C = 1


  C > 0


   ∃  C > 0


   |   a  n | < C


  n ∈ ℕ


  Theorem   2 . 3 :  lim ⁡    a  n = a ,  lim ⁡    b  n = b ⇒  lim ⁡    a  n   b  n = a b


  pf :


  pf :


  Let   𝜀 > 0


  Let   𝜀 > 0


  N


   |   a  n   b  n − a b | < 𝜀


   |   a  n − a |


   |   b  n − b |


   |   a  n   b  n − a b | =  |   a  n   b  n −   a  n b +   a  n b − a b |


  a   b  n


   |   a  n   b  n − a b | =  |   a  n  (   b  n − b ) + b  (   a  n − a ) |


   |   a  n   b  n − a b | ≤  |   a  n  (   b  n − b ) | +  | b  (   a  n − a ) | =  |   a  n |  |   b  n − b | +  | b |  |   a  n − a |


  < 𝜀


   |   a  n − a |


    N 1 ∈ ℕ


   ∀  n ≥   N 1


   |   a  n − a | <   𝜀  2  | b |


  b ≠ 0


  b = 0


   | b |  |   a  n − a | <   𝜀 2


  n ≥   N 1


   |   b  n − b |


   |   a  n |


  n


   |   a  n |


  C > 0


   |   a  n | ≤ C


  n


   |   a  n |  |   b  n − b | ≤ C  |   b  n − b |


    N 2 ∈ ℕ


   ∀  n ≥   N 2


   |   b  n − b | <   𝜀  2 C


   |   a  n |  |   b  n − b | < C   𝜀  2 C =   𝜀 2


  N =  max ⁡   (   N 1 ,   N 2 )


   ∀  n ≥ N


  n ≥   N 1


  n ≥   N 2


   |   a  n   b  n − a b | ≤  |   a  n |  |   b  n − b | +  | b |  |   a  n − a | <   𝜀 2 +   𝜀 2 = 𝜀


   lim ⁡    a  n   b  n = a b


  b = 0


   |   a  n   b  n − a b | < 𝜀


   |   a  n |  |   b  n | < 𝜀


    a  n


  C > 0


   |   a  n | ≤ C


  n


   lim ⁡    b  n = b = 0


  N ∈ ℕ


   ∀  n ≥ N


   |   b  n − 0 | =  |   b  n | <   𝜀  C


   |   a  n   b  n − a b | =  |   a  n   b  n − a ⋅ 0 | =  |   a  n |  |   b  n | ≤ C  |   b  n | <   C 𝜀  C = 𝜀


   lim ⁡    a  n   b  n = 0 = a b


      a  n    b  n


   lim ⁡   1    b  n =  1  b


   lim ⁡      a  n    b  n =  lim ⁡   (   a  n ⋅  1    b  n ) = a ⋅  1  b =   a  b


  e . g . ,    lim ⁡   1    n 3 =  lim ⁡   1  n ⋅  1  n ⋅  1  n = 0 ⋅ 0 ⋅ 0 = 0


     lim  n → ∞   ⁡   1    n  k = 0


  k ∈ ℕ


  e . g . ,  lim ⁡      n 4 − 3   n 3 + 2   n 2 + 17 n − 18  4   n 4 + 11   n 3 − 13 n + 1 =  lim ⁡    1 −  3  n +  2    n 2 +  17    n 3 −  18    n 4  4 +  11  n −  13    n 3 +  1    n 4


  =   1 − 0 + 0 + 0 − 0  4 + 0 − 0 + 0 =  1 4


  =   1 − 0 + 0 + 0 − 0  4 + 0 − 0 + 0 =  1 4


  𝜀


  N


    a  n


  𝐦 𝐨 𝐧 𝐨 𝐭 𝐨 𝐧 𝐞


    a  n ≤   a  m


  n ≤ m


    a  n


  𝐦 𝐨 𝐧 𝐨 𝐭 𝐨 𝐧 𝐞   𝐝 𝐞 𝐜 𝐫 𝐞 𝐚 𝐬 𝐢 𝐧 𝐠


    a  n ≥   a  m


  n ≤ m


    a  n


  𝐦 𝐨 𝐧 𝐨 𝐭 𝐨 𝐧 𝐞


  𝐌 𝐨 𝐧 𝐨 𝐭 𝐨 𝐧 𝐞   𝐂 𝐨 𝐧 𝐯 𝐞 𝐫 𝐠 𝐞 𝐧 𝐜 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦    ( 2 . 4 ) :


  Every   monotone ,   bounded   sequence   is   convergent .


  Every   monotone ,   bounded   sequence   is   convergent .


  pf :


    a  n


    a  n


  Let     a  n   be   bounded   and   monotone   increasing


  Since     a  n   is   bounded ,   it   is   bounded   above .


  Since     a  n   is   bounded ,   it   is   bounded   above .


  Let   S =  {   a  n : n ∈ ℕ }


    a 1 ∈ S   so   S   is   non   empty   and   bounded   above


    a 1 ∈ S   so   S   is   non   empty   and   bounded   above


  Let   𝛼 =  sup ⁡  S    ( by   axiom   of   completeness )


  Let   𝛼 =  sup ⁡  S    ( by   axiom   of   completeness )


    a  n


  𝛼


  Let   𝜀 > 0


  Choose   N ⋯


  Choose   N ⋯


  N


  Let   n ≥ N


   |   a  n − 𝛼 | < 𝜀


  𝛼


  𝛼 ≥   a  n


    a  n − 𝛼 ≤ 0


  𝛼 −   a  n < 𝜀


  𝛼


  < 𝛼


    a  n > 𝛼 − 𝜀


  n ≥ N


  𝛼 − 𝜀


   ∃  N ∈ ℕ


    a  N > 𝛼 − 𝜀


  N


  Let   n ≥ N


    a  n ≥   a  N > 𝛼 − 𝜀


    a  n


    a  n > 𝛼 − 𝜀


  𝛼 −   a  n  ( =  |   a  n − 𝛼 | ) < 𝜀


  𝐬 𝐪 𝐮 𝐞 𝐞 𝐳 𝐞   𝐭 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  𝐒 𝐪 𝐮 𝐞 𝐞 𝐳 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦    ( 2 . 5 ) :


  if     a  n ≤   b  n ≤   c  n   for   every   n


  if     a  n ≤   b  n ≤   c  n   for   every   n


  and  lim ⁡    a  n =  lim ⁡    c  n = L


  and  lim ⁡    a  n =  lim ⁡    c  n = L


  then     b  n   converges   and  lim ⁡    b  n = L


  if    |   a  n | ≤   b  n   for   every   n


  and  lim ⁡    b  n = 0


  and  lim ⁡    b  n = 0


  then  lim ⁡    a  n = 0


  then  lim ⁡    a  n = 0


  pf :


  Let     a  n ,     b  n ,   c  n   be   sequences   with     a  n ≤   b  n ≤   c  n   for   every   n


  Let     a  n ,     b  n ,   c  n   be   sequences   with     a  n ≤   b  n ≤   c  n   for   every   n


  and   with   L ≔  lim ⁡    a  n =  lim ⁡    b  n


  and   with   L ≔  lim ⁡    a  n =  lim ⁡    b  n


  Let   𝜀 > 0


  Let   𝜀 > 0


  N ∈ ℕ


  n ≥ N ⇒  |   b  n − L | < 𝜀


    b  n


  𝜀


  L


    a  n


    c  n


  L


    a  n


    c  n


  𝜀


  L


    b  n


      a  n


    c  n


    b  n


  𝜀


  L


  Take     N 1   such   that   n ≥   N 1 ⇒  |   a  n − L | < 𝜀


  Take     N 2   such   that   n ≥   N 2 ⇒  |   c  n − L | < 𝜀


  Take     N 2   such   that   n ≥   N 2 ⇒  |   c  n − L | < 𝜀


  N


  Let   N =  max ⁡   (   N 1 ,   N 2 )


  Let   n ≥ N


  Let   n ≥ N


  ⇒ n ≥   N 1   and   n ≥   N 2


  ⇒ n ≥   N 1   and   n ≥   N 2


   |   a  n − L | < 𝜀   and    |   c  n − L | < 𝜀


   |   b  n − L | < 𝜀


    a  n


  L − 𝜀


  L + 𝜀


    c  n


    b  n


    a  n


    c  n


   |   a  n − L | < 𝜀 ⇔ L − 𝜀 <   a  n < L + 𝜀


   |   c  n − L | < 𝜀 ⇔ L − 𝜀 <   c  n < L + 𝜀


    a  n ≤   b  n ≤   c  n


  L − 𝜀 <   a  n ≤   b  n ≤   c  n < L + 𝜀


  ⇒ L − 𝜀 <   c  n < L + 𝜀


  ⇒ L − 𝜀 <   c  n < L + 𝜀


  ⇒  |   c  n − L | < 𝜀


  ⇒  |   c  n − L | < 𝜀


  Theorem   2 . 6 : If     x  n ∈  [ a , b ]   and     x  n   converges   to   L ,   then   L ∈  [ a , b ]


  pf :


  Let     x  n   be   a   sequence   with  lim ⁡    x  n = L   and     x  n ∈  [ a , b ]


  Let     x  n   be   a   sequence   with  lim ⁡    x  n = L   and     x  n ∈  [ a , b ]


  Suppose    ( for   contradiction )   that   L > b


  Suppose    ( for   contradiction )   that   L > b


    x  n


  L


  L > b


    x  n > b


    x  n ∈  [ a , b ]


  Let   𝜀 = L − b    ( which   is   allowed   since   L > b )


  There   is   an   N ∈ ℕ   such   that ,    ∀  n ≥ N ,


  There   is   an   N ∈ ℕ   such   that ,    ∀  n ≥ N ,


   |   x  n − L | < L − b


   |   x  n − L | < L − b


  ⇔ b − L <   x  n − L < L − b


  ⇔ b − L <   x  n − L < L − b


  ⇔ b <   x  n < 2 L − b


  ⇔ b <   x  n < 2 L − b


  Critically ,   we   have   b <   x  n   which   is   a   contradiction   since     x  n ∈  [ a , b ]


  Critically ,   we   have   b <   x  n   which   is   a   contradiction   since     x  n ∈  [ a , b ]


  The   assumption    ( L > b )   was   false ,   meaning   L ≤ b


  The   assumption    ( L > b )   was   false ,   meaning   L ≤ b


  The   next   step   is   to   show   that   L ≥ a


  The   next   step   is   to   show   that   L ≥ a


  We   suppse   then ,   than   L < a ,   and   proceed   similarly


  We   suppse   then ,   than   L < a ,   and   proceed   similarly


    x  n ∈  ( a , b )


  L ∈  [ a , b ]


  pf :   x  n ∈  ( a , b ) ⇒   x  n ∈  [ a , b ] ⇒ L ∈  [ a , b ]


    x  n ∈  ( a , b ) ⇒ L ∈  ( a , b )


   1  n ∈  ( 0 , 2 )


   lim ⁡   1  n = 0 ∉  ( 0 , 2 )


  0 ∈  [ 0 , 2 ]


    x  n = a   r  n


   | r | > 1


  0  


   | r | < 1


  a


  r = 1


  − a


  a


  r = − 1


  a ≠ 0


  a = 0 ,     x  n = 0


  0


  Theorem   2 . 7    ( Convergence   of   Geometric   Sequences )


  Let     x  n = a   r  n   with   a ≠ 0


  Let     x  n = a   r  n   with   a ≠ 0


  Case   1 :  | r | = 1


  Case   1 :  | r | = 1


  r = ± 1


  Case   1 a : r = 1


    x  n = a ⋅  1  n = a   is   a   constant   sequence   with  lim ⁡    x  n = a


    x  n = a ⋅  1  n = a   is   a   constant   sequence   with  lim ⁡    x  n = a


  Case   2 a :   r = − 1 ,       x  n = a    ( − 1 )  n


  Case   2 a :   r = − 1 ,       x  n = a    ( − 1 )  n


  Suppose     x  n   converges   with   limit   L ,     then     x  n  a =    ( − 1 )  n   converges   with   limit     L  a


  Suppose     x  n   converges   with   limit   L ,     then     x  n  a =    ( − 1 )  n   converges   with   limit     L  a


  we   know   that      ( − 1 )  n   diverges ,     this   contradiction   means     x  n   diverges .


  we   know   that      ( − 1 )  n   diverges ,     this   contradiction   means     x  n   diverges .


  Case   2 :  | r | > 1


    x  n


   |   x  n | =  | a   r  n | =  | a |    | r |  n


   | r | > 1 ⇒  | r | − 1 > 0


   | r | > 1 ⇒  | r | − 1 > 0


  Let   𝛿 ≔  | r | − 1 ⇒  | r | = 1 + 𝛿


   |   x  n | =  | a |    ( 1 + 𝛿 )  n ≥  | a |  ( 1 + n 𝛿 )    ( first   2   terms   from   binomial   theorem )


   |   x  n | =  | a |    ( 1 + 𝛿 )  n ≥  | a |  ( 1 + n 𝛿 )    ( first   2   terms   from   binomial   theorem )


  ∞


    x  n


  Case   3 :  | r | < 1


    x  n


  0


   | r | < 1 ⇒  1   | r | > 1


  We   know    ( from   Case   2 )   that  1     | r |  n → ∞   which   means   that      | r |  n → 0


  We   know    ( from   Case   2 )   that  1     | r |  n → ∞   which   means   that      | r |  n → 0


    a  n → ∞ ⇒  1    a  n → 0


  Hence     r  n → 0   and  lim ⁡    x  n =  lim ⁡  a   r  n = a  lim ⁡    r  n = a ⋅ 0 = 0


  Theorem   2 . 8 :


  Let   S   be   a   set   with  sup ⁡  S = 𝛼


  Let   S   be   a   set   with  sup ⁡  S = 𝛼


  Then   there   exists   a   sequence     x  n ∈ S   with  lim ⁡    x  n = 𝛼


  Then   there   exists   a   sequence     x  n ∈ S   with  lim ⁡    x  n = 𝛼


  pf :


  𝛼 =  sup ⁡  S


  < 𝛼


  x ∈ S


  𝛼 − 1 < x ≤ 𝛼


    x 1


    x 2 ∈ S


  𝛼 −  1 2 <   x 2 ≤ 𝛼


  𝛼 −  1  n < 𝛼


  𝛼 −  1  n


  S


    x  n ∈ S


  𝛼 −  1  n <   x  n ≤ 𝛼


    x  n


    x  n ∈ S


  𝛼 −  1  n ≤   x  n ≤ 𝛼


  n ∈ ℕ


   lim ⁡   ( 𝛼 −  1  n ) = 𝛼 ,                      lim ⁡  𝛼 = 𝛼


  ⟹  lim ⁡    x  n = 𝛼


  ⟹  lim ⁡    x  n = 𝛼


   [ 1 , 13 , 57 , 109 , ⋯ ]


    a  n = n =  [ 1 , 2 , 3 , 4 , 5 , ⋯ ]


   [  1 2 ,  1 4 ,  1 6 , ⋯ ]


    b  n =      ( − 1 )  n  n =  [ − 1 ,  1 2 ,   −  1 3 ,  1 4 ,   −  1 5 , ⋯ ]


  A   𝐬 𝐮 𝐛 𝐬 𝐞 𝐪 𝐮 𝐞 𝐧 𝐜 𝐞   of     x  n   is   any   sequence     x    n  j   where     n  j   is   a   strictly   increasing


  sequence   of   positive   integers .


  sequence   of   positive   integers .


    n  j = 2 j − 1 =  [ 1 , 3 , 5 , 7 , ⋯ ]


    a    n  j =  [   a 1 ,   a 3 ,   a 5 , ⋯ ]


    a  n


    a  n


    a    n  j


    n  j


  j


    a    n  j


  j


  Theorem   2 . 9 : The   subsequence   of   a   convergent   sequence   is   also   convergent


  and   converges   to   the   same   limit   as   the   original   sequence .


  and   converges   to   the   same   limit   as   the   original   sequence .


  pf :


  pf :


  We   are   given   a   convergent   sequence ;


  We   are   given   a   convergent   sequence ;


  Let     a  n   be   a   sequence   with    lim ⁡    a  n = L


  Let     a  n   be   a   sequence   with    lim ⁡    a  n = L


  Next   we   have   a   subsequence   of     a  n ;


  Next   we   have   a   subsequence   of     a  n ;


  Let     a    n  j   be   a   subsequence   of     a  n    ( then     n  j   is   a   strictly   increasing   sequence   of   positive   integers ) .


  Let     a    n  j   be   a   subsequence   of     a  n    ( then     n  j   is   a   strictly   increasing   sequence   of   positive   integers ) .


     lim  j → ∞ ⁡    a    n  j = L


  𝜀


  N


  Let   𝜀 > 0


    a  n


  L


   ∃  N ∈ ℕ


   ∀  n ≥ N


   |   a  n − L | < 𝜀


  J ∈ ℕ


   ∀  j ≥ J


   |   a    n  j − L | < 𝜀


  J


    n  J ≥ N


    n  j ≥ j


  j


    n  N ≥ N


  J = N


  Let   j ≥ J


  ⇒   n  j ≥   n  J ≥ J = N


  ⇒   n  j ≥   n  J ≥ J = N


    n  j ≥ N ⇒  |   a    n  j − L | < 𝜀


    n  j ≥ N ⇒  |   a    n  j − L | < 𝜀


  Hence    lim  j → ∞ ⁡    a    n  j = L


  Hence    lim  j → ∞ ⁡    a    n  j = L


    n  j ≥ j


  j


     ( − 1 )  n


  𝐓 𝐡 𝐞   𝐁 𝐨 𝐥 𝐳 𝐚 𝐧 𝐨


  𝐖 𝐞 𝐢 𝐞 𝐫 𝐬 𝐭 𝐫 𝐚 𝐬 𝐬   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦 :


  Every   bounded   sequence   has   a   convergent   subsequence


  𝐌 𝐨 𝐧 𝐨 𝐭 𝐨 𝐧 𝐞


  𝐂 𝐨 𝐧 𝐯 𝐞 𝐫 𝐠 𝐞 𝐧 𝐜 𝐞


  𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  𝐦 𝐨 𝐧 𝐨 𝐭 𝐨 𝐧 𝐞


  Lemma   2 . 10 : Every   sequence   has   a   monotone   subsequence .


  pf :


  pf :


  Def : a   peak   index   of     a  n   is   a   term     a  N   such   that   n > N ⇒   a  N >   a  n  


  2


  Case   1 :


    a    N  j


  j


    a    N  j


    a    N  j


    a    N  j


  Case   2 :


    a    n 1 =   a 1


    a    n 1


    a    n 1


    a    n 1   is   not   a   peak   index ⟹ there   exists   some     n 2 >   n 1   with     a    n 2 ≥   a    n 1


    a    n 2


    n 3 >   n 2


    a    n 3 ≥     a  n 2


    a    n  j   is   not   a   peak   index ⇒  ∃    n  j + 1 >   n  j   s . t . ,       a    n  j + 1 ≥   a    n  j .


    a    n  j


  Corollary   2 . 11 : 𝐓 𝐡 𝐞   𝐁 𝐨 𝐥 𝐳 𝐚 𝐧 𝐨


  𝐖 𝐞 𝐢 𝐞 𝐫 𝐬 𝐭 𝐫 𝐚 𝐬 𝐬   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦 :


  Every   bounded   sequence   has   a   convergent   subsequence


  pf :


  pf :


  Let     a  n   be   a   bounded   sequence .


  Let     a  n   be   a   bounded   sequence .


  There   exists   a   monotone   subsequence ,     a    n  j   of     a  n    ( by   the   Lemma   we   just   proved ) .


  There   exists   a   monotone   subsequence ,     a    n  j   of     a  n    ( by   the   Lemma   we   just   proved ) .


    a    n  j   is   bounded    ( since     a  n   is   bounded )


    a    n  j   is   bounded    ( since     a  n   is   bounded )


  By   Monotone   Convergence   Theoerm ,     a    n  j   converges .


  By   Monotone   Convergence   Theoerm ,     a    n  j   converges .


  defn :     a  n   is   a   𝐂 𝐚 𝐮 𝐜 𝐡 𝐲   𝐒 𝐞 𝐪 𝐮 𝐞 𝐧 𝐜 𝐞   iff :


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ ,   s . t . ,      ∀  n , m ≥ N ,      |   a  n −   a  m | < 𝜀


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ ,   s . t . ,      ∀  n , m ≥ N ,      |   a  n −   a  m | < 𝜀


    a  N


  L


    a  N


  Theorem   2 . 12 : Every   Convergent   Sequence   is   a   Cauchy   Sequence .


  pf :


  pf :


  Let     a  n   be   a   convergent   sequence   with    lim ⁡    a  n = L


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ ,   s . t . ,      ∀  n , m ≥ N ,      |   a  n −   a  m | < 𝜀


  Let   𝜀 > 0


  Choose   N ⋯


  Choose   N ⋯


  N


  Let   n , m ≥ N


   |   a  n −   a  m | < 𝜀


    a  n


   |   a  n − L |


   |   a  m − L |


   |   a  n −   a  m | =  |   a  n − L + L −   a  m | ≤  |   a  n − L | +  |   a  m − L |


  𝜀


  N


   ∀  n ≥ N


   |   a  n − L | <   𝜀 2


   lim ⁡    a  n = L


  N


  n , m ≥ N


   |   a  n − L | <   𝜀 2


   |   a  m − L | <   𝜀 2


   |   a  n −   a  m | ≤  |   a  n − L | +  |   a  m − L | <   𝜀 2 +   𝜀 2 = 𝜀


  Theorem   2 . 13 : Every   Cauchy   Sequence   is   bounded .


  pf :


  Let     a  n   be   a   Cauchy   sequence


  Let     a  n   be   a   Cauchy   sequence


  Let   𝜀 = 1


  Let   𝜀 = 1


  there   exists   an   N ∈ ℕ   such   that   for   every   n , m ≥ N ,   we   have    |   a  n −   a  m | < 𝜀 = 1


  Let   m = N    ( allowed   since   m ≥ N )


  Let   m = N    ( allowed   since   m ≥ N )


   |   a  n −   a  N | < 1   for   every   n ≥ N


   |   a  n −   a  N | < 1   for   every   n ≥ N


  ⇔   a  N − 1 <   a  n <   a  N + 1


  ⇔   a  N − 1 <   a  n <   a  N + 1


   {   a  n : n < N } ∪  {   a  N + 1 }


   {   a  n : n < N }


  N


   {   a  N + 1 }


  1


  M


  M ≥   a  n


  n < N


  M ≥   a  N + 1 >   a  n


  n ≥ N


  M ≥   a  n


  n


  M


    a  n


  m ≔  min ⁡   (  {   a  n : n < N } ∪  {   a  N − 1 } )


    a  n


    a  n


  Theorem   2 . 14 : Cauchy   Sequences   are   convergent .


  pf :


  pf :


  Let     a  n   be   a   Cauchy   sequence .


  Let     a  n   be   a   Cauchy   sequence .


    a  n


    a  n


    a  n


    a  n   is   Cauchy ⇒   a  n   is   bounded


  ⇒ There   exists   a   convergent   subsequence ,     a    n  j   ( by   Bolzano


  Weierstrass ) .


  Let   L ≔    lim  j → ∞ ⁡    a    n  j


  𝜀


  N


  Let   𝜀 > 0


  Choose   N ⋯


  Choose   N ⋯


  Let   n ≥ N


   |   a  n − L | < 𝜀


    a  n


    a    n  j


  L


   |   a    n  j − L |


   |   a  n −   a  m |


  m


  ≥ N


   |   a  n − L |


   |   a  n − L | =  |   a  n −   a    n  j +   a    n  j − L | ≤  |   a  n −   a    n  j | +  |   a    n  j − L |


    n  j ≥ N


  N


    a  n


   ∃    N 1 ∈ ℕ   such   that    ∀  n , m ≥   N 1 ,      |   a  n −   a  m | <   𝜀 2


   lim ⁡    a    n  j = L


   ∃  J ∈ ℕ   such   that    ∀  j ≥ J ,      |   a    n  j − L | <   𝜀 2


    N 2 =   n  J


  N =  max ⁡   (   N 1 ,   N 2 )


  n ,     n  j ≥   N 1 ⇒  |   a  n −   a    n  j | <   𝜀 2


    n  j ≥   N 2 =   n  J ⇒ j ≥ J ⇒  |   a    n  j − L | <   𝜀 2


    n  j ≥   N 2 =   n  J ⇒ j ≥ J ⇒  |   a    n  j − L | <   𝜀 2


   |   a  n − L | ≤  |   a  n −   a    n  j | +  |   a    n  j − L | <   𝜀 2 +   𝜀 2 = 𝜀


  n


  𝐥 𝐢 𝐦 𝐢 𝐭   𝐬 𝐮 𝐩 𝐞 𝐫 𝐢 𝐨 𝐫


  𝐥 𝐢 𝐦 𝐢 𝐭   𝐢 𝐧 𝐟 𝐞 𝐫 𝐢 𝐨 𝐫


      x ¯  n ≔  sup ⁡   {   x  m : m ≥ n }


   [ This   exists   so   long   as     x  n   is   bounded   above ]


   [ This   exists   so   long   as     x  n   is   bounded   above ]


      x ¯  n


    n th


  n


      x _  n ≔  inf ⁡   {   x  m : m ≥ n }


  n


  𝐥 𝐢 𝐦 𝐢 𝐭   𝐬 𝐮 𝐩 𝐞 𝐫 𝐢 𝐨 𝐫


   lim ⁡   sup ⁡    x  n =  lim ⁡      x ¯  n


      x ¯  n


  𝐥 𝐢 𝐦 𝐢 𝐭   𝐢 𝐧 𝐟 𝐞 𝐫 𝐢 𝐨 𝐫


   lim ⁡   inf ⁡    x  n =  lim ⁡      x _  n


  Theorem   2 . 15 :   a  n   is   bounded   above ⇒  lim ⁡   sup


  pf :


  pf :


      x ¯  n ≔  sup ⁡   {   a  m : m ≥ n }


    S  n =  {   a  m : m ≥ n }


    a  n ∈   S  n


    S  n


    a  n


  ⇒   S  n


   sup ⁡    S  n =     x ¯  n


      x ¯  n


      x ¯  n


    a  n


  L , U


  l ≤   a  n ≤ u


  n


  ⇒ for   every     a  m ∈   S  n ,     l ≤   a  m ≤ u


  ⇒     x ¯  n =  sup ⁡    S  n ∈  [ l , u ]


  ⇒     x ¯  n =  sup ⁡    S  n ∈  [ l , u ]


      x ¯  n


  i ≤ j ⇒     x ¯  i ≥     x ¯  j


  Let   i ≤ j


  Let     a  m ∈   S  j ,   then   m ≥ j ≥ i   so     a  m ∈   S  i


  Let     a  m ∈   S  j ,   then   m ≥ j ≥ i   so     a  m ∈   S  i


  Hence     S  j ⊆   S  i    (   S  j   is   a   subset   of     S  i )


  Hence     S  j ⊆   S  i    (   S  j   is   a   subset   of     S  i )


      x ¯  i   is   an   upper   bound   for     S  i   so   is   also   an   upper   bound   for     S  j


      x ¯  i   is   an   upper   bound   for     S  i   so   is   also   an   upper   bound   for     S  j


  so       x ¯  j    ( which   is ≤ all   upper   bounds   of     S  j ) ≤     x ¯  i


  so       x ¯  j    ( which   is ≤ all   upper   bounds   of     S  j ) ≤     x ¯  i


      x ¯  i ≥     x ¯  j


      x ¯  i ≥     x ¯  j


      x ¯  n


   lim ⁡   sup


  For   any   convergent   subsequence     a    n  j ,  lim ⁡   inf ⁡    a  n ≤  lim ⁡    a    n  j ≤  lim ⁡   sup ⁡    a  n    ( 2 . 16 )


  There   always   exists   a   subsequence     a    n  j   with  lim ⁡    a    n  j =  lim ⁡   sup ⁡    a  n    ( 2 . 17 a )


  There   always   exists   a   subsequence     a    n  j   with  lim ⁡    a    n  j =  lim ⁡   inf ⁡    a  n    ( 2 . 17 b )


  There   always   exists   a   subsequence     a    n  j   with  lim ⁡    a    n  j =  lim ⁡   inf ⁡    a  n    ( 2 . 17 b )


    a  n   is   convergent   iff    lim ⁡   inf ⁡    a  n =  lim ⁡   sup ⁡    a  n ,     also  lim ⁡    a  n =  lim ⁡   sup ⁡    a  n =  lim ⁡   inf


    a  n   is   convergent   iff    lim ⁡   inf ⁡    a  n =  lim ⁡   sup ⁡    a  n ,     also  lim ⁡    a  n =  lim ⁡   sup ⁡    a  n =  lim ⁡   inf


  Theorem   2 . 16 :


  pf :


  pf :


  Let     a  n   be   a   bounded   sequence ,   L e t     a    n  j   be   a   convergent   subsequence   of     a  n


  Let     a  n   be   a   bounded   sequence ,   L e t     a    n  j   be   a   convergent   subsequence   of     a  n


   lim ⁡   sup


      a ¯    n  j =  sup ⁡   {   a  m : m ≥   n  j }


      a ¯    n  j =  sup ⁡   {   a  m : m ≥   n  j }


    a    n  j ∈  {   a  m : m ≥   n  j }


    a    n  j ≤     a ¯    n  j


      a _    n  j ≤   a    n  j


      a _    n  j ≤   a    n  j ≤     a ¯    n  j


   lim ⁡      a ¯    n  j =  lim ⁡      a ¯  n =  lim ⁡   sup ⁡    a  n ,      lim ⁡      a _    n  j =  lim ⁡      a _  n =  lim ⁡   inf


   lim ⁡      a _    n  j ≤  lim ⁡    a    n  j ≤  lim ⁡      a ¯    n  j


   lim ⁡   inf


   lim ⁡   inf


  As   required


  As   required


  a


  b


  2 . 17


  a


   lim ⁡   sup


   (     a ¯  n )


      a ¯  n


    a  n


      a ¯  n


    a  m


      a ¯  n


   1  k


      a ¯  n


    a    n  k


  k


    a    n  j


      a ¯  n


   lim ⁡   sup


    a    n  j


   lim ⁡   sup


  Theorem   2 . 17  ( a ) :


  pf :


  pf :


  Let     a  n   be   a   bounded   sequence .   Let   L =  lim ⁡   sup


  Let     a  n   be   a   bounded   sequence .   Let   L =  lim ⁡   sup


    a    n  j


  L


      a ¯ 1 =  sup ⁡   {   a  m : m ≥ 1 }


      a ¯ 1


      a ¯ 1 − 1


      a ¯  n


      a ¯ 1     is   an   upper   bound ,       a ¯ 1 − 1   is   not ⇒  ∃    n 1 ≥ 1   such   that       a ¯ 1 >   a    n 1 >     a ¯ 1 − 1


  Consider       a ¯    n 1 =  sup ⁡   {   a  m : m ≥   n 1 }


  Consider       a ¯    n 1 =  sup ⁡   {   a  m : m ≥   n 1 }


      a ¯    n 1   is   an   upper   bound ,       a ¯    n 1 −  1 2   is   not ,     so    ∃    n 2 ≥   n 1   such   that       a ¯    n 1 >   a    n 2 >     a ¯    n 1 −  1 2


      a ¯    n 1   is   an   upper   bound ,       a ¯    n 1 −  1 2   is   not ,     so    ∃    n 2 ≥   n 1   such   that       a ¯    n 1 >   a    n 2 >     a ¯    n 1 −  1 2


  Consider       a ¯    n  k =  sup ⁡   {   a  m : m ≥   n  k }


      a ¯    n  k   is   an   upper   bound ,       a ¯    n  k −  1  k   is   not ,     so    ∃    n  k + 1 ≥   n  k   s . t . ,         a ¯    n  k >   a    n  k + 1 >     a ¯    n  k −  1  k


      a ¯    n  k   is   an   upper   bound ,       a ¯    n  k −  1  k   is   not ,     so    ∃    n  k + 1 ≥   n  k   s . t . ,         a ¯    n  k >   a    n  k + 1 >     a ¯    n  k −  1  k


    a    n  j


      a ¯    n  j ≥   a    n  j + 1 ≥     a ¯    n  j −  1  j


  j


   lim ⁡      a ¯    n  j =  lim ⁡      a  n ¯ =  lim ⁡   sup


   lim ⁡   (     a ¯    n  j −  1  j ) =  lim ⁡      a ¯    n  j − 0 =  lim ⁡      a ¯  n =  lim ⁡   sup


   lim ⁡   (     a ¯    n  j −  1  j ) =  lim ⁡      a ¯    n  j − 0 =  lim ⁡      a ¯  n =  lim ⁡   sup


  Hence    ( by   squeezing ) :    lim ⁡    a    n  j + 1 =  lim ⁡    a    n  j = L


  Hence    ( by   squeezing ) :    lim ⁡    a    n  j + 1 =  lim ⁡    a    n  j = L


  b


   lim ⁡   inf


  2 . 18


  Theorem   2 . 18 :     a  n   is   convergent   iff    lim ⁡   inf ⁡    a  n =  lim ⁡   sup ⁡    a  n


  Also   we   then   have    lim ⁡    a  n =  lim ⁡   sup ⁡    a  n =  lim ⁡   inf


  Also   we   then   have    lim ⁡    a  n =  lim ⁡   sup ⁡    a  n =  lim ⁡   inf


  iff


  pf :


  ⇒


  Let     a  n   be   a   convergent   sequence ,   with  lim ⁡    a  n = L


  convergent ⇒ bounded


  convergent ⇒ bounded


  By   Theorem   2 . 17   there   must   be   a   subsequence     a    n  j   with  lim ⁡    a    n  j =  lim ⁡   sup ⁡    a  n


  By   Theorem   2 . 17   there   must   be   a   subsequence     a    n  j   with  lim ⁡    a    n  j =  lim ⁡   sup ⁡    a  n


  Since     a  n   is   convergent   to   L ,   every   subsequence   is   convergent   to   L ,   meaning :


  Since     a  n   is   convergent   to   L ,   every   subsequence   is   convergent   to   L ,   meaning :


  L =  lim ⁡    a    n  j =  lim ⁡   sup


  L =  lim ⁡    a    n  j =  lim ⁡   sup


  Similarly ,   there   is   a   subsubsequence   with   limit    lim ⁡   inf


  Similarly ,   there   is   a   subsubsequence   with   limit    lim ⁡   inf


  so   we   have  lim ⁡   inf


  so   we   have  lim ⁡   inf


  as   required .


  as   required .


  ⇐


  Let   L ≔  lim ⁡   inf


    a  n


  L


  𝜀


  N


  Let   𝜀 > 0


  Choose   N ⋯


  Choose   N ⋯


  N


  Let   n ≥ N


   |   a  n − L | < 𝜀


    S  n =  {   x  m : m ≥ n }


   lim ⁡   inf


   lim ⁡   sup


   |  inf ⁡    S  n − L |


   |  sup ⁡    S  n − L |


  N


   ∀  n ≥ N


   |  inf ⁡    S  n − L | < 𝜀


   |  sup ⁡    S  n − L | < 𝜀


  L − 𝜀 <  inf ⁡    S  n < L + 𝜀   and   L − 𝜀 <  sup ⁡    S  n < L + 𝜀


    a  n ∈   S  n


   inf ⁡    S  n ≤   a  n ≤  sup ⁡    S  n


  L − 𝜀 <  inf ⁡    S  n ≤   a  n ≤  sup ⁡    S  n < L + 𝜀


  ⇒ L − 𝜀 <   a  n < L + 𝜀


  ⇒ L − 𝜀 <   a  n < L + 𝜀


  ⇒  |   a  n − L | < 𝜀


  ⇒  |   a  n − L | < 𝜀


    a  n =  {    1  n = 3 k   for   some   k ∈ ℕ   2 −  1    n 2  n = 3 k − 2   for   some   k ∈ ℕ        ( − 1 )  n  n  n = 3 k − 1   for   some   k ∈ ℕ


   lim ⁡   inf ⁡    a  n


   lim ⁡   sup ⁡    a  n


  n = 3 k


  3


  1


  n = 3 k − 2


  2


  3


  2 −  1    n 2 = 2 −  1     ( 3 k − 2 ) 2


  n = 3 k − 1


  1


  3


       ( − 1 )  n  n =      ( − 1 )  3 k − 1  3 k − 1


  First   sequence :  lim ⁡ 1 = 1    ( constant   sequence )


  Second   sequence :    lim ⁡   ( 2 −  1     ( 3 k − 2 ) 2 ) = 2    ( since      ( 3 k − 2 ) 2 → ∞ )


  Second   sequence :    lim ⁡   ( 2 −  1     ( 3 k − 2 ) 2 ) = 2    ( since      ( 3 k − 2 ) 2 → ∞ )


  Third   sequence :    |      ( − 1 )  3 k − 1  3 k − 1 | ≤  1  3 k − 1   and  lim ⁡   1  3 k − 1 = 0


  Third   sequence :    |      ( − 1 )  3 k − 1  3 k − 1 | ≤  1  3 k − 1   and  lim ⁡   1  3 k − 1 = 0


  so  lim ⁡       ( − 1 )  3 k − 1  3 k − 1 = 0    ( by   squeezing   theorem )


  so  lim ⁡       ( − 1 )  3 k − 1  3 k − 1 = 0    ( by   squeezing   theorem )


  1 , 2 , 0


  0


  2


   lim ⁡   sup


  for   a , b ∈ ℤ   with   a ≤ b :


    ∑  k = a  a  f  ( k ) = f  ( a ) ,       ∑  k = a  b + 1  f  ( k ) =   ∑  k = a  b  f  ( k ) + f  ( b + 1 )


    ∑  k = a  a  f  ( k ) = f  ( a ) ,       ∑  k = a  b + 1  f  ( k ) =   ∑  k = a  b  f  ( k ) + f  ( b + 1 )


    ∑  k = a  b  f  ( k ) = f  ( a ) + f  ( a + 1 ) + ⋯ + f  ( b − 1 ) + f  ( b )


    s  n ≔   ∑  k = 1  n    a  k


  n th


    ∑  k = 1 ∞    a  k ≔  lim ⁡    s  n


    s  n


    s  n


    ∑  k = 1 ∞  a   r  k − 1


  a


  r


  Let     s  n = a + a   r 2 + ⋯ + a   r  n − 1


  r


  r   s  n = a r + a   r 2 + ⋯ + a   r  n


    s  n − r   s  n = a − a   r  n


    s  n


    s  n  ( 1 − r ) = a  ( 1 −   r  n )


    s  n =   a  ( 1 −   r  n )  1 − r


    s  n =   a  ( 1 −   r  n )  1 − r


  r


  a


  n


  r = 1


    ∑  k = 1 ∞  a   r  k − 1 ≔  lim ⁡    s  n


   lim ⁡    s  n =   a  1 − r  ( 1 −  lim ⁡    r  n )


   lim ⁡    s  n =   a  1 − r  ( 1 −  lim ⁡    r  n )


  0


   | r | < 1


   | r | > 1


  r = − 1


   | r | > 1


  r = − 1


   | r | < 1


    a  1 − r


  r = 1


    s  n =   ∑  k = 1  n  a = a n


    s  n = a n


  a ≠ 0


    ∑  k = 1 ∞  a   r  k − 1 ,     a ≠ 0


    a  1 − r


   | r | < 1


  a = 0


    ∑  k = 1 ∞ 0 = 0


  𝐦 𝐞 𝐭 𝐡 𝐨 𝐝   𝐨 𝐟   𝐝 𝐢 𝐟 𝐟 𝐞 𝐫 𝐞 𝐧 𝐜 𝐞 𝐬


    ∑  k = 1  n   ( f  ( k ) − f  ( k − 1 ) )


  f  ( 1 ) − f  ( 0 ) + f  ( 2 ) − f  ( 1 ) + ⋯ + f  ( n ) − f  ( n − 1 )


  f  ( n ) − f  ( 0 )


    ∑  k = 1  n   ( f  ( k ) − f  ( k + 1 ) ) = f  ( 1 ) − f  ( 2 ) + f  ( 2 ) − f  ( 3 ) + ⋯ + f  ( n ) − f  ( n + 1 )


  = f  ( 1 ) − f  ( n + 1 )


  = f  ( 1 ) − f  ( n + 1 )


    s  n


  E . g . ,     Evaluate     ∑  k = 1 ∞   (  1  k −  1  k + 1 )


  Let     s  n ≔   ∑  k = 1  n   (  1  k −  1  k + 1 )


  Let     s  n ≔   ∑  k = 1  n   (  1  k −  1  k + 1 )


    s  n = 1 −  1 2 +  1 2 −  1 3 +  1 3 −  1 4 + ⋯ +  1  n −  1  n + 1


  = 1 −  1  n + 1


  Then     ∑  k = 1 ∞   (  1  k −  1  k + 1 ) ≔  lim ⁡   ( 1 −  1  n + 1 ) = 1


  Then     ∑  k = 1 ∞   (  1  k −  1  k + 1 ) ≔  lim ⁡   ( 1 −  1  n + 1 ) = 1


  Theorem   3 . 1 : if     ∑  k = 1 ∞    a  k converges ,   then  lim ⁡    a  n = 0


  pf :


  Let     s  n =   ∑  k = 1  n    a  k


  Let     s  n =   ∑  k = 1  n    a  k


    a  n =   s  n −   s  n − 1    ( for   n ≥ 2 )


    a  n =   s  n −   s  n − 1    ( for   n ≥ 2 )


   lim ⁡   (   s  n −   s  n − 1 ) =  lim ⁡    s  n −  lim ⁡    s  n − 1 = L − L = 0


   lim ⁡   (   s  n −   s  n − 1 ) =  lim ⁡    s  n −  lim ⁡    s  n − 1 = L − L = 0


  Hence  lim ⁡    a  n = 0


  Hence  lim ⁡    a  n = 0


  p


  Theorem   3 . 2 : Comparison   Test :


  Let   0 ≤   a  k ≤   b  k   for   every   k


  Let   0 ≤   a  k ≤   b  k   for   every   k


  If     ∑  k = 1 ∞    b  k   converges   then     ∑  k = 1 ∞    a  k     converges    ( a )


  If     ∑  k = 1 ∞    b  k   converges   then     ∑  k = 1 ∞    a  k     converges    ( a )


  If     ∑  k = 1 ∞    a  k   diverges   then     ∑  k = 1 ∞    b  k   diverges    ( b )


  If     ∑  k = 1 ∞    a  k   diverges   then     ∑  k = 1 ∞    b  k   diverges    ( b )


  pf :


   ( a )


  Let   0 ≤   a  k ≤   b  k   for   every   k


  suppose     ∑  k = 1 ∞    b  k   converges


  suppose     ∑  k = 1 ∞    b  k   converges


  This   just   means   that     s  n ≔   ∑  k = 1 ∞    b  k is   a   convergent   sequence


  This   just   means   that     s  n ≔   ∑  k = 1 ∞    b  k is   a   convergent   sequence


  ⇒   s  n   is   bounded ,   let   M ≥   s  n   for   every   n


  ⇒   s  n   is   bounded ,   let   M ≥   s  n   for   every   n


  Let     t  n =   ∑  k = 1  n    a  k


  Let     t  n =   ∑  k = 1  n    a  k


  Then     t  n ≤   s  n   for   every   n    ( exercise ,   prove   this   by   induction ! )


  then     t  n ≤   s  n ≤ M   for   every   n   so     t  n   is   bounded   above


  then     t  n ≤   s  n ≤ M   for   every   n   so     t  n   is   bounded   above


    t  n + 1 =   t  n +   a  n + 1 ≥   t  n    ( since     a  n + 1 ≥ 0 )


    t  n + 1 =   t  n +   a  n + 1 ≥   t  n    ( since     a  n + 1 ≥ 0 )


  so     t  n   is   monotone   increasing .


  so     t  n   is   monotone   increasing .


  By   monotone   convergence ,     t  n   converges .


  By   monotone   convergence ,     t  n   converges .


  i . e . ,     ∑  k = 1 ∞    a  k   converges .


  i . e . ,     ∑  k = 1 ∞    a  k   converges .


   ( b )


   ( a )


  Contrapositive :   A ⇒ B   is   the   same   as    ( not   B ) ⇒  ( not   A )


  ( b )


   ( a )


  Does     ∑  k = 1 ∞   1    k 2   converge ?


    b  k


  0 ≤  1    k 2 ≤   b  k


  k


    ∑  k = 1 ∞    b  k


   1    k 2 ≤  1  k  ( k − 1 )


   1    k 2 ≤  ( something )


  ≥  1    k 2


   1    k 2


  k


  k − 1


    ∑  k = 2 ∞   1  k  ( k − 1 )   converges


  2


  k = 1


    ∑  k = 2 ∞   1    k 2


  Let    1  k  ( k − 1 ) =   A  k +   B  k − 1


  k  ( k − 1 )


  1 = A  ( k − 1 ) + B k


  k = 1 ,     1 = B ⇒ B = 1


  k = 0 ,     1 = − A ⇒ A = − 1


   1  k  ( k − 1 ) =  1  k − 1 −  1  k


   1  k − 1 −  1  k =   k  k  ( k − 1 ) −   k − 1  k  ( k − 1 ) =  1  k  ( k − 1 )


    ∑  k = 2 ∞   1  k  ( k − 1 ) =   ∑  k = 2 ∞   (  1  k − 1 −  1  k )


  1


    ∑  k = 2 ∞   1    k 2   converges


  ≤ 1


    ∑  k = 1 ∞   1    k 2   converges   and   is ≤ 2
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  We   have   seen   that   if     ∑  k = 1 ∞    a  k   converges ,   then     a  n → 0


  Is   the   converse   True ?


  Is   the   converse   True ?


  Let     a  n =  1  n


    a  n → 0 .  


   ∑   1  k  


  Theorem   3 . 3    ( Harmonic   Series ) :


    ∑  k = 1 ∞   1  k   diverges .


    ∑  k = 1 ∞   1  k   diverges .


   1 2 ≥  1 2 ,      1 3 +  1 4 ≥  1 4 +  1 4 =  1 2 ,      1 5 +  1 6 +  1 7 +  1 8 ≥  1 8 +  1 8 +  1 8 +  1 8 =  1 2 , ⋯


  1 +  (  1 2 ) +  (  1 3 +  1 4 ) +  (  1 5 +  1 6 +  1 7 +  1 8 ) + ⋯ ≥ 1 +  1 2 +  1 2 +  1 2 + ⋯


  = 1 +   ∑  k = 1 ∞   1 2   which   diverges


  = 1 +   ∑  k = 1 ∞   1 2   which   diverges


  So   by   comparison :   ∑  k = 1 ∞   1  k   diverges .


  So   by   comparison :   ∑  k = 1 ∞   1  k   diverges .


  Let     s  n =   ∑  k = 1  n   1  k


  Consider     s   2  n =   ∑  k = 1   2  n   1  k


  Consider     s   2  n =   ∑  k = 1   2  n   1  k


    s   2  n ≥ 1 +   n 2


  Basis : n = 0 :


  LHS =   s   2 0 =   s 1 = 1


  LHS =   s   2 0 =   s 1 = 1


  RHS = 1 +  0 2 = 1 = LHS


  Assume   true   for   some   m


  Assume   true   for   some   m


    s   2  m ≥ 1 +   m 2


    s   2  m ≥ 1 +   m 2


  Induction : show   that   it   must   be   true   for   m + 1


  Induction : show   that   it   must   be   true   for   m + 1


    s   2  m + 1 =   ∑  k = 1   2  m + 1   1  k =   ∑  k = 1   2  m   1  k +   ∑  k =  2  m + 1   2  m + 1   1  k =   s   2  m +   ∑  k =  2  m + 1   2  m + 1   1  k


    s   2  m + 1 =   ∑  k = 1   2  m + 1   1  k =   ∑  k = 1   2  m   1  k +   ∑  k =  2  m + 1   2  m + 1   1  k =   s   2  m +   ∑  k =  2  m + 1   2  m + 1   1  k


  ≥ 1 +   m 2 +   ∑  k =  2  m + 1   2  m + 1   1  k


  ≥ 1 +   m 2 +   ∑  k =  2  m + 1   2  m + 1   1  k


  k


   2  m + 1


   2  m + 1


  0 < k ≤  2  m + 1


   1  k ≥  1   2  m + 1


    ∑  k =  2  m + 1   2  m + 1   1  k ≥   ∑  k =  2  m + 1   2  m + 1   1   2  m + 1


  k


   2  m


   2  m + 1 −  2  m = 2 ⋅  2  m −  2  m =  2  m


    ∑  k =  2  m + 1   2  m + 1   1   2  m + 1 =    2  m   2  m + 1 =  1 2


    s   2  m + 1 ≥ 1 +   m 2 +  1 2 = 1 +   m + 1 2


  n = m + 1


    s   2  n ≥ 1 +   n 2


    s   2  n


    s  n


    s   2  n


    s  n


  𝐂 𝐚 𝐮 𝐜 𝐡 𝐲   𝐂 𝐨 𝐧 𝐝 𝐞 𝐧 𝐬 𝐚 𝐭 𝐢 𝐨 𝐧   𝐓 𝐞 𝐬 𝐭


    a  n ≥ 0


  Theorem   3 . 4 :   𝐂 𝐚 𝐮 𝐜 𝐡 𝐲   𝐂 𝐨 𝐧 𝐝 𝐞 𝐧 𝐬 𝐚 𝐭 𝐢 𝐨 𝐧   𝐓 𝐞 𝐬 𝐭


    ∑  k = 1 ∞    a  k   converges ⇔   ∑  k = 0 ∞   2  k   a   2  k   converges .


    ∑  k = 1 ∞    a  k   converges ⇔   ∑  k = 0 ∞   2  k   a   2  k   converges .


    a  n =  1  n


   (  1  n ≥ 0   and   is   monotonic   decreasing ,   so   we   can   use   it ) :


    ∑  k = 0 ∞   2  k   a   2  k =   ∑  k = 0 ∞     2  k   2  k =   ∑  k = 0 ∞ 1   which   diverges ,   hence   the   harmonic   series   diverges .


  " ⇒ "


  decreasing   means     a 1 ≥   a 2 ≥   a 3 ≥   a 4 ≥ ⋯


  decreasing   means     a 1 ≥   a 2 ≥   a 3 ≥   a 4 ≥ ⋯


    ∑  k = 1 ∞    a  k =   a 1 +   a 2 +   a 3 +   a 4 ⋯ ≥   a 1 +   a 2 +   a 4 +   a 4 +   a 8 +   a 8 +   a 8 +   a 8 + ⋯


    ∑  k = 1 ∞    a  k =   a 1 +   a 2 +   a 3 +   a 4 ⋯ ≥   a 1 +   a 2 +   a 4 +   a 4 +   a 8 +   a 8 +   a 8 +   a 8 + ⋯


  =   a 1 +   a 2 + 2   a 4 + 4   a 8 + ⋯ =   a 1 +  1 2  ( 2   a 2 + 4   a 4 + 8   a 8 + ⋯ )


  =   a 1 +   a 2 + 2   a 4 + 4   a 8 + ⋯ =   a 1 +  1 2  ( 2   a 2 + 4   a 4 + 8   a 8 + ⋯ )


  =   a 1 +  1 2   ∑  k = 1 ∞   2  k   a   2  k


  =   a 1 +  1 2   ∑  k = 1 ∞   2  k   a   2  k


    ∑  k = 1 ∞    a  k


    ∑  k = 0 ∞   2  k   a   2  k


  " ⇐ "


    ∑  k = 1 ∞    a  k =   a 1 +   a 2 +   a 3 +   a 4 ⋯ ≤   a 1 +   a 2 +   a 2 +   a 4 +   a 4 +   a 4 +   a 4 + ⋯


    ∑  k = 1 ∞    a  k =   a 1 +   a 2 +   a 3 +   a 4 ⋯ ≤   a 1 +   a 2 +   a 2 +   a 4 +   a 4 +   a 4 +   a 4 + ⋯


  =   a 1 + 2   a 2 + 4   a 4 + ⋯ =   ∑  k = 0 ∞   2  k   a   2  k


  =   a 1 + 2   a 2 + 4   a 4 + ⋯ =   ∑  k = 0 ∞   2  k   a   2  k


    ∑  k = 0 ∞   2  k   a   2  k


    ∑  k = 1 ∞    a  k


  p


    We   have   seen   that     ∑  k = 1 ∞   1  k   diverges   and   that     ∑  k = 1 ∞   1    k 2   converges


    ∑  k = 1 ∞   1    k  p ,     for   p ∈ ℝ ?


    k  p


  p


    k  x


  k ∈ ℕ


  x < y ⇒   k  x ≤   k  y


    x  p


  p ≥ 0


  x > 0


  0 ≤ x < y ⇒   x  p ≤   y  p


  p ≤ 1


    k  p ≤   k 1 = k


  ⇒  1    k  p ≥  1  k


  So   by   comparison ,   since     ∑  k = 1 ∞   1  k   diverges ,     ∑  k = 1 ∞   1    k  p   diverges   for   p ≤ 1


  So   by   comparison ,   since     ∑  k = 1 ∞   1  k   diverges ,     ∑  k = 1 ∞   1    k  p   diverges   for   p ≤ 1


  Similarly ,     ∑  k = 1 ∞   1    k  p   converges   for   p ≥ 2


  Similarly ,     ∑  k = 1 ∞   1    k  p   converges   for   p ≥ 2


  1 < p < 2


  Theroem   3 . 5 :   𝒑


  𝐒 𝐞 𝐫 𝐢 𝐞 𝐬   𝐓 𝐞 𝐬 𝐭


    ∑  k = 1 ∞   1    k  p   converges   iff   p > 1


  pf :


  pf :


  1 < p < 2


  ≥ 0


  Let   1 < p < 2 :


  Let     s  n =   ∑  k = 1  n   1    k  p


  Let     s  n =   ∑  k = 1  n   1    k  p


    s  2 n =   ∑  k = 1  2 n   1    k  p


    s  2 n =   ∑  k = 1  2 n   1    k  p


    s  2 n


    s  2 n =   ∑  k = 1  n   (  1     ( 2 k − 1 )  p +  1     ( 2 k )  p )


    s  2 n


    s  2 n =   ∑  k = 1  n   1     ( 2 k − 1 )  p +   ∑  k = 1  n   1     ( 2 k )  p


  =   ∑  k = 1  n   1     ( 2 k − 1 )  p +  1   2  p   ∑  k = 1  n   1    k  p


  =   ∑  k = 1  n   1     ( 2 k − 1 )  p +  1   2  p   ∑  k = 1  n   1    k  p


  =   ∑  k = 1  n   1     ( 2 k − 1 )  p +  1   2  p   s  n


  =   ∑  k = 1  n   1     ( 2 k − 1 )  p +  1   2  p   s  n


   1   2  p


    s  2 n


    s  n


   1     ( 2 k − 1 )  p ≤  1     ( 2 k − 2 )  p


  k > 1


    s  2 n =   ∑  k = 1  n   1     ( 2 k − 1 )  p +  1   2  p   s  n = 1 +   ∑  k = 2  n   1     ( 2 k − 1 )  p +  1   2  p   s  n


  ≤ 1 +   ∑  k = 2  n   1     ( 2 k − 2 )  p +  1   2  p   s  n = 1 +  1   2  p   ∑  k = 2  n   1     ( k − 1 )  p +  1   2  p   s  n


  ≤ 1 +   ∑  k = 2  n   1     ( 2 k − 2 )  p +  1   2  p   s  n = 1 +  1   2  p   ∑  k = 2  n   1     ( k − 1 )  p +  1   2  p   s  n


  = 1 +  1   2  p   ∑  k = 1  n − 1   1    k  p +  1   2  p   s  n = 1 +  1   2  p   s  n − 1 +  1   2  p   s  n = 1 +  1   2  p  (   s  n − 1 +   s  n )


  = 1 +  1   2  p   ∑  k = 1  n − 1   1    k  p +  1   2  p   s  n = 1 +  1   2  p   s  n − 1 +  1   2  p   s  n = 1 +  1   2  p  (   s  n − 1 +   s  n )


  = 1 +  1   2  p  (   s  n −  1    n  p +   s  n ) = 1 +  1   2  p  ( 2   s  n −  1    n  p )


  = 1 +  1   2  p  (   s  n −  1    n  p +   s  n ) = 1 +  1   2  p  ( 2   s  n −  1    n  p )


  = 1 +   2   s  n   2  p −  1   2  p   n  p


  = 1 +   2   s  n   2  p −  1   2  p   n  p


  = 1 −  1     ( 2 n )  p +     s  n   2  p − 1


  = 1 −  1     ( 2 n )  p +     s  n   2  p − 1


    s  n


    s  n


    a  k


  n ≤ 2 n ⟹   s  n ≤   s  2 n ≤ 1 −  1     ( 2 n )  p +     s  n   2  p − 1


    s  n ≤ 1 −  1     ( 2 n )  p +     s  n   2  p − 1


  ⇒   s  n  ( 1 −  1   2  p − 1 ) ≤ 1 −  1     ( 2 n )  p


  ⇒   s  n  ( 1 −  1   2  p − 1 ) ≤ 1 −  1     ( 2 n )  p


  ⇒   s  n  (  2  p − 2 ) ≤  2  p −  1    n  p


  ⇒   s  n  (  2  p − 2 ) ≤  2  p −  1    n  p


  ⇒   s  n  (  2  p − 2 ) ≤      ( 2 n )  p − 1    n  p ≤      ( 2 n )  p    n  p =  2  p


  ⇒   s  n  (  2  p − 2 ) ≤      ( 2 n )  p − 1    n  p ≤      ( 2 n )  p    n  p =  2  p


  ⇒   s  n ≤    2  p   2  p − 2    ( p > 1 ⇒  2  p − 2 > 0 ,   so   we   can   divide   by   it )


  ⇒   s  n ≤    2  p   2  p − 2    ( p > 1 ⇒  2  p − 2 > 0 ,   so   we   can   divide   by   it )


    s  n


     2  p   2  p − 2


    s  n


    s  n


  Theorem   3 . 6 : 𝐀 𝐥 𝐭 𝐞 𝐫 𝐧 𝐚 𝐭 𝐢 𝐧 𝐠   𝐒 𝐞 𝐫 𝐢 𝐞 𝐬   𝐓 𝐞 𝐬 𝐭


  If     a  n ≥ 0   is   monotone   decreasing   with  lim ⁡    a  n = 0 ,   then     ∑  k = 1 ∞     ( − 1 )  k   a  k   is   convergent .


  If     a  n ≥ 0   is   monotone   decreasing   with  lim ⁡    a  n = 0 ,   then     ∑  k = 1 ∞     ( − 1 )  k   a  k   is   convergent .


    a  n


  pf :


  Let     s  n =   ∑  k = 1  n     ( − 1 )  k   a  k


    s  2 n


    s  2 n =   ∑  k = 1  2 n     ( − 1 )  k   a  k =   ∑  k = 1  n   (    ( − 1 )  2 k − 1   a  2 k − 1 +    ( − 1 )  2 k   a  2 k )


  =   ∑  k = 1  n   (   a  2 k −   a  2 k − 1 )


    a  k


    a  2 k ≤   a  2 k − 1 ⇒   a  2 k −   a  2 k − 1 ≤ 0


    s  2 n


    s  2 n − 1


    s  2 n − 1 =   ∑  k = 1  2 n − 1     ( − 1 )  k   a  k = −   a 1 +   ∑  k = 2  2 n − 1     ( − 1 )  k   a  k


  = −   a 1 −   ∑  k = 1  2 n − 2     ( − 1 )  k   a  k + 1


  = −   a 1 −   ∑  k = 1  2 n − 2     ( − 1 )  k   a  k + 1


  = −   a 1 −   ∑  k = 1  n − 1   (    ( − 1 )  2 k − 1   a  2 k − 1 + 1 +    ( − 1 )  2 k   a  2 k + 1 )


  = −   a 1 −   ∑  k = 1  n − 1   (    ( − 1 )  2 k − 1   a  2 k − 1 + 1 +    ( − 1 )  2 k   a  2 k + 1 )


  = −   a 1 +   ∑  k = 1  n − 1   (   a  2 k −   a  2 k + 1 )


  = −   a 1 +   ∑  k = 1  n − 1   (   a  2 k −   a  2 k + 1 )


    a  2 k + 1 ≤   a  2 k ⇒   a  2 k −   a  2 k + 1 ≥ 0   so     s  2 n − 1   is   increasing


    a  2 k + 1 ≤   a  2 k ⇒   a  2 k −   a  2 k + 1 ≥ 0   so     s  2 n − 1   is   increasing


    s  2 n


    s 1


    s  2 n =   s  2 n − 1 +    ( − 1 )  2 n   a  2 n =   s  2 n − 1 +   a  2 n


  ≥   s  2 n − 1 ≥   s 1    ( since     s  2 n − 1   is   increasing )


  ≥   s  2 n − 1 ≥   s 1    ( since     s  2 n − 1   is   increasing )


    s  2 n − 1 ≤   s 2


    s  2 n


    s  2 n − 1


  Let  lim ⁡    s  2 n =   L 2 ,      lim ⁡    s  2 n − 1 =   L 2


    s  2 n =   s  2 n − 1 +   a  2 n


    s  2 n =   s  2 n − 1 +   a  2 n


   lim ⁡    s  2 n =  lim ⁡    s  2 n − 1 +  lim ⁡    a  2 n


   lim ⁡    s  2 n =  lim ⁡    s  2 n − 1 +  lim ⁡    a  2 n


    L 2 =   L 1 + 0 ⇒   L 1 =   L 2    ( we   were   given   that  lim ⁡    a  n = 0 )


    L 2 =   L 1 + 0 ⇒   L 1 =   L 2    ( we   were   given   that  lim ⁡    a  n = 0 )


  L


  L


   lim ⁡    a  n = L


  2


  𝐚 𝐛 𝐬 𝐨 𝐥 𝐮 𝐭 𝐞   𝐜 𝐨 𝐧 𝐯 𝐞 𝐫 𝐠 𝐞 𝐧 𝐜 𝐞


   ∑    a  k


  𝐜 𝐨 𝐧 𝐯 𝐞 𝐫 𝐠 𝐞 𝐬   𝐚 𝐛 𝐬 𝐨 𝐥 𝐮 𝐭 𝐞 𝐥 𝐲


   ∑   |   a  k |


  Suppose     ∑  k = 1 ∞   |   a  k |   converges


  Then   2   ∑  k = 1 ∞   |   a  k | =   ∑  k = 1 ∞  2  |   a  k |   converges


  Then   2   ∑  k = 1 ∞   |   a  k | =   ∑  k = 1 ∞  2  |   a  k |   converges


  2  |   a  k | =  |   a  k | +  |   a  k | ≥  |   a  k | +   a  k ,


  2  |   a  k | =  |   a  k | +  |   a  k | ≥  |   a  k | +   a  k ,


    and   −   a  k ≤  |   a  k | ⟹   a  k +  |   a  k | ≥ 0


    and   −   a  k ≤  |   a  k | ⟹   a  k +  |   a  k | ≥ 0


  so   we   can   use   the   comparison   test   to   say :


  so   we   can   use   the   comparison   test   to   say :


  0 ≤  |   a  k | +   a  k ≤ 2  |   a  k |   and     ∑  k = 1 ∞  2  |   a  k |   converges ⟹   ∑  k = 1 ∞   (  |   a  k | +   a  k )   converges .


  0 ≤  |   a  k | +   a  k ≤ 2  |   a  k |   and     ∑  k = 1 ∞  2  |   a  k |   converges ⟹   ∑  k = 1 ∞   (  |   a  k | +   a  k )   converges .


  Let     s  n =   ∑  k = 1  n   |   a  k | ,       t  n =   ∑  k = 1  n   (  |   a  k | +   a  k )


  Let     s  n =   ∑  k = 1  n   |   a  k | ,       t  n =   ∑  k = 1  n   (  |   a  k | +   a  k )


  then     ∑  k = 1  n    a  k =   t  n −   s  n


  then     ∑  k = 1  n    a  k =   t  n −   s  n


    t  n   and     s  n   converge ,   hence     ∑  k = 1 ∞    a  k   converges .


    t  n   and     s  n   converge ,   hence     ∑  k = 1 ∞    a  k   converges .


    a  n


  𝐜 𝐨 𝐧 𝐝 𝐢 𝐭 𝐢 𝐨 𝐧 𝐚 𝐥 𝐥 𝐲   𝐜 𝐨 𝐧 𝐯 𝐞 𝐫 𝐠 𝐞 𝐬


  r =     a  n + 1    a  n


  n


  n


   lim ⁡      a  n + 1    a  n


   |  lim ⁡      a  n + 1    a  n | =  lim ⁡   |     a  n + 1    a  n | < 1


  n


  > 1


  2


  1


   ∑   1  k


   ∑   1    k 2


  1


  Theorem   3 . 7 : 𝐑 𝐚 𝐭 𝐢 𝐨   𝐓 𝐞 𝐬 𝐭


  Let   r =  lim ⁡   |     a  n + 1    a  n |


  Let   r =  lim ⁡   |     a  n + 1    a  n |


  If   r < 1   then     ∑  k = 1 ∞    a  k   converges   absolutely    ( a )


  If   r < 1   then     ∑  k = 1 ∞    a  k   converges   absolutely    ( a )


  If   r > 1   then     ∑  k = 1 ∞    a  k diverges    ( b )


  If   r > 1   then     ∑  k = 1 ∞    a  k diverges    ( b )


  pf :


  pf :


  Part    ( a )


  Part    ( a )


  k


    a  k ≤


  < 1


  Let   r =  lim ⁡   |     a  n + 1    a  n | < 1


  𝜀


  N


  for   every   𝜀 > 0 ,      ∃  N ∈ ℕ   such   that ,      ∀  n ≥ N :


   |  |     a  n + 1    a  n | − r | < 𝜀


   |  |     a  n + 1    a  n | − r | < 𝜀


  ⇒ r − 𝜀 <    |   a  n + 1 |   |   a  n | < r + 𝜀


  ⇒  |   a  n + 1 | <  ( r + 𝜀 )  |   a  n |


  ⇒  |   a  n + 1 | <  ( r + 𝜀 )  |   a  n |


  let   j ∈ ℕ ,   meaning   N + j > N


  0 ≤  |   a  N + j | <  ( r + 𝜀 )  |   a  N + j − 1 | <    ( r + 𝜀 ) 2  |   a  | N + j − 2 | < ⋯ <    ( r + 𝜀 )  j  |   a  N |


  0 ≤  |   a  N + j | <  ( r + 𝜀 )  |   a  N + j − 1 | <    ( r + 𝜀 ) 2  |   a  | N + j − 2 | < ⋯ <    ( r + 𝜀 )  j  |   a  N |


   ( r + 𝜀 ) < 1


  r < 1


   ∀  𝜀 > 0


  𝜀 > 0


  Let   𝜀 =   1 − r 2 > 0   and   then


  r + 𝜀 =   r + 1 2 < 1 .


  r + 𝜀 =   r + 1 2 < 1 .


    ∑  j = 1 ∞     ( r + 𝜀 )  j  |   a  N |   converges


    ∑  j = 1 ∞   |   a  N + j |   converges


  but     ∑  k = 1 ∞   |   a  k | =   ∑  k = 1  N   |   a  k | +   ∑  k = N + 1 ∞   |   a  k | =   ∑  k = 1  N   |   a  k | +   ∑  j = 1 ∞   |   a  N + j |


  but     ∑  k = 1 ∞   |   a  k | =   ∑  k = 1  N   |   a  k | +   ∑  k = N + 1 ∞   |   a  k | =   ∑  k = 1  N   |   a  k | +   ∑  j = 1 ∞   |   a  N + j |


   ∑   |   a  k |


   ∑    a  k


   ( b )


  Let   r =  lim ⁡   |     a  n + 1    a  n | > 1


   ( a )


  let   𝜀 =   r − 1 2 > 0   then   r − 𝜀 =   r + 1 2 > 1


  n ∈ ℕ


   ∀  n ≥ N


   |  |     a  n + 1    a  n | − r | < 𝜀


  r − 𝜀 <    |   a  N + 1 |   |   a  N | < r + 𝜀


   |   a  N + 1 | >  ( r − 𝜀 )  |   a  N |


   |   a  N + 1 | >  ( r − 𝜀 )  |   a  N |


  j ∈ ℕ ,     N + j > N


   |   a  N + j | >  ( r − 𝜀 )  |   a  N + j − 1 | >    ( r − 𝜀 ) 2  |   a  N + j − 2 | > ⋯ >    ( r − 𝜀 )  j  |   a  N | ≥ 0


   lim ⁡     ( r − 𝜀 )  j  |   a  N | = ∞    ( since   r − 𝜀 > 1 )


   lim ⁡   |   a  N + j | = ∞


    a  N + j


  0


  ⇒   ∑  j = 1 ∞    a  N + j =   ∑  k = N + 1 ∞    a  k   diverges


  ⇒   ∑  k = 1 ∞    a  k   diverges


  ⇒   ∑  k = 1 ∞    a  k   diverges


   lim ⁡   |     a  k + 1    a  k |


   |     a  k + 1    a  k |


  1


  q < 1


   |     a  k + 1    a  k | ≤ q < 1


  k


   |     a  k + 1    a  k |


  q


   ( 1 − q )


  1


  1


   |     a  k + 1    a  k |


  > 1


   |     a  k + 1    a  k | ≥ 1


  k


  Theorem   3 . 7  ( strong   version ) : 𝐀   𝐒 𝐭 𝐫 𝐨 𝐧 𝐠 𝐞 𝐫   𝐑 𝐚 𝐭 𝐢 𝐨   𝐓 𝐞 𝐬 𝐭


  If   there   exists   a   q < 1   and   N ∈ ℕ   such   that    |     a  k + 1    a  k | ≤ q < 1    ∀  k ≥ N


  If   there   exists   a   q < 1   and   N ∈ ℕ   such   that    |     a  k + 1    a  k | ≤ q < 1    ∀  k ≥ N


  Then     ∑  k = 1 ∞    a  k   converges   absolutely


  Then     ∑  k = 1 ∞    a  k   converges   absolutely


  If   there   exists   N ∈ ℕ   such   that    |     a  k + 1    a  k | ≥ 1    ∀  k ≥ N


  If   there   exists   N ∈ ℕ   such   that    |     a  k + 1    a  k | ≥ 1    ∀  k ≥ N


  Then     ∑  k = 1 ∞    a  k   diverges


  pf :


  N


  k ≥ N ⇒  |     a  k + 1    a  k | ≤ q < 1 ⇒  |   a  k + 1 | ≤ q  |   a  k |


  k ≥ N


   |   a  k + 1 | ≤ q  |   a  k | ≤   q 2  |   a  k − 1 | ≤ ⋯ ≤   q  k − N + 1  |   a  N |


    ∑  k = 1 ∞    q  k − N + 1  |   a  N | =  |   a  N |   q  1 − N   ∑  k = 1 ∞    q  k


  0 ≤ q < 1


    ∑  k = 1 ∞   |   a  k + 1 |


    ∑  k = 1 ∞    a  k


  N


  k ≥ N ⇒  |     a  k + 1    a  k | ≥ 1 ⇒  |   a  k + 1 | ≥  |   a  k |


   |   a  k + 1 | ≥ ⋯ ≥  |   a  N + 1 |


   |   a  N + 1 | > 0


   |     a  N + 1    a  N | ≥ 1 > 0


   |   a  k + 1 | ≥  |   a  N + 1 | > 0


  k ≥ N


   lim ⁡   |   a  k + 1 | =  lim ⁡   |   a  k | ≥  |   a  N + 1 | > 0


   lim ⁡   |   a  k | ≠ 0


   lim ⁡   |   a  k | ≠ 0 ⇒  lim ⁡    a  k ≠ 0 ⇒   ∑  k = 1 ∞    a  k   diverges


  Absolute   convergence   if  lim ⁡   sup ⁡    x  n < 1


  Divergence   if  lim ⁡   inf ⁡    x  n > 1


  Divergence   if  lim ⁡   inf ⁡    x  n > 1


   lim ⁡   inf


   lim ⁡    x  n = 1


  𝐑 𝐨 𝐨 𝐭   𝐓 𝐞 𝐬 𝐭


  k


  k


     (   r  k )   1  k = r


  1


  > 1


  Theorem   3 . 8 :   𝐑 𝐨 𝐨 𝐭   𝐓 𝐞 𝐬 𝐭


  Let   r =    lim ⁡   |   a  k |   1  k


  Let   r =    lim ⁡   |   a  k |   1  k


  r < 1 ⇒   ∑  k = 1 ∞    a  k   converges   absolutely


  r < 1 ⇒   ∑  k = 1 ∞    a  k   converges   absolutely


  r > 1 ⇒   ∑  k = 1 ∞    a  k   diverges


  r > 1 ⇒   ∑  k = 1 ∞    a  k   diverges


  pf :


  pf :


  Let   r =  lim ⁡     |   a  k |   1  k


  for   r < 1 :


  for   r < 1 :


  Let   𝜀 =   1 − r 2   then   r + 𝜀 < 1


  Let   𝜀 =   1 − r 2   then   r + 𝜀 < 1


   ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,      |    |   a  n |   1  n − r | < 𝜀


   ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,      |    |   a  n |   1  n − r | < 𝜀


  ⇒    |   a  n |   1  n < r + 𝜀


  ⇒    |   a  n |   1  n < r + 𝜀


  ⇒ 0 ≤  |   a  n | <    ( r + 𝜀 )  n


  ⇒ 0 ≤  |   a  n | <    ( r + 𝜀 )  n


  r + 𝜀 < 1 ⇒   ∑  n = 1 ∞     ( r + 𝜀 )  n   converges ⇒   ∑  n = 1 ∞   |   a  n |   converges


    ∑  n = 1 ∞    a  n   converges   absolutely .


    ∑  n = 1 ∞    a  n   converges   absolutely .


  for   r > 1 :


  for   r > 1 :


  Let   𝜀 =   r − 1 2 > 0 ⇒ r − 𝜀 > 1


  Let   𝜀 =   r − 1 2 > 0 ⇒ r − 𝜀 > 1


   ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N


   |    |   a  n |   1  n − r | < 𝜀


   |    |   a  n |   1  n − r | < 𝜀


  ⇒ r − 𝜀 <    |   a  n |   1  n ⇒  |   a  n | >    ( r − 𝜀 )  n


  ⇒ r − 𝜀 <    |   a  n |   1  n ⇒  |   a  n | >    ( r − 𝜀 )  n


  r − 𝜀 > 1 ⇒  lim ⁡     ( r − 𝜀 )  n = ∞


  r − 𝜀 > 1 ⇒  lim ⁡     ( r − 𝜀 )  n = ∞


  ⇒  lim ⁡   |   a  n |   diverges


  ⇒  lim ⁡   |   a  n |   diverges


  ⇒   a  n   does   not   converge   to   0


  ⇒   a  n   does   not   converge   to   0


  ⇒   ∑  k = 1 ∞    a  k   diverges


  ⇒   ∑  k = 1 ∞    a  k   diverges


   lim ⁡     |   a  k |   1  k


  r = 1


  Theorem   3 . 7    ( strong   version ) : 𝐀   𝐒 𝐭 𝐫 𝐨 𝐧 𝐠 𝐞 𝐫   𝐑 𝐨 𝐨 𝐭   𝐓 𝐞 𝐬 𝐭 :


  If   r =  lim ⁡   sup ⁡     |   a  k |   1  k   exists ,   then


  If   r =  lim ⁡   sup ⁡     |   a  k |   1  k   exists ,   then


  r < 1 ⇒   ∑  k = 1 ∞    a  k   converges   absolutely .


  r < 1 ⇒   ∑  k = 1 ∞    a  k   converges   absolutely .


  r > 1 ⇒   ∑  k = 1 ∞    a  k   diverges


  r > 1 ⇒   ∑  k = 1 ∞    a  k   diverges


  If    lim ⁡   sup ⁡     |   a  k |   1  k   does   not   exist ,     ∑  k = 1 ∞    a  k   diverges


  If    lim ⁡   sup ⁡     |   a  k |   1  k   does   not   exist ,     ∑  k = 1 ∞    a  k   diverges


  1


  pf :


  r


  r < 1


  q =   r + 1 2


  r


  1


  r < q < 1


  𝜀 =   1 − r 2 > 0


  q = r + 𝜀 < 1


  N


     |   a  k |   1  k < r + 𝜀 = q < 1


  k ≥ N


     |   a  k |   1  k ≤ q < 1


  k ≥ N


   |   a  k | ≤   q  k


    ∑  k = 1 ∞    q  k


  0 ≤ q < 1


    ∑  k = 1 ∞   |   a  k |


    ∑  k = 1 ∞    a  k


  r > 1


  q =   r + 1 2


  1


  r


  1 < q < r


  𝜀 =   r − 1 2


  q = r − 𝜀 > 1


  1 < q ≤    |   a  k |   1  k


  k


  r


  r


   |   a  k | ≥   q  k


  q > 1


    a    k  j


   |   a    k  j | ≥   q    k  j


  j


   |   a    k  j | ≥   q    k  j


  q > 1


   lim ⁡   |   a    k  j | ≠ 0


   lim ⁡    a    k  j ≠ 0


   lim ⁡    a  k ≠ 0


  Therefore ,     ∑  k = 1 ∞    a  k   diverges


     |   a  k |   1  k


     |   a    k  j |   1    k  j ≥ 2


  j ∈ ℕ


   |   a    k  j | ≥  2    k  j


   2    k  j → ∞


   |   a    k  j | → ∞


    a  k


  → 0


    ∑  k = 1 ∞    a  k


   ∑    a  k


   ∑   |   a  k |


   ∑    a  k


   ∑   |   a  k |


    ∑  k = 1 ∞    a  k


  𝜎  ( k ) : ℕ → ℕ


  𝜎


  𝜎  ( 1 ) , 𝜎  ( 2 ) , ⋯


  Let     b  k −   a  𝜎  ( k )


    b  k


  𝐑 𝐞 𝐚 𝐫 𝐫 𝐚 𝐧 𝐠 𝐞 𝐦 𝐞 𝐧 𝐭


    a  k


    ∑  k = 1 ∞    b  k


    ∑  k = 1 ∞    a  k


    ∑  k = 1 ∞    a  k


  L > 0


  L


  L


  L


  L


   |   a  k |


   |   a  k | → 0


  L


  𝐑 𝐢 𝐞 𝐦 𝐚 𝐧 𝐧   𝐑 𝐞 𝐚 𝐫 𝐫 𝐚 𝐧 𝐠 𝐞 𝐦 𝐞 𝐧 𝐭   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  Lemma   3 . 9 :


    ∑  k = 1 ∞   |   a  k | converges ⟺   ∑  k = 1 ∞    a  k −   and     ∑  k = 1 ∞    a  k +   are   both   convergent .


    ∑  k = 1 ∞   |   a  k | converges ⟺   ∑  k = 1 ∞    a  k −   and     ∑  k = 1 ∞    a  k +   are   both   convergent .


  Where     a  k − =  {      a  k    a  k < 0   0  otherwise   and     a  k + =  {      a  k    a  k ≥ 0   0  otherwise


  Where     a  k − =  {      a  k    a  k < 0   0  otherwise   and     a  k + =  {      a  k    a  k ≥ 0   0  otherwise


  pf :


  We   have    |   a  k | =   a  k + −   a  k −


  Case   1 :   a  k < 0 ⇒  |   a  k | = −   a  k   and     a  k + −   a  k − = 0 −   a  k = −   a  k


  Case   2 :   a  k ≥ 0 ⇒  |   a  k | =   a  k   and     a  k + −   a  k − =   a  k − 0 =   a  k


  Case   2 :   a  k ≥ 0 ⇒  |   a  k | =   a  k   and     a  k + −   a  k − =   a  k − 0 =   a  k


  " ⇐ "


  " ⇐ "


  If     ∑  k = 1 ∞    a  k −   and     ∑  k = 1 ∞    a  k +   are   convergent ,


  If     ∑  k = 1 ∞    a  k −   and     ∑  k = 1 ∞    a  k +   are   convergent ,


    t  n − ≔   ∑  k = 1  n    a  k −


    t  n + ≔   ∑  k = 1  n    a  k +


  Then     t  n + −   t  n − =   ∑  k = 1  n   (   a  k + −   a  k − ) =   ∑  k = 1 ∞   |   a  k |   is   convergent .


  " ⇒ "


  " ⇒ "


  0 ≤ −   a  k − ≤  |   a  k |


  0 ≤   a  k + ≤  |   a  k |


  If     ∑  k = 1 ∞   |   a  k |   converges ,     then     ∑  k = 1 ∞    a  k + ,     ∑  k = 1 ∞  −   a  k −   converge


  𝐑 𝐢 𝐞 𝐦 𝐚 𝐧 𝐧   𝐑 𝐞 𝐚 𝐫 𝐫 𝐚 𝐧 𝐠 𝐞 𝐦 𝐞 𝐧 𝐭   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦    ( 3 . 10 ) :  


    ∑  k = 1 ∞    a  k   is   conditionally   convergent     ⟹      ∀  L ∈ ℝ ,      ∃  𝜎 : ℕ → ℕ s . t . ,       ∑  k = 1 ∞    a  𝜎  ( k ) = L


    ∑  k = 1 ∞    a  k   is   conditionally   convergent     ⟹      ∀  L ∈ ℝ ,      ∃  𝜎 : ℕ → ℕ s . t . ,       ∑  k = 1 ∞    a  𝜎  ( k ) = L


  L


  𝜎


  L


  L


  L


   ∑    a  k − → − ∞  


   ∑    a  k + → ∞


   lim ⁡   |   a  k | = 0


   lim ⁡   |   a  k | = 0


    ∑  k = 1 ∞    a  k + = ∞


    ∑  k = 1 ∞    a  k − = − ∞


  pf :


    ∑  k = 1 ∞    a  k   converges ⇒  lim ⁡    a  k = 0 ⇒  lim ⁡   |   a  k | = 0


  3 . 9


    ∑  k = 1 ∞   |   a  k | diverges ⇒   ∑  k = 1 ∞    a  k −   or     ∑  k = 1 ∞    a  k +   is   divergent .


   ∑    a  k −  


  − ∞


   ∑    a  k +


  ∞


  Suppose     ∑  k = 1 ∞    a  k +   diverges   and     ∑  k = 1 ∞    a  k −   converges


    a  k =   a  k + +   a  k −


   ∑    a  k


    ∑  k = 1  n    a  k + =   ∑  k = 1  n   (   a  k −   a  k − ) =   ∑  k = 1  n    a  k −   ∑  k = 1  n    a  k −


    ∑  k = 1 ∞    a  k


    ∑  k = 1 ∞    a  k −


    ∑  k = 1  n    a  k +


  We   get   a   similar   contradiction   if   we   suppose   that     ∑  k = 1 ∞    a  k +   converges   and     ∑  k = 1 ∞    a  k −   diverges


    ∑  k = 1 ∞    a  k + = ∞   and     ∑  k = 1 ∞    a  k − = − ∞


  𝜎


    ∑  k = 1 ∞    a  𝜎  ( k ) = L


  L > 0


  𝜎  ( 1 )


  L ≤ 0


  𝜎  ( 1 )


  n ≥ 2


  If     ∑  k = 1  n − 1    a  𝜎  ( k ) < L   then   let   𝜎  ( n )   be   the   index   of   the   greastest   unused   non − negative   term .


  If     ∑  k = 1  n − 1    a  𝜎  ( k ) ≥ L   then   let   𝜎  ( n )   be   the   index   of   the   least   unused   negative   term .


  If     ∑  k = 1  n − 1    a  𝜎  ( k ) ≥ L   then   let   𝜎  ( n )   be   the   index   of   the   least   unused   negative   term .


  𝜎  ( k )


    a  𝜎  ( k )


    a  𝜎  ( k )


    ∑  k = 1 ∞    a  𝜎  ( k ) = L


  Let     S  n =   ∑  k = 1  n    a  𝜎  ( k )    ( we   show   that  lim ⁡    S  n = L )


  Let   𝜀 > 0


  Let   𝜀 > 0


  Since  lim ⁡   |   a  k | = 0 ,      ∃    N 1 ∈ ℕ s . t . ,      ∀  k ≥   N 1 ,      |   a  k | < 𝜀


  Since  lim ⁡   |   a  k | = 0 ,      ∃    N 1 ∈ ℕ s . t . ,      ∀  k ≥   N 1 ,      |   a  k | < 𝜀


  Since   𝜎   is   bijective ,      ∃    N 2 ≥   N 1   s . t . ,      ∀  k ≥   N 2 ,     𝜎  ( k ) ≥   N 1


  Then   since     N 2 ≥   N 2 ⇒ 𝜎  (   N 2 ) ≥   N 1 ⇒  |   a  𝜎  (   N 2 ) | < 𝜀


  Then   since     N 2 ≥   N 2 ⇒ 𝜎  (   N 2 ) ≥   N 1 ⇒  |   a  𝜎  (   N 2 ) | < 𝜀


  There   exists   an   N ≥   N 2   such   that     S  N − 1 < L ≤   S  N


   ( since   this   happens   infinitely   many   times )


   ( since   this   happens   infinitely   many   times )


  Then   let   n ≥ N


  Then   let   n ≥ N


    S  n


    S    n  j ≥ L


  L ≤   S    n  j < L + 𝜀


    S    n  j ≥ L


    S    n  j − 1 < L


    S    n  j =   S    n  j − 1 +   a  𝜎  (   n  j ) =   S    n  j − 1 +  |   a  𝜎  (   n  j ) | < L +  |   a  𝜎  (   n  j ) | < L + 𝜀


    S    n  j − 1 ≥ L


    S    n  j =   S    n  j − 1 +   a  𝜎  (   n  j ) =   S    n  j − 1 −  |   a  𝜎  (   n  j ) | <   S    n  j − 1


  In   this   case   if     S    n  j − 2 < L


    S    n  j − 1 < L + 𝜀 ⇒   S    n  j <   S    n  j − 1 < L + 𝜀


  If     S    n  j − 2 ≥ L


    S    n  j <   S    n  j − 1 < ⋯ <   S    n  j − M < L + 𝜀 ⇒   S    n  j < L + 𝜀


    S  N <   S  N − 1


    S  N − 1 < L < L + 𝜀


  L − 𝜀 < L )


  L − 𝜀 <   S    n  j < L + 𝜀 ⇒  |   S    n  j − L | < 𝜀


  ≥ L


  L


    S    n  j < L


  L


    S  n


   lim ⁡    S  n = L


  Theorem   3 . 11 :     If     s =   ∑  k = 1 ∞    a  k   converges ,     a  k ≥ 0   for   every   k


  and     a  𝜎  ( k )   is   a   rearrangement   of     a  k ,


  and     a  𝜎  ( k )   is   a   rearrangement   of     a  k ,


  Then     ∑  k = 1 ∞    a  𝜎  ( k ) = s   and   converges   absolutely


  Then     ∑  k = 1 ∞    a  𝜎  ( k ) = s   and   converges   absolutely


   |   a  k | =   a  k


   ∑    a  k


  pf :


  Let     s  n =   ∑  k = 1  n    a  k ,       t  n =   ∑  k = 1  n    a  𝜎  ( k ) ,     fix   n


  Let     s  n =   ∑  k = 1  n    a  k ,       t  n =   ∑  k = 1  n    a  𝜎  ( k ) ,     fix   n


  Let   N =  max ⁡   { 𝜎  ( 1 ) , 𝜎  ( 2 ) , ⋯ , 𝜎  ( n ) }


  Let   N =  max ⁡   { 𝜎  ( 1 ) , 𝜎  ( 2 ) , ⋯ , 𝜎  ( n ) }


  N


    a  k


    a  𝜎  ( 1 ) , ⋯ ,   a  𝜎  ( n )


  ⇒ 0 ≤   ∑  k = 1  n    a  𝜎  ( k ) ≤   ∑  k = 1  N    a  k


   ( 0 ≤   t  n ≤   s  N )


   ( 0 ≤   t  n ≤   s  N )


   lim ⁡    s  n = s   and     s  n   is   increasing ,   hence   s   is   an   upper   bound   for     s  n


  ⇒ 0 ≤   t  n ≤   s  N ≤ s


  ⇒ 0 ≤   t  n ≤   s  N ≤ s


   ( critically   0 ≤   t  n ≤ s ,       t  n   is   bounded )


   ( critically   0 ≤   t  n ≤ s ,       t  n   is   bounded )


    t  n


   lim ⁡    t  n =   ∑  k = 1 ∞    a  𝜎  ( k )


  t =   ∑  k = 1 ∞    a  𝜎  ( k )


  0 ≤ t ≤ s


    b  k =   a  𝜎  ( k )


    b    𝜎  − 1  ( k ) =   a  k


  𝜎


  Let     t  n =   ∑  k = 1  n    b  k ,       s  n =   ∑  k = 1  n    b    𝜎  − 1  ( k )


  0 ≤ s ≤ t


  s = t


    ∑  k = 1 ∞    a  k =   ∑  k = 1 ∞    a  𝜎  ( k )


  Theorem   3 . 12 :


  If     s =   ∑  k = 1 ∞    a  k   converges   absolutely   and     a  𝜎  ( k )   is   a   rearrangement   of     a  k ,


  If     s =   ∑  k = 1 ∞    a  k   converges   absolutely   and     a  𝜎  ( k )   is   a   rearrangement   of     a  k ,


  Then     ∑  k = 1 ∞    a  𝜎  ( k ) = s   and   converges   absolutely


  Then     ∑  k = 1 ∞    a  𝜎  ( k ) = s   and   converges   absolutely


  pf :


  pf :


    a  k +


    a  k −


  3 . 9


    ∑  k = 1 ∞    a  k +


    ∑  k = 1 ∞    a  k −


    a  k =   a  k + +   a  k −


  Note :     ∑  k = 1  n    a  k =   ∑  k = 1  n    a  k + +   ∑  k = 1  n    a  k − =   ∑  k = 1  n    a  k + −   ∑  k = 1  n   ( −   a  k − )


  Let     s + =   ∑  k = 1 ∞    a  k +   and     s − =   ∑  k = 1 ∞   ( −   a  k − )


  Let     s + =   ∑  k = 1 ∞    a  k +   and     s − =   ∑  k = 1 ∞   ( −   a  k − )


  s =   s + −   s −


  Let     t  n =   ∑  k = 1  n    a  𝜎  ( k ) =   ∑  k = 1  n    a  𝜎  ( k ) + −   ∑  k = 1  n   ( −   a  𝜎  ( k ) − )


    a  k + ≥ 0


  −   a  k − ≥ 0  


    ∑  k = 1  n    a  𝜎  ( k ) +   and     ∑  k = 1  n   ( −   a  𝜎  ( k ) − )   both   converge ,   with   limits   of


    ∑  k = 1 ∞    a  𝜎  ( k ) + =   s +   and     ∑  k = 1 ∞   ( −   a  𝜎  ( k ) − ) =   s −


    ∑  k = 1 ∞    a  𝜎  ( k ) + =   s +   and     ∑  k = 1 ∞   ( −   a  𝜎  ( k ) − ) =   s −


    t  n


   lim ⁡    t  n =   ∑  k = 1 ∞    a  𝜎  ( k ) + −   ∑  k = 1 ∞   ( −   a  𝜎  ( k ) − ) =   s + −   s − = s


  s =  lim ⁡    t  n


  s =  lim ⁡    t  n


    ∑  k = 1 ∞    a  k =   ∑  k = 1 ∞    a  𝜎  ( k )


    ∑  k = 1 ∞    a  k =   ∑  k = 1 ∞    a  𝜎  ( k )


  𝐂 𝐚 𝐮 𝐜 𝐡 𝐲   𝐏 𝐫 𝐨 𝐝 𝐮 𝐜 𝐭


  Def :     ∑  n = 0 ∞   (   ∑  k = 0  n    a  k   b  n − k )   is   the   " Cauchy   Product "   of     ∑  k = 0 ∞    a  k   and     ∑  k = 0 ∞    b  k


  𝐂 𝐚 𝐮 𝐜 𝐡 𝐲   𝐏 𝐫 𝐨 𝐝 𝐮 𝐜 𝐭   Theorem    ( 3 . 13 ) :


  If     ∑  k = 0 ∞    a  k   and     ∑  k = 0 ∞    b  k   converge   absolutely


  If     ∑  k = 0 ∞    a  k   and     ∑  k = 0 ∞    b  k   converge   absolutely


  Then    (   ∑  k = 0 ∞    a  k ) ×  (   ∑  k = 0 ∞    b  k ) =   ∑  n = 0 ∞   (   ∑  k = 0  n    a  k   b  n − k )


  Then    (   ∑  k = 0 ∞    a  k ) ×  (   ∑  k = 0 ∞    b  k ) =   ∑  n = 0 ∞   (   ∑  k = 0  n    a  k   b  n − k )


  We   expand :    (   a 0 +   a 1 +   a 2 + ⋯ )  (   b 0 +   b 1 +   b 2 + ⋯ )


  =   a 0  (   b 0 +   b 1 +   b 2 + ⋯ )


  +   a 1  (   b 0 +   b 1 +   b 2 + ⋯ )


  +   a 1  (   b 0 +   b 1 +   b 2 + ⋯ )


  +   a 2  (   b 0 +   b 1 +   b 2 + ⋯ )


  +   a 2  (   b 0 +   b 1 +   b 2 + ⋯ )


  ⋮


  ⋮


  =   a 0   b 0 +   a 0   b 1 +   a 0   b 2 + ⋯


  +   a 1   b 0 +   a 1   b 1 +   a 1   b 2 + ⋯


  +   a 1   b 0 +   a 1   b 1 +   a 1   b 2 + ⋯


  +   a 2   b 0 +   a 2   b 1 +   a 2   b 2 + ⋯


  +   a 2   b 0 +   a 2   b 1 +   a 2   b 2 + ⋯


  ⋮


  ⋮


   (   ∑  i = 0 ∞    a  i )  (   ∑  j = 0 ∞    b  j ) =   ∑  i = 0 ∞   (   a  i   ∑  j = 0 ∞    b  j ) =   ∑  i = 0 ∞   (   ∑  j = 0 ∞   (   a  i   b  j ) )


       a 0   b 0    a 0   b 1    a 0   b 2  ⋯     a 1   b 0    a 1   b 1    a 1   b 2  ⋯     a 2   b 0    a 2   b 1    a 2   b 2  ⋯   ⋮  ⋮  ⋮  ⋱


  Zeroeth   diagonal :    (   a 0   b 0 )


  First   Diagonal :  (   a 0   b 1 +   a 1   b 0 )


  First   Diagonal :  (   a 0   b 1 +   a 1   b 0 )


  Second   Diagonal :  (   a 0   b 2 +   a 1   b 1 +   a 2   b 0 )


  Second   Diagonal :  (   a 0   b 2 +   a 1   b 1 +   a 2   b 0 )


  ⋮


  ⋮


  n th   diagonal :   ∑  k = 0  n    a  k   b  n − k


  n th   diagonal :   ∑  k = 0  n    a  k   b  n − k


    ∑  n = 0 ∞    ∑  k = 0  n    a  k   b  n − k


    e  x =  lim ⁡   (    ( 1 +   x  n )  n )


   exp ⁡   ( x ) ≔   ∑  n = 1 ∞      x  k  n !


   exp ⁡   ( x )


    e  x


    e  x   e  y =   e  x + y


    e 0 = 1


    e  x


  𝐬 𝐮 𝐦   𝐜 𝐨 𝐧 𝐯 𝐞 𝐫 𝐠 𝐞 𝐬


  𝐑 𝐚 𝐭 𝐢 𝐨   𝐓 𝐞 𝐬 𝐭


   lim ⁡   |     x  n + 1   ( n + 1 ) ! ÷     x  n  n ! | =  lim ⁡   |   x  n + 1 | = 0 < 1


  x


  x


  e ≔  exp ⁡   ( 1 ) =   ∑  n = 1 ∞   1  n !


   exp ⁡   ( 0 ) = 1


   0 0 = 1


   exp ⁡   ( 0 ) =   ∑  n = 0 ∞     0  n  n ! = 1 +   ∑  n = 1 ∞     0  n  n ! = 1


    e  x


    e  x   e  y =   e  x + y


   exp ⁡   ( x )  exp ⁡   ( y ) =  (   ∑  k = 0 ∞      x  k  k ! )  (   ∑  k = 0 ∞      y  k  k ! )


  𝐂 𝐚 𝐮 𝐜 𝐡 𝐲   𝐏 𝐫 𝐨 𝐝 𝐮 𝐜 𝐭


   exp ⁡   ( x )  exp ⁡   ( y ) =   ∑  n = 0 ∞   (   ∑  k = 0  n      x  k  k ! ⋅     y  n − k   ( n − k ) ! )


    ∑  k = 0  n      x  k  k ! ⋅     y  n − k   ( n − k ) ! =  1  n !   ∑  k = 0  n    n !  k !  ( n − k ) !   x  k   y  n − k


   1  n !   ∑  k = 0  n   (    n   k )   x  k   y  n − k =  1  n !    ( x + y )  n


   1  n !   ∑  k = 0  n   (    n   k )   x  k   y  n − k =  1  n !    ( x + y )  n


  Finally :  exp ⁡   ( x )  exp ⁡   ( y ) =   ∑  n = 0 ∞   1  n !    ( x + y )  n =  exp ⁡   ( x + y )   as   required .


  Finally :  exp ⁡   ( x )  exp ⁡   ( y ) =   ∑  n = 0 ∞   1  n !    ( x + y )  n =  exp ⁡   ( x + y )   as   required .


   exp ⁡   ( − x ) =  1   exp ⁡   ( x )


  1 =  exp ⁡   ( 0 ) =  exp ⁡   ( x − x ) =  exp ⁡   ( x )  exp ⁡   ( − x ) ⟹  exp ⁡   ( − x ) =  1   exp ⁡   ( x )


    e  n =   e  n − 1 e


  e =   e 1


    e  x > 0


  x


  x ≥ 0


    e  x = 1 +   ∑  k = 1 ∞      x  k  k ! ≥ 1 > 0


  x < 0


  − x > 0


    e  − x =  1    e  x > 0 ⇒   e  x > 0


    e  x


  x < y


    e  x <   e  y


  Let   x < y


  Define   h = y − x > 0 ⇒ y = x + h


  Define   h = y − x > 0 ⇒ y = x + h


  Then     e  y =   e  x + h =   e  x   e h


  Then     e  y =   e  x + h =   e  x   e h


  =   e  x  ( 1 +   ∑  n = 1 ∞     h  n  n ! ) >   e  x    ( since   h > 0 )


  =   e  x  ( 1 +   ∑  n = 1 ∞     h  n  n ! ) >   e  x    ( since   h > 0 )


    e  x


  ℝ


    e  x


    e  x > 0


  Theorem   3 . 14 :


    e  x : ℝ →  ℝ +   is   bijective


    e  x : ℝ →  ℝ +   is   bijective


    e  x


  x ≠ y ⇒   e  x ≠   e  y


  x ≠ y


  x < y ⇒   e  x <   e  y


  y < x ⇒   e  y <   e  x


    e  x ≠   e  y


    e  x


  Let   y > 0


  x


  y =   e  x


  y > 1


  X =  { x :   e  x < y }


  0 ∈ X


    e  x ≥ 1 + x


  x > 0


    e  x


  M


    e  M ≥ y


  x ∈ X ⇒   e  x < y ≤   e  M ⇒ x < M


  M


  X


  X


  𝛼 =  sup ⁡  X


  y =   e  𝛼 .


  Suppose     e  𝛼 < y


  𝛼


   ( 𝛼 +  1  n ) > 𝛼


  n


   ( 𝛼 +  1  n ) ∈ X


    e   ( 𝛼 +  1  n ) < y


  ⇔   e  𝛼 +  1  n =   e  𝛼   e   1  n =   e  𝛼   ∑  k = 0 ∞   1  k !   n  k =   e  𝛼 +   e  𝛼   ∑  k = 1 ∞   1  k !   n  k < y


  ⇔   ∑  k = 1 ∞   1  k !   n  k <   e  − 𝛼  ( y −   e  𝛼 )


  ⇔   ∑  k = 1 ∞   1  k !   n  k <   e  − 𝛼  ( y −   e  𝛼 )


  n


  𝛼 +  1  n ∈ X


  0 ≤  1  k !   n  k ≤  1    n  k


    ∑  k = 1 ∞   1  k !   n  k


  ≤    1  n  1 −  1  n =  1  n − 1


  n


   1  n − 1 <   e  − 𝛼  ( y −   e  𝛼 )


  Then     ∑  k = 1 ∞   1  k !   n  k ≤  1  n − 1 <   e  − 𝛼  ( y −   e  𝛼 )


  ⇒ 𝛼 +  1  n ∈ X


  ⇒ 𝛼 +  1  n ∈ X


  𝛼


    e  𝛼 > y


  y > 1


  X


  y = 1


    e 0 = 1


  0 < y < 1


  y > 1


  Let   0 < y < 1


  ⇒  1  y > 1


  ⇒  1  y > 1


  ⇒  ∃  x ∈ ℝ s . t . ,       e  x =  1  y


  ⇒  ∃  x ∈ ℝ s . t . ,       e  x =  1  y


  ⇒ y =   e  − x     so    ( − x ) ∈ ℝ   is   our   number .


  ⇒ y =   e  − x     so    ( − x ) ∈ ℝ   is   our   number .


    e  x


  def : the   𝐥 𝐨 𝐠 𝐚 𝐫 𝐢 𝐭 𝐡 𝐦   of   x ,


   log ⁡  x ≔    exp  − 1 ⁡  x


   log ⁡  x ≔    exp  − 1 ⁡  x


   ℝ +


   ln ⁡  x


  ln


  log


  log


  Def :   x  𝛼 ≔   e  𝛼  log ⁡  x ,   for   x > 0


  𝛼


  x > 0


    x 0 =   e  0  log ⁡  x =   e 0 = 1


    x  n =   e  n  log ⁡  x


    x  n + 1 =   x  n x =   e  n  log ⁡  x   e   log ⁡  x =   e  n  log ⁡  x +  log ⁡  x =   e   ( n + 1 )  log ⁡  x


    x  n − 1 =     x  n  x =     e  n  log ⁡  x    e   log ⁡  x =   e  n  log ⁡  x −  log ⁡  x =   e   ( n − 1 )  log ⁡  x


    x  n =   e  n  log ⁡  x


  n


  Def :    log  a ⁡  x =    log ⁡  x   log ⁡  a


    a     log  a ⁡  x = x


  x > 0


   0  𝛼 =  {    0  𝛼 ≠ 0   1  𝛼 = 0


  x < 0


  𝛼


  𝛼 =   m  n


  m


  n


  1


  n


    x    m  n ≔ 𝛽   such   that     𝛽  n =   x  m .


    x  𝛼


  x < 0


  𝛼


  x > 0


    e  𝛼  log ⁡  x


  e


  2 . 718281828 ⋯


  2 . 5 < e < 3


  e


  e > 2 . 5


  e =   ∑  k = 0 ∞   1  k ! = 1 + 1 +  1 2 +   ∑  k = 3 ∞   1  k ! > 1 + 1 +  1 2 = 2 . 5 ,


  i . e . ,     e > 2 . 5


  e < 3


   ( n + 1 ) !


   2  n


  You   can   prove   by   induction   that   k ! ≥  2  k − 1   for   k ∈ ℕ    ( problem   sheet   Q 13 )


   1  k ! ≤  1   2  k − 1 =    (  1 2 )  k − 1    ( equality   when   k = 1 , 2 ,   otherwise   strict   inequality ) .


  e =   ∑  k = 0 ∞   1  k ! = 1 +   ∑  k = 1 ∞   1  k ! < 1 +   ∑  k = 1 ∞     (  1 2 )  k − 1 = 1 +  1  1 −  1 2 = 1 + 2 = 3


  i . e . ,     e < 3


  2 . 5 < e < 3


     lim  x → c ⁡  f  ( x )


  f  ( x )


  x → c


  𝜀


  𝜀


  L


  n


  x


  c


  n


  n ≥ N


  N


  c


  x


  𝛿


  c


  𝛿


  x


  𝛿


  c


   | x − c | < 𝛿


  c


  x = c


  0 <  | x − c | < 𝛿


  Def :    lim  x → c ⁡  f  ( x ) = L   means :


   ∀  𝜀 > 0 ,      ∃  𝛿 > 0   s . t . ,       0 <  | x − c | < 𝛿 ⇒  | f  ( x ) − L | < 𝜀


   ∀  𝜀 > 0 ,      ∃  𝛿 > 0   s . t . ,       0 <  | x − c | < 𝛿 ⇒  | f  ( x ) − L | < 𝜀


  𝜀


  𝛿


  𝜀


  𝛿


  x


  𝛿


  c


  c


  f  ( x )


  𝜀


  L


  x


  c


  f  ( x )


  L


   ( a , b )


   ( a , b ]


   [ a , b )


   [ a , b ]


  a


  b


  x → 0


  − 1


  1


  x → c


  f  ( x )


     lim  x →   c − ⁡  f  ( x )


     lim  x →   c + ⁡  f  ( x )


  𝜀


  𝛿


  x < c


  Def :    lim  x →   c − ⁡  f  ( x ) = L   means :


   ∀  𝜀 > 0 ,      ∃  𝛿 > 0   s . t . ,          ( x < c   and   0 < c − x < 𝛿 ) ⇒  | f  ( x ) − L | < 𝜀


   ∀  𝜀 > 0 ,      ∃  𝛿 > 0   s . t . ,          ( x < c   and   0 < c − x < 𝛿 ) ⇒  | f  ( x ) − L | < 𝜀


  Def :    lim  x →   c + ⁡  f  ( x ) = L   means :


   ∀  𝜀 > 0 ,      ∃  𝛿 > 0   s . t . ,      ( x > c   and   0 < x − c < 𝛿 ) ⇒  | f  ( x ) − L | < 𝜀


   ∀  𝜀 > 0 ,      ∃  𝛿 > 0   s . t . ,      ( x > c   and   0 < x − c < 𝛿 ) ⇒  | f  ( x ) − L | < 𝜀


  Theorem   4 . 1 :


     lim  x → c ⁡  f  ( x )   exists ⇔    lim  x →   c − ⁡  f  ( x )   and      lim  x →   c + ⁡  f  ( x )   both   exist   and   are   equal ,


     lim  x → c ⁡  f  ( x )   exists ⇔    lim  x →   c − ⁡  f  ( x )   and      lim  x →   c + ⁡  f  ( x )   both   exist   and   are   equal ,


  and   also      lim  x → c ⁡  f  ( x ) =    lim  x →   c − ⁡  f  ( x ) =    lim  x →   c + ⁡  f  ( x )


  and   also      lim  x → c ⁡  f  ( x ) =    lim  x →   c − ⁡  f  ( x ) =    lim  x →   c + ⁡  f  ( x )


  pf :


  pf :


  ⇒


  ⇐


  Suppose    lim  x →   c + ⁡  f  ( x ) =    lim  x →   c − ⁡  f  ( x ) = L


  Let   𝜀 > 0


  Let   𝜀 > 0


  There   exists     𝛿 1 > 0   such   that   if   x < c   and   0 < c − x <   𝛿 1   then    | f  ( x ) − L | < 𝜀


  There   exists     𝛿 1 > 0   such   that   if   x < c   and   0 < c − x <   𝛿 1   then    | f  ( x ) − L | < 𝜀


  There   exists     𝛿 2 > 0   such   that   if   x > c   and   0 < x − c <   𝛿 2   then    | f  ( x ) − L | < 𝜀


  There   exists     𝛿 2 > 0   such   that   if   x > c   and   0 < x − c <   𝛿 2   then    | f  ( x ) − L | < 𝜀


  Choose   𝛿 =  min ⁡   (   𝛿 1 ,   𝛿 2 )


  Choose   𝛿 =  min ⁡   (   𝛿 1 ,   𝛿 2 )


  Now   let   x   be   a   real   number   with   0 <  | x − c | < 𝛿


  Now   let   x   be   a   real   number   with   0 <  | x − c | < 𝛿


  ⇒ x ≠ c


  ⇒ x ≠ c


  Either ,   x < c ⇒ 0 <  | x − c | = c − x < 𝛿 ≤   𝛿 1 ⇒  | f  ( x ) − L | < 𝜀


  Either ,   x < c ⇒ 0 <  | x − c | = c − x < 𝛿 ≤   𝛿 1 ⇒  | f  ( x ) − L | < 𝜀


  Or   x > c ⇒ 0 <  | x − c | = x − c < 𝛿 ≤   𝛿 2 ⇒  | f  ( x ) − L | < 𝜀


  Or   x > c ⇒ 0 <  | x − c | = x − c < 𝛿 ≤   𝛿 2 ⇒  | f  ( x ) − L | < 𝜀


  Either   way ,     0 <  | x − c | < 𝛿 ⇒  | f  ( x ) − L | < 𝜀


  Either   way ,     0 <  | x − c | < 𝛿 ⇒  | f  ( x ) − L | < 𝜀


  Hence


     lim  x → c ⁡  f  ( x ) = L


     lim  x → c ⁡  f  ( x ) +    lim  x → c ⁡  g  ( x ) =    lim  x → c ⁡   ( f  ( x ) + g  ( x ) )


     lim  x → c ⁡   ( f  ( x ) g  ( x ) ) =    lim  x → c ⁡  f  ( x )    lim  x → c ⁡  g  ( x )


     lim  x → c ⁡   ( f  ( x ) g  ( x ) ) =    lim  x → c ⁡  f  ( x )    lim  x → c ⁡  g  ( x )


     lim  x → c ⁡    f  ( x )  g  ( x ) =      lim  x → c ⁡  f  ( x )     lim  x → c ⁡  g  ( x )


     lim  x → c ⁡    f  ( x )  g  ( x ) =      lim  x → c ⁡  f  ( x )     lim  x → c ⁡  g  ( x )


   [ the   last   one   assuming      lim  x → c ⁡  g  ( x ) ≠ 0   and   g  ( x ) ≠ 0   sufficiently   close   to   c ]


   [ the   last   one   assuming      lim  x → c ⁡  g  ( x ) ≠ 0   and   g  ( x ) ≠ 0   sufficiently   close   to   c ]


  𝜀


  𝛿


  x → ± ∞


     lim  x → ∞ ⁡  f  ( x ) = L   means :


   ∀  𝜀 > 0 ,      ∃  M ∈ ℝ   s . t . ,      ∀  x ≥ M ,      | f  ( x ) − L | < 𝜀


   ∀  𝜀 > 0 ,      ∃  M ∈ ℝ   s . t . ,      ∀  x ≥ M ,      | f  ( x ) − L | < 𝜀


  𝜀


  M


  M


  L


  𝜀


     lim  x → − ∞ ⁡  f  ( x ) = L   means :


   ∀  𝜀 > 0 ,      ∃  M ∈ ℝ   s . t . ,      ∀  x ≤ M ,      | f  ( x ) − L | < 𝜀


   ∀  𝜀 > 0 ,      ∃  M ∈ ℝ   s . t . ,      ∀  x ≤ M ,      | f  ( x ) − L | < 𝜀


    x  n


   lim ⁡    x  n = c


    x  n


  c


  f  (   x  n )


  L


  f  (   x  n )


   lim ⁡  f  (   x  n ) = L


  x = c


  f


    x  n ≠ c


  n


  Theorem   4 . 1 :


     lim  x → c ⁡  f  ( x ) = L   iff


     lim  x → c ⁡  f  ( x ) = L   iff


   lim ⁡  f  (   x  n ) = L   for   every   sequence     x  n ≠ c   with    lim ⁡    x  n = c


   lim ⁡  f  (   x  n ) = L   for   every   sequence     x  n ≠ c   with    lim ⁡    x  n = c


  pf :


  " ⇒ "


  " ⇒ "


  Let    lim  x → c ⁡  f  ( x ) = L ,     Let     x  n   be   any   sequence   with    lim ⁡    x  n = c   and     x  n ≠ c


  Let    lim  x → c ⁡  f  ( x ) = L ,     Let     x  n   be   any   sequence   with    lim ⁡    x  n = c   and     x  n ≠ c


   lim ⁡  f  (   x  n ) = L


  𝜀 > 0


  We   know   there   exists   𝛿 > 0   so   that   0 <  | x − c | < 𝛿 ⇒  | f  ( x ) − L | < 𝜀


  N ∈ ℕ


  n ≥ N


  0 <  |   x  n − c | < 𝛿


   lim ⁡    x  n = c


    x  n ≠ c


  Let   n ≥ N ⇒ 0 <  |   x  n − c | < 𝛿 ⇒  | f  (   x  n ) − L | < 𝜀


  Hence  lim ⁡  f  (   x  n ) = L


  Hence  lim ⁡  f  (   x  n ) = L


  " ⇐ "


  " ⇐ "


  B ⇒ A


  ¬ A ⇒ ¬ B


  Suppose      lim  x → c ⁡  f  ( x ) ≠ L    ( or   that   the   limit   does   not   exist ) .


    x  n


    x  n ≠ c


   lim ⁡    x  n = c


   lim ⁡  f  (   x  n ) ≠ L .


     lim  x → c ⁡  f  ( x ) ≠ L


  𝜀


  𝛿


   ∃  𝜀 > 0   s . t . ,      ∀  𝛿 > 0 ,      ∃  x   s . t . ,     0 <  | x − c | < 𝛿   but    | f  ( x ) − L | ≥ 𝜀


  𝜀 > 0


  𝛿 > 0


    𝛿  n =  1  n


    x  n


  0 <  |   x  n − c | <  1  n


   | f  (   x  n ) − L | ≥ 𝜀


  n = 1 , 2 , 3 ⋯


    x  n


  0 <  |   x  n − c | <  1  n


  n


   | f  (   x  n ) − L | ≥ 𝜀


  n


   |   x  n − c | <  1  n ⇒  lim ⁡    x  n = c


  0 <  |   x  n − c |


    x  n ≠ c


  𝜀 > 0


  N ∈ ℕ


  n ≥ N


  n ≥ N


   | f  (   x  n ) − L | ≥ 𝜀


  n


   lim ⁡  f  (   x  n ) ≠ L


  𝜀


  𝛿


    x  n


   lim ⁡    x  n = c


    x  n ≠ c


  So   then      lim  x → c ⁡  f  ( x )    lim  x → c ⁡  g  ( x ) =  lim ⁡  f  (   x  n )  lim ⁡  g  (   x  n ) =  lim ⁡  f  (   x  n ) g  (   x  n ) =    lim  x → c ⁡  f  ( x ) g  ( x )


   lim ⁡    a  n  lim ⁡    b  n =  lim ⁡    a  n   b  n


     lim  x → c ⁡   ( f  ( x ) + g  ( x ) )


     lim  x → c ⁡    f  ( x )  g  ( x )


  x


  c


  f  ( x )


  f  ( c )


  Def : We   say   f   is   continuous   at   c   iff      lim  x → c ⁡  f  ( x ) = f  ( c )


  Def : We   say   f   is   continuous   iff   it   is   continuous   at   every   point   in   its   domain


  Def : We   say   f   is   continuous   iff   it   is   continuous   at   every   point   in   its   domain


  f


   [ a , b ]


  𝜀


  𝛿


  𝜀


  𝛿


  f


  X ⊆ ℝ


  f  ( x )   is   continuous   means :


   ∀  c ∈ X ,     f   is   continuous   at   c


   ∀  c ∈ X ,     f   is   continuous   at   c


  𝜀


  𝛿


  L = f  ( c )


   ∀  c ∈ X ,      ∀  𝜀 > 0 ,      ∃  𝛿 > 0 s . t . ,     0 <  | x − c | < 𝛿 ⇒  | f  ( x ) − f  ( c ) | < 𝜀


  x = c


  x = c


   | x − c | = 0 < 𝛿


   | f  ( x ) − f  ( c ) | = 0 < 𝜀


  0 <


   ∀  c ∈ X ,      ∀  𝜀 > 0 ,      ∃  𝛿 > 0 s . t . ,      | x − c | < 𝛿 ⇒  | f  ( x ) − f  ( c ) | < 𝜀


  e . g . ,   Show   that   f  ( x ) = k   is   continuous    ( where   k   is   some   constant )


  ℝ


   | f  ( x ) − f  ( c ) | < 𝜀


   | k − k | = 0 < 𝜀


  𝜀 > 0


  𝛿 > 0


  𝛿 = 1


  pf :


  Let   c ∈ ℝ ,     Let   𝜀 > 0


  Let   c ∈ ℝ ,     Let   𝜀 > 0


  Choose   𝛿 = 1


  Choose   𝛿 = 1


  Suppose    | x − c | < 𝛿


  Suppose    | x − c | < 𝛿


  Then    | f  ( x ) − f  ( c ) | =  | k − k | = 0 < 𝜀


  Then    | f  ( x ) − f  ( c ) | =  | k − k | = 0 < 𝜀


  e . g . ,   Show   that   f  ( x ) = x   is   continuous .


  ℝ


   | f  ( x ) − f  ( c ) | < 𝜀


   | x − c | < 𝜀


   | x − c | < 𝛿


  𝛿 = 𝜀


  pf :


  Let   c ∈ ℝ ,     Let   𝜀 > 0


  Let   c ∈ ℝ ,     Let   𝜀 > 0


  Choose   𝛿 = 𝜀


  Choose   𝛿 = 𝜀


  Suppose    | x − c | < 𝛿


  Suppose    | x − c | < 𝛿


   | f  ( x ) − f  ( c ) | =  | x − c | < 𝛿 = 𝜀


   | f  ( x ) − f  ( c ) | =  | x − c | < 𝛿 = 𝜀


  e . g . ,   Show   that   f  ( x ) =  x   is   continuous .


  √


   [ 0 , ∞ )


  0


     lim  x →  0 + ⁡   x =  0 = 0


  | f  ( x ) − f  ( 0 ) |   < 𝜀


   |  x − 0 | =  x < 𝜀


  x − 0 = x < 𝛿


  𝛿 =   𝜀 2


  Let   c = 0 ,     Let   𝜀 > 0


  Choose   𝛿 =   𝜀 2 > 0


  Choose   𝛿 =   𝜀 2 > 0


  Suppose   x − 0 < 𝛿


  Suppose   x − 0 < 𝛿


  Then   x < 𝛿 =   𝜀 2 ⇒  x < 𝜀   ( since    x   and   𝜀   are   non


  negative )


   | f  ( x ) − f  ( c ) | =  |  x −  0 | =  x < 𝜀


  c > 0


  | f  ( x ) − f  ( c ) < 𝜀


   |  x −  c | < 𝜀


   | x − c |


   | x − c | =  |  x −  c |  |  x +  c |


  x , c > 0


   | x − c | =  |  x −  c |  |  x +  c | < 𝛿


   | a − b | ≤  | a + b |


  a


  b


   | a − b | =  | a +  ( − b ) | ≤  | a | +  | − b | =  | a | +  | b | = a + b =  | a + b |


   x


   c


   |  x −  c | ≤  |  x +  c | ⇒    |  x −  c | 2 ≤  |  x −  c |  |  x +  c | < 𝛿


     |  x −  c | 2 < 𝛿


  𝛿 =   𝜀 2


  pf :


  Let   c > 0 ,     Let   𝜀 > 0


  Let   c > 0 ,     Let   𝜀 > 0


  Choose   𝛿 =   𝜀 2 > 0


  Choose   𝛿 =   𝜀 2 > 0


  Suppose    | x − c | < 𝛿


  Suppose    | x − c | < 𝛿


  Then      |  x −  c | 2 =  |  x −  c |  |  x −  c | ≤  |  x −  c |  |  x +  c | =  | x − c | < 𝛿 =   𝜀 2


  Then      |  x −  c | 2 =  |  x −  c |  |  x −  c | ≤  |  x −  c |  |  x +  c | =  | x − c | < 𝛿 =   𝜀 2


  ⇒  | f  ( x ) − f  ( c ) | =  |  x −  c | < 𝜀


  ⇒  | f  ( x ) − f  ( c ) | =  |  x −  c | < 𝜀


    e  x


   | f  ( x ) − f  ( c ) | < 𝜀


   |   e  x −   e  c | < 𝜀


    e  c  |   e  x − c − 1 | < 𝜀


    e  c


    e  c  |   ∑  k = 1 ∞       ( x − c )  k  k ! |


  < 𝜀


    e  c  |   ∑  k = 1 ∞       ( x − c )  k  k ! | ≤   e  c   ∑  k = 1 ∞       | x − c |  k  k !


   | x − c | < 𝛿


    e  c   ∑  k = 1 ∞       | x − c |  k  k ! <   e  c   ∑  k = 1 ∞      𝛿  k  k !    ( comparison   test )


    e  c   ∑  k = 1 ∞      𝛿  k  k ! ≤   e  c   ∑  k = 1 ∞    𝛿  k    ( by   the   comparison   test   since     𝛿  k  k ! ≤   𝛿  k )


  =     e  c 𝛿  1 − 𝛿   ( Assuming   𝛿 < 1   for   convergence ) .


  =     e  c 𝛿  1 − 𝛿   ( Assuming   𝛿 < 1   for   convergence ) .


      e  c 𝛿  1 − 𝛿 = 𝜀


      e  c 𝛿  1 − 𝛿 = 𝜀 ⇒ 𝛿 =   𝜀    e  c + 𝜀 ∈  ( 0 , 1 )    ( so   indeed   𝛿 < 1 )


    b  n =  |   ∑  k = 1  n    a  k | ,     c  n =   ∑  k = 1  n   |   a  k |


    b  n ≤   c  n


   lim ⁡    b  n ≤  lim ⁡    c  n    ( squeeze   theorem ) ⇒  |   ∑  k = 1 ∞    a  k | ≤   ∑  k = 1 ∞   |   a  k |


  pf :


  Let   c ∈ ℝ ,     Let   𝜀 > 0


  Let   c ∈ ℝ ,     Let   𝜀 > 0


  Choose   𝛿 =   𝜀    e  c + 𝜀 > 0


  Choose   𝛿 =   𝜀    e  c + 𝜀 > 0


  0 < 𝜀 <   e  c + 𝜀 ⇒ 0 <   𝜀    e  c + 𝜀 < 1 ,     i . e . ,   0 < 𝛿 < 1


  0 < 𝜀 <   e  c + 𝜀 ⇒ 0 <   𝜀    e  c + 𝜀 < 1 ,     i . e . ,   0 < 𝛿 < 1


  Suppose    | x − c | < 𝛿


  Suppose    | x − c | < 𝛿


   | f  ( x ) − f  ( c ) | =  |   e  x −   e  c | =   e  c  |   e  x − c − 1 | =   e  c  |   ∑  k = 1 ∞       ( x − c )  k  k ! | ≤   e  c   ∑  k = 1 ∞       | x − c |  k  k !


   | f  ( x ) − f  ( c ) | =  |   e  x −   e  c | =   e  c  |   e  x − c − 1 | =   e  c  |   ∑  k = 1 ∞       ( x − c )  k  k ! | ≤   e  c   ∑  k = 1 ∞       | x − c |  k  k !


  <   e  c   ∑  k = 1 ∞      𝛿  k  k ! ≤   e  c   ∑  k = 1 ∞    𝛿  k =     e  c 𝛿  1 − 𝛿    ( converges   since   𝛿 ∈  ( 0 , 1 ) )


  <   e  c   ∑  k = 1 ∞      𝛿  k  k ! ≤   e  c   ∑  k = 1 ∞    𝛿  k =     e  c 𝛿  1 − 𝛿    ( converges   since   𝛿 ∈  ( 0 , 1 ) )


  =     e  c 𝜀    e  c + 𝜀 ÷  ( 1 −   𝜀    e  c + 𝜀 ) =     e  c 𝜀    e  c + 𝜀 ÷     e  c    e  c + 𝜀 = 𝜀


  =     e  c 𝜀    e  c + 𝜀 ÷  ( 1 −   𝜀    e  c + 𝜀 ) =     e  c 𝜀    e  c + 𝜀 ÷     e  c    e  c + 𝜀 = 𝜀


  i . e . ,      | f  ( x ) − f  ( c ) | < 𝜀


  i . e . ,      | f  ( x ) − f  ( c ) | < 𝜀


    e  x


  𝛿


  𝜀


  c


  3


  𝛿


  c


  𝛿 =   𝜀    e  c + 𝜀


  c


  𝐮 𝐧 𝐢 𝐟 𝐨 𝐫 𝐦   𝐜 𝐨 𝐧 𝐭 𝐢 𝐧 𝐮 𝐢 𝐭 𝐲


  𝛿


  c


  𝛿


  c


   ∀  c ∈ X


   ∃  𝛿 > 0


  𝛿


  c


   ∀  𝜀 > 0 ,      ∃  𝛿 > 0 s . t . ,      ∀  c ∈ X ,      | x − c | < 𝛿 ⇒  | f  ( x ) − f  ( c ) | < 𝜀


  𝛿


  c


  k


  x


   x


    e  x


  𝛿


  c


  𝛿


    e  x


    e  x


  𝛿 =   𝜀  𝜀 +   e  c


  c


    e  x


   [ a , b ]


  a ≤ c ≤ b ⇒   e  c ≤   e  b ⇒   𝜀  𝜀 +   e  c ≥   𝜀  𝜀 +   e  b


  𝛿 =   𝜀  𝜀 +   e  b ≤   𝜀  𝜀 +   e  c


  𝛿


  c


  a


  𝛿


  I


  Theorem   4 . 2 :


  If   f   is   continuous   on   a   closed   interval ,    [ a , b ]


  If   f   is   continuous   on   a   closed   interval ,    [ a , b ]


  Then   f   is   uniformly   continuous   on    [ a , b ]


  Then   f   is   uniformly   continuous   on    [ a , b ]


  pf :


  pf :


  f


   [ a , b ]


  f


   [ a , b ]


  f


   ∃  𝜀 > 0 s . t . ,      ∀  𝛿 > 0 ,      ∃  x , c ∈  [ a , b ] s . t . ,      | x − c | < 𝛿   but    | f  ( x ) − f  ( c ) | ≥ 𝜀


  𝜀 > 0


  𝜀


  𝛿 > 0


  𝛿


    𝛿  n =  1  n


    𝛿  n


    x  n ,   c  n ∈  [ a , b ]


   |   x  n −   c  n | <   𝛿  n =  1  n and    | f  (   x  n ) − f  (   c  n ) | ≥ 𝜀


  n


    x  n


    c  n


   | f  (   x  n ) − f  (   c  n ) | ≥ 𝜀


  f  (   x  n ) − f  (   c  n )


  n


   lim ⁡   ( f  (   x  n ) − f  (   c  n ) ) = 0


  f


   lim ⁡    x  n =  lim ⁡    c  n


    x  n


    c  n


   [ a , b ]


  There   is   a   convergent   subsequence     x    n  j   of     x  n


  Let   L =  lim ⁡    x    n  j ,     then   L ∈  [ a , b ]


  Let   L =  lim ⁡    x    n  j ,     then   L ∈  [ a , b ]


  Then    |   x    n  j −   c    n  j | <  1    n  j ⇒  lim ⁡   (   c    n  j −   x    n  j ) = 0    ( squeeze   theorem )


  Then    |   x    n  j −   c    n  j | <  1    n  j ⇒  lim ⁡   (   c    n  j −   x    n  j ) = 0    ( squeeze   theorem )


  Then    lim ⁡   (   c    n  j −   x    n  j ) +  lim ⁡    x    n  j =  lim ⁡    c    n  j    ( so  lim ⁡    c    n  j   exists )


  Then    lim ⁡   (   c    n  j −   x    n  j ) +  lim ⁡    x    n  j =  lim ⁡    c    n  j    ( so  lim ⁡    c    n  j   exists )


  and  lim ⁡    c    n  j = L


  and  lim ⁡    c    n  j = L


  f


  L


   lim ⁡  f  (   x    n  j ) = f  (  lim ⁡    x    n  j ) = f  ( L )


   lim ⁡  f  (   c    n  j ) = f  ( L )


  So    lim ⁡   ( f  (   x    n  j ) − f  (   c    n  j ) ) =  lim ⁡  f  (   x    n  j ) −  lim ⁡  f  (   c    n  j ) = f  ( L ) − f  ( L ) = 0


   lim ⁡   ( f  (   x    n  j ) − f  (   c    n  j ) ) = 0 ⇒


  j


   | f  (   x    n  j ) − f  (   c    n  j ) | < 𝜀


   | f  (   x    n  j ) − f  (   c    n  j ) | ≥ 𝜀


  f


  f


   ( a , b )


  L ∈  [ a , b ]


  L


  f


  L


  f


   | x − c | < 𝛿 ⇒  | f  ( x ) − f  ( c ) | < 𝜀


   | f  ( x ) − f  ( c ) | ≤ M  | x − c |


  M > 0


  x


  c


  𝛿 =   𝜀  M


   | f  ( x ) − f  ( c ) | ≤ M  | x − c | < M 𝛿 = 𝜀


  Def   f  ( x )   is   𝐋 𝐢 𝐩 𝐬 𝐜 𝐡 𝐢 𝐭 𝐳   𝐂 𝐨 𝐧 𝐭 𝐢 𝐧 𝐮 𝐨 𝐮 𝐬   iff :


   ∃  M > 0   such   that :    | f  ( x ) − f  ( y ) | ≤ M  | x − y |


   ∃  M > 0   such   that :    | f  ( x ) − f  ( y ) | ≤ M  | x − y |


  for   every   x , y    ( in   the   domain   of   f )


  for   every   x , y    ( in   the   domain   of   f )


  M > 0


  𝐋 𝐢 𝐩 𝐬 𝐜 𝐡 𝐢 𝐭 𝐳   𝐂 𝐨 𝐧 𝐬 𝐭 𝐚 𝐧 𝐭


  M


  > M


  𝐋 𝐢 𝐩 𝐬 𝐜 𝐡 𝐢 𝐭 𝐳   𝐂 𝐨 𝐧 𝐭 𝐢 𝐧 𝐮 𝐢 𝐭 𝐲 ⇒ 𝐔 𝐧 𝐢 𝐟 𝐨 𝐫 𝐦   𝐂 𝐨 𝐧 𝐭 𝐢 𝐧 𝐮 𝐢 𝐭 𝐲 ⇒ 𝐂 𝐨 𝐧 𝐭 𝐢 𝐧 𝐮 𝐢 𝐭 𝐲


  𝜀


  𝛿


    f  ( x ) − f  ( y )  x − y


     | f  ( x ) − f  ( y ) |   | x − y | ≤ M


   x


  1


  k


  x


   | k − k | = 0 ≤ 0  | x − y |   So   Lipschitz   with   Lipschitz   constant   0 .


   | x − y | ≤ 1  | x − y |   So   Lipschitz   with   Lipschitz   constant   1 .


   | x − y | ≤ 1  | x − y |   So   Lipschitz   with   Lipschitz   constant   1 .


  If   f  ( x )   and   g  ( x )   are   continuous   then


  f  ( x ) + g  ( x )   is   continuous


  f  ( x ) + g  ( x )   is   continuous


  f  ( x ) g  ( x )   is   continuous


    f  ( x )  g  ( x )   is   continuous    ( wherever   g  ( x ) ≠ 0 )


    f  ( x )  g  ( x )   is   continuous    ( wherever   g  ( x ) ≠ 0 )


     lim  x → c ⁡  f  ( x ) = f  ( c )


  f : B → C


  g : A → B


  f ∘ g : A → C


  f


  B


  C


  " ∘ "


   ( f ∘ g )  ( x ) = f  ( g  ( x ) )


  f


  g


  A


  g


  B


  f


  C


  f


  g


  f ∘ g


     lim  x → c ⁡  f  ( g  ( x ) ) = f  ( g  ( c ) )


  f


     lim  x → c ⁡  f  ( g  ( x ) ) = f  (    lim  x → c ⁡  g  ( x ) )


     lim  x → c ⁡  g  ( x ) = g  ( c )


     lim  x → c ⁡  f  ( g  ( x ) ) = f  ( g  ( c ) )


  Theorem   4 . 3    ( a ) :


  If   L =    lim  x → c ⁡  g  ( x ) exists   and   f   is   continuous   at   L


  If   L =    lim  x → c ⁡  g  ( x ) exists   and   f   is   continuous   at   L


  Then    lim  x → c ⁡  f  ( g  ( x ) )   exists   and   equals   f  (    lim  x → c ⁡  g  ( x ) )


  Then    lim  x → c ⁡  f  ( g  ( x ) )   exists   and   equals   f  (    lim  x → c ⁡  g  ( x ) )


  f


  L


  u


  L


  f  ( u )


  f  ( L )


  x


  c


  g  ( x )


  L


  f  ( g  ( x ) )


  f  ( L )


  pf :


  Let   L =    lim  x → c ⁡  g  ( x )


  Let   L =    lim  x → c ⁡  g  ( x )


     lim  x → c ⁡  f  ( g  ( x ) ) = f  ( L )


  Let   𝜀 > 0


  f


  L


   ∃    𝛿 1 > 0   such   that   0 <  | u − L | <   𝛿 1 ⇒  | f  ( u ) − f  ( L ) | < 𝜀


  g  ( x )


  for   all     𝜀 ~ > 0 ,      ∃  𝛿 > 0   such   that ,     0 <  | x − c | < 𝛿 ⇒  | g  ( x ) − L | <   𝜀 ~


    𝜀 ~ =   𝛿 1


  𝛿 > 0


  𝛿


  Suppose   0 <  | x − c | < 𝛿


  ⇒  | g  ( x ) − L | <   𝛿 1


  ⇒  | g  ( x ) − L | <   𝛿 1


  Assuming   g  ( x ) ≠ L ,   we   have   0 <  | g  ( x ) − L | <   𝛿 1


  Assuming   g  ( x ) ≠ L ,   we   have   0 <  | g  ( x ) − L | <   𝛿 1


  ⇒  | f  ( g  ( x ) ) − f  ( L ) | < 𝜀


  ⇒  | f  ( g  ( x ) ) − f  ( L ) | < 𝜀


  g  ( x ) = L


   | f  ( g  ( x ) ) − f  ( L ) | =  | f  ( L ) − f  ( L ) | = 0 < 𝜀


  𝛿 > 0


  0 <  | x − c | < 𝛿 ⇒  | f  ( g  ( x ) ) − f  ( L ) | < 𝜀


     lim  x → c ⁡  f  ( g  ( x ) ) = f  ( L ) = f  (    lim  x → c ⁡  g  ( x ) )


  f


  L


  Let   f   be   continuous   at   g  ( c ) ,     g   be   continuous   at   c


  Then      lim  x → c ⁡  g  ( x ) = g  ( c )   and   f   continuous   at   g  ( c )


  Then      lim  x → c ⁡  g  ( x ) = g  ( c )   and   f   continuous   at   g  ( c )


  ⇒    lim  x → c ⁡  f  ( g  ( x ) ) = f  (    lim  x → c ⁡  g  ( x ) )    ( using   theorem   4 . 2  ( a ) )


  ⇒    lim  x → c ⁡  f  ( g  ( x ) ) = f  (    lim  x → c ⁡  g  ( x ) )    ( using   theorem   4 . 2  ( a ) )


  = f  ( g  ( c ) )


  = f  ( g  ( c ) )


  Hence   f ∘ g   is   continuous   at   c


  Hence   f ∘ g   is   continuous   at   c


  4 . 2    ( a )


  x → c ∈ ℝ


  x → ∞


  x → − ∞


  Theorem   4 . 3    ( b ) :


  If   L =    lim  x → ∞ ⁡  g  ( x ) exists   and   f   is   continuous   at   L .


  If   L =    lim  x → ∞ ⁡  g  ( x ) exists   and   f   is   continuous   at   L .


  Then    lim  x → ∞ ⁡  f  ( g  ( x ) )   exists   and   equals   f  (    lim  x → ∞ ⁡  g  ( x ) )


  Then    lim  x → ∞ ⁡  f  ( g  ( x ) )   exists   and   equals   f  (    lim  x → ∞ ⁡  g  ( x ) )


   ( a )


  pf :


  Let   L =    lim  x → ∞ ⁡  g  ( x )


  Let   L =    lim  x → ∞ ⁡  g  ( x )


  Let   𝜀 > 0


  Let   𝜀 > 0


  f


  L


   ∃  𝛿 > 0   such   that   0 <  | u − L | < 𝛿 ⇒  | f  ( u ) − f  ( L ) | < 𝜀


  g  ( x )


  for   all     𝜀 ~ > 0 ,      ∃  M   such   that ,     x ≥ M ⇒  | g  ( x ) − L | <   𝜀 ~


    𝜀 ~ = 𝛿


  M


  Suppose   x ≥ M


  ⇒  | g  ( x ) − L | < 𝛿


  ⇒  | g  ( x ) − L | < 𝛿


  Assuming   g  ( x ) ≠ L ,   we   have   0 <  | g  ( x ) − L | < 𝛿


  Assuming   g  ( x ) ≠ L ,   we   have   0 <  | g  ( x ) − L | < 𝛿


  ⇒  | f  ( g  ( x ) ) − f  ( L ) | < 𝜀


  ⇒  | f  ( g  ( x ) ) − f  ( L ) | < 𝜀


  g  ( x ) = L


   | f  ( g  ( x ) ) − f  ( L ) | =  | f  ( L ) − f  ( L ) | = 0 < 𝜀


  𝜀 > 0


  M


  x ≥ M ⇒  | f  ( g  ( x ) ) − f  ( L ) | < 𝜀


     lim  x → ∞ ⁡  f  ( g  ( x ) ) = f  ( L ) = f  (    lim  x → ∞ ⁡  g  ( x ) )


  L =    lim  x → c ⁡  f  ( g  ( x ) )


  " Let   u = g  ( x ) ,   then   L =    lim  u → g  ( c ) ⁡  f  ( u ) "


  g


  c


  Theorem   4 . 4 :  ( limits   by   substitution )


     lim  x → c ⁡  f  ( g  ( x ) ) =    lim  u → g  ( c ) ⁡  f  ( u )   if   g   is   continuous   at   c


     lim  x → c ⁡  f  ( g  ( x ) ) =    lim  u → g  ( c ) ⁡  f  ( u )   if   g   is   continuous   at   c


  and   either    [ f   is   continuous   at   g  ( c ) ]


  and   either    [ f   is   continuous   at   g  ( c ) ]


  or    [ g  ( x ) ≠ g  ( c )   for   all   x   sufficiently   close   to   c ]


  or    [ g  ( x ) ≠ g  ( c )   for   all   x   sufficiently   close   to   c ]


  x


  c


  g  ( x )


  g  ( c )


  g


  c


  u = g  ( x )


  f  ( u )


     lim  u → g  ( c ) ⁡  f  ( u )


   lim ⁡  f  ( g  ( x ) ) = f  (  lim ⁡  g  ( x ) )


  f  


  pf :


  Let   L =    lim  u → g  ( c ) ⁡  f  ( u )


  Let   L =    lim  u → g  ( c ) ⁡  f  ( u )


  Let   𝜀 > 0


  Let   𝜀 > 0


  There   exists   a     𝛿 1 > 0   such   that   0 <  | u − g  ( c ) | <   𝛿 1 ⇒  | f  ( u ) − L | < 𝜀


  There   exists   a     𝛿 1 > 0   such   that   0 <  | u − g  ( c ) | <   𝛿 1 ⇒  | f  ( u ) − L | < 𝜀


  g


  c


  There   exists   a   𝛿 > 0   such   that    | x − c | < 𝛿 ⇒  | g  ( x ) − g  ( c ) | <   𝛿 1


  Suppose    | x − c | < 𝛿 ,


  Suppose    | x − c | < 𝛿 ,


  Then    | g  ( x ) − g  ( c ) | <   𝛿 1


  Then    | g  ( x ) − g  ( c ) | <   𝛿 1


  g  ( x ) ≠ g  ( c )


  0 <  | g  ( x ) − g  ( c ) | <   𝛿 1


  ⇒  | f  ( g  ( x ) ) − L | < 𝜀


  ⇒  | f  ( g  ( x ) ) − L | < 𝜀


  g  ( x ) = g  ( c )


  f


  g  ( c )


  L =    lim  u → g  ( c ) ⁡  f  ( u ) = f  ( g  ( c ) ) .  


   | f ( g  ( x ) − L | =  | f ( g  ( c ) − L |   =  | L − L | = 0 < 𝜀


  g  ( x ) = g  ( c )


  f  ( g  ( c ) ) = L


  g  ( x ) ≠ g  ( c )


  x


  c


  𝛿


  x


  c


  g  ( x ) ≠ g  ( c )


  𝜀 > 0


  𝛿 > 0


   | x − c | < 𝛿 ⇒  | f  ( g  ( x ) ) − L | < 𝜀


  L =    lim  u → g  ( c ) ⁡  f  ( u )


  i . e . ,      lim  x → c ⁡  f  ( g  ( x ) ) = L =    lim  u → g  ( c ) ⁡  f  ( u )


  𝐈 𝐧 𝐭 𝐞 𝐫 𝐦 𝐞 𝐝 𝐢 𝐚 𝐭 𝐞   𝐕 𝐚 𝐥 𝐮 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  f


   [ a , b ]


  d


  f  ( a )


  f  ( b )


  c


   [ a , b ]


  f  ( c ) = d


  𝐈 𝐧 𝐭 𝐞 𝐫 𝐦 𝐞 𝐝 𝐢 𝐚 𝐭 𝐞   𝐕 𝐚 𝐥 𝐮 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦    ( IVT )    ( 4 . 5 ) :


  If   f   is   continuous   on    [ a , b ]   and   d   is   between   f  ( a )   and   f  ( b )    ( inclusive )


  If   f   is   continuous   on    [ a , b ]   and   d   is   between   f  ( a )   and   f  ( b )    ( inclusive )


  Then   there   exists   a   c ∈  [ a , b ]   such   that   f  ( c ) = d


  Then   there   exists   a   c ∈  [ a , b ]   such   that   f  ( c ) = d


  f  ( a ) ≤ f  ( b )


  d ∈  [ f  ( a ) , f  ( b ) ]


  f  ( a ) ≥ f  ( b )


  d ∈  [ f  ( b ) , f  ( a ) ]


  c


  f  ( x ) =   x 2


   [ 0 , 2 ]


  f  ( a ) = 0


    f  ( b ) = 4


  d = 2 ∈  [ 0 , 4 ]


  d


  c ∈  [ 0 , 2 ]


  f  ( c ) =   c 2 = 2


  S =  { x ∈  [ a , b ] ,     f  ( x ) < d }


  c


  x


  f  ( c ) = d


  x


  c


  S


  f  ( c ) = d


  pf :


  Case   1 : f  ( a ) = f  ( b )


  Case   1 : f  ( a ) = f  ( b )


  d


  d = f  ( a ) = f  ( b )


  c = a


  c = b


  Case   2 :   f  ( a ) < f  ( b )


  d = f  ( a )


  c = a


  d = f  ( b )


  c = b


  d ∈  ( f  ( a ) , f  ( b ) )


  c ∈  ( a , b )


  Let   S =  { x ∈  [ a , b ] ,     f  ( x ) < d }


  f  ( a ) ∈ S


  x ∈ S ⇒ x ∈  [ a , b ] ⇒ x ≤ b


  S


  Let   c =  sup ⁡  S


  f  ( c ) = d


  Suppose   f  ( c ) < d


   2


  c


  c


  f  ( c ) < d


  c


  c


  x ∈ S


  c < x


  x ∈ S


  x ∈  [ a , b ]


  f  ( x ) < d


  c


   ∀  𝜀 > 0 ,      ∃  𝛿 > 0   such   that ,      | x − c | < 𝛿 ⇒  | f  ( x ) − f  ( c ) | < 𝜀


  c ∈  ( a , b )


   2 ∈ ℝ


  d − f  ( c ) > 0


  f  ( c ) < d


  Let   𝜀 = d − f  ( c ) > 0


  Then   there   is   a   𝛿 > 0     such   that


  Then   there   is   a   𝛿 > 0     such   that


   | x − c | < 𝛿 ⇒  | f  ( x ) − f  ( c ) | < 𝜀  ( = d − f  ( c ) )


   | x − c | < 𝛿 ⇒  | f  ( x ) − f  ( c ) | < 𝜀  ( = d − f  ( c ) )


  𝛿


  x > c


  a ≤ x ≤ b


  f  ( x ) < d


  x > c


  x ∈ S


  x


  c


  Let   x = c +   𝛿 2


  x > c


   | x − c | =   𝛿 2 < 𝛿


   | f  ( x ) − f  ( c ) | < 𝜀


  f  ( x )


  x ∈  [ a , b ]


  c


  𝜀 = d − f  ( c )


   | f  ( x ) − f  ( c ) | < d − f  ( c )


  f  ( c ) − d < f  ( x ) − f  ( c ) < d − f  ( c )


  ⇒ f  ( x ) − f  ( c ) < d − f  ( c )


  ⇒ f  ( x ) − f  ( c ) < d − f  ( c )


  ⇒ f  ( x ) < d


  ⇒ f  ( x ) < d


  x ∈ S


  c


  f  ( c ) > d


  c


  x


  Let   𝜀 = f  ( c ) − d ⇒  ∃  𝛿 > 0   such   that    | x − c | < 𝛿 ⇒  | f  ( x ) − f  ( c ) | < f  ( c ) − d


  Let   x = c − 𝛿


  x < c


  x


    x ~ > x


    x ~ ∉ S


  x


    x ~ ∈  ( x , c ]


    x ~ > c


    x ~ > c ⇒   x ~ ∉ S


  c


  S


    x ~ ∈  ( x , c ] ⇒   x ~ ∈  ( c − 𝛿 , c ] ⇒   x ~ ∈  ( c − 𝛿 , c + 𝛿 ) ⇒  |   x ~ − c | < 𝛿 ⇒  | f  (   x ~ ) − f  ( c ) | < 𝜀


  = f  ( c ) − d


  Then   d − f  ( c ) < f  (   x ~ ) − f  ( c ) < f  ( c ) − d ⇒ d − f  ( c ) < f  (   x ~ ) − f  ( c ) ⇒ f  (   x ~ ) > d


  Then   d − f  ( c ) < f  (   x ~ ) − f  ( c ) < f  ( c ) − d ⇒ d − f  ( c ) < f  (   x ~ ) − f  ( c ) ⇒ f  (   x ~ ) > d


  ⇒   x ~ ∉ S


  S


  x


  S


  x < c


  c =  sup ⁡  S


  f  ( c ) < d


  f  ( c ) > d


  f  ( c ) = d   where   c ∈  [ a , b ]   as   required .


  Case   3 : f  ( b ) < f  ( a )


  Let   g  ( x ) = − f  ( x )


  f  ( b ) < d < f  ( a ) ⇒ − f  ( a ) < − d < − f  ( b ) ⇒ g  ( a ) < − d < g  ( b )


  f  ( b ) < d < f  ( a ) ⇒ − f  ( a ) < − d < − f  ( b ) ⇒ g  ( a ) < − d < g  ( b )


  c ∈  [ a , b ]


  g  ( c ) = − d


  f  ( c ) = − g  ( c ) = d


   2


  f  ( x ) =   x 2


  a = 0


  b = 2


  d = 2


    c 2 = 2


  c ∈  [ 0 , 2 ]


  c =  2


  f


  I


  J ≔ f  ( I )


  a , b ∈ J


  a < b


  c ∈  ( a , b )


  a = f  (   x 1 )


  b = f  (   x 2 )


    x 1 ,   x 2 ∈ I


    x 3 ∈ I


  f  (   x 3 ) = c


  c ∈ J


  𝐄 𝐗 𝐓 𝐑 𝐄 𝐌 𝐄   𝐕 𝐚 𝐥 𝐮 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  𝐄 𝐗 𝐓 𝐑 𝐄 𝐌 𝐄   𝐕 𝐚 𝐥 𝐮 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦    ( EVT )    ( 4 . 6 ) :


  If   f   is   continuous   on    [ a , b ]


  If   f   is   continuous   on    [ a , b ]


  then   there   is   some   upper   bound   M ,   with   M ≥ f  ( x )   for   every   x ,   and   M = f  ( C )   for   some   C


  then   there   is   some   upper   bound   M ,   with   M ≥ f  ( x )   for   every   x ,   and   M = f  ( C )   for   some   C


  and   there   is   some   lower   bound   m ,   with   m ≤ f  ( x )   for   every   x ,   and   m = f  ( c )   for   some   c


  and   there   is   some   lower   bound   m ,   with   m ≤ f  ( x )   for   every   x ,   and   m = f  ( c )   for   some   c


  M


  pf :


  Let   S =  { f  ( x ) , x ∈  [ a , b ] }


  Let   S =  { f  ( x ) , x ∈  [ a , b ] }


  f  ( a ) ∈ S


  S


  S


  1


  x


  x > 1


    x 1


  2


    x 2 > 2


  n ∈ ℕ


    x  n > n


    x  n


    x  n ∈  [ a , b ]


    x    n  j


  c ∈  [ a , b ]


    x    n  j


  j


  ℕ


  f


  c


     lim  j → ∞ ⁡    x    n  j   exists ⇒    lim  j → ∞ ⁡  f  (   x    n  j )   exists


  f  (   x    n  j )


  f  (   x    n  j ) >   n  j


  S


  M =  sup ⁡  S


  M ≥ f  ( x )


  x ∈  [ a , b ]


  C


  f  ( C ) = M


    y  n ∈ S


   lim ⁡    y  n = M


    y  n ∈ S ⇒   y  n = f  (   x  n )


    x  n ∈  [ a , b ]


    x  n


   lim ⁡    y  n =  lim ⁡  f  (   x  n ) = M


    x  n


  f


    x  n


    x  n ∈  [ a , b ]


    x    n  j


  Let   C =  lim ⁡    x    n  j ∈  [ a , b ]


  f  (   x    n  j ) =   y    n  j


    y  n


   lim ⁡    y  n = M


   lim ⁡    y    n  j =  lim ⁡  f  (   x    n  j ) = M


    x    n  j


  f


  f


  M =  lim ⁡  f  (   x    n  j ) = f  (  lim ⁡    x    n  j ) = f  ( C ) ,     where   C ∈  [ a , b ]


  f  ( C ) = M


  C ∈  [ a , b ]


  M


  Let   g  ( x ) = − f  ( x )


  c


  g  ( c ) = − m


  − m


  g


  − m ≥ g  ( x )    ∀  x ⇒ m ≤ f  ( x )    ∀  x


  m


  f


  − f  ( c ) = g  ( c ) = − m ⇒ f  ( c ) = m


  m


  f


  g


  f + g


  f g


  f ∘ g


  g ≠ 0


    f  g


  f


  f


  f


  Lemma   4 . 7 :


  If   f   is   continuous   and   injective   on   an   interval   I


  If   f   is   continuous   and   injective   on   an   interval   I


  Then   f   is   strictly   monotone .


  Then   f   is   strictly   monotone .


  pf :


  I =  [ a , b ]


  a < b


  f  ( a ) ≠ f  ( b )    ( injectivity )


  So   either   f  ( a ) < f  ( b )   or   f  ( b ) < f  ( a )


  So   either   f  ( a ) < f  ( b )   or   f  ( b ) < f  ( a )


  Suppose   f  ( a ) < f  ( b )


  Suppose   f  ( a ) < f  ( b )


  f


    x 1 <   x 2


  f  (   x 1 ) < f  (   x 2 )


    x 1 ∈  ( a , b )


  f  ( a ) < f  (   x 1 ) < f  ( b )


  Suppose   a <   x 1 < b


  f  (   x 1 ) ≠ f  ( a )


  f  (   x 1 ) ≠ f  ( b )


  f  (   x 1 ) < f  ( a )


  f


   [   x 1 , b ]


  f  (   x 1 ) < f  ( a ) < f  ( b )


    x 2 ∈  [   x 1 , b ]


  f  (   x 2 ) = f  ( a )


  a <   x 1 ≤   x 2 ⇒   x 2 ≠ a ⇒ f  (   x 2 ) ≠ f  ( a )


  f  (   x 1 ) < f  ( a )


  f  ( a ) < f  (   x 1 )


  f  (   x 1 ) > f  ( b )


  a <   x 1 < b


  f  ( a ) < f  ( b ) < f  (   x 1 )


    x 2


  a ≤   x 2 ≤   x 1   and   f  (   x 2 ) = f  ( b )


    x 2 ≤   x 1 < b ⇒   x 2 ≠ b ⇒ f  (   x 2 ) ≠ f  ( b )


  f  ( a ) < f  (   x 1 ) < f  ( b )


  f


   [ a , b ]


  a < b


  f  ( a ) < f  ( b )


  a <   x 1 < b ⇒ f  ( a ) < f  (   x 1 ) < f  ( b )


   ( ∗ )


  f


    x 1 <   x 2


    x 1 ,   x 2 ∈  [ a , b ]


  f  (   x 1 ) < f  (   x 2 )


  a ≤   x 1 <   x 2 ≤ b


  f


   [   x 1 , b ]


  f  (   x 1 ) < f  ( b )


    x 2 ∈  (   x 1 , b ]


   ( ∗ )


  f  (   x 1 ) < f  (   x 2 ) ≤ f  ( b )


  f  (   x 1 ) < f  (   x 2 )


  f


  f  ( a ) > f  ( b ) ⇒ f


  f


   ( ∗ ∗ )


  I


  Let   a < b    ( for   some   a , b ∈ I )   these   are   fixed


  In   the   case   that   f  ( a ) < f  ( b )   we   want   to   show   that   f   is   increasing .


  In   the   case   that   f  ( a ) < f  ( b )   we   want   to   show   that   f   is   increasing .


  Then   consider    [ a , b ] .   Since   f  ( a ) < f  ( b ) ,   by    ( ∗ ∗ )   f   is   increasing   on    [ a , b ]


  Then   consider    [ a , b ] .   Since   f  ( a ) < f  ( b ) ,   by    ( ∗ ∗ )   f   is   increasing   on    [ a , b ]


  We   still   need   to   show   that   f   is   increasing   everywhere   else   in   I


  We   still   need   to   show   that   f   is   increasing   everywhere   else   in   I


  Suppose   u ≤ a < b ≤ v    ( for   some   u , v ∈ I ) .    [ This   is   so   that    [ u , v ]   contains    [ a , b ] ]


  Suppose   u ≤ a < b ≤ v    ( for   some   u , v ∈ I ) .    [ This   is   so   that    [ u , v ]   contains    [ a , b ] ]


  Then   by    ( ∗ ∗ )    [ u , v ]   is   strictly   monotone .


  Then   by    ( ∗ ∗ )    [ u , v ]   is   strictly   monotone .


  Since   a < b   and   f  ( a ) < f  ( b ) ,   and   a , b ∈  [ u , v ] ,   f   cannot   be   strictly   decreasing   on    [ u , v ]


  so   it   must   be   strictly   increasing   on    [ u , v ] .


  so   it   must   be   strictly   increasing   on    [ u , v ] .


   ( This   is   true   for   any   u , v   with   u ≤ a < b ≤ v )


   ( This   is   true   for   any   u , v   with   u ≤ a < b ≤ v )


  Finally ,   let     x 1 ,   x 2 ∈ I   with     x 1 <   x 2 .


  If   we   can   show   that   f  (   x 1 ) < f  (   x 2 )   then   we   have   shown   that   f   is   increasing   on   I .


  If   we   can   show   that   f  (   x 1 ) < f  (   x 2 )   then   we   have   shown   that   f   is   increasing   on   I .


  Let   u =  min ⁡   {   x 1 , a } ,     v =  max ⁡   {   x 2 , b }


  Let   u =  min ⁡   {   x 1 , a } ,     v =  max ⁡   {   x 2 , b }


  u


  v


  u ≤ a < b ≤ v


  f


   [ u , v ]


    x 1 ,   x 2 ∈  [ u , v ]


    x 1 ,   x 2 ∈  [ u , v ]


  f


   [ u , v ]


    x 1 <   x 2


  f  (   x 1 ) < f  (   x 2 )


    x 1 <   x 2 ⇒ f  (   x 1 ) < f  (   x 2 )


  f


  I


  f  ( b ) < f  ( a )


    x 1 <   x 2 ⇒ f  (   x 2 ) < f  (   x 1 )


  f


  I


  Lemma   4 . 8


  If   f   is   strictly   increasing   Then     f  − 1   is   strictly   increasing


  If   f   is   strictly   increasing   Then     f  − 1   is   strictly   increasing


  pf :


  pf :


  Suppose   f  ( a ) < f  ( b ) .


  Suppose   f  ( a ) < f  ( b ) .


  a = b ⇒ f  ( a ) = f  ( b ) ,     a > b ⇒ f  ( a ) > f  ( b )    ( both   contradictions )


  a = b ⇒ f  ( a ) = f  ( b ) ,     a > b ⇒ f  ( a ) > f  ( b )    ( both   contradictions )


  a < b ⇒ f  ( a ) < f  ( b ) ,      ( not   a   contradiction )


  a < b ⇒ f  ( a ) < f  ( b ) ,      ( not   a   contradiction )


  Meaning ,   f  ( a ) < f  ( b ) ⇒ a < b


  Meaning ,   f  ( a ) < f  ( b ) ⇒ a < b


  Let   u = f  ( a ) ,     v = f  ( b )


  Let   u = f  ( a ) ,     v = f  ( b )


  Then   u < v ⇒   f  − 1  ( u ) <   f  − 1  ( v )


  Then   u < v ⇒   f  − 1  ( u ) <   f  − 1  ( v )


  Hence     f  − 1   is   strictly   increasing


  Hence     f  − 1   is   strictly   increasing


  f


    f  − 1


  Theorem   4 . 9 :


  If   f ,   defined   on   some   interval   I   is   bijective   and   is   continuous   at   c


  If   f ,   defined   on   some   interval   I   is   bijective   and   is   continuous   at   c


  Then     f  − 1   is   continuous   at   f  ( c )


  Then     f  − 1   is   continuous   at   f  ( c )


  pf :


  pf :


  Let   𝜀 > 0


  Let   𝜀 > 0


  Choose   𝛿 ⋯


  Choose   𝛿 ⋯


  𝛿 > 0


  Suppose    | y − f  ( c ) | < 𝛿


  y ∈  ( f  ( c ) − 𝛿 , f  ( c ) + 𝛿 )


   |   f  − 1  ( y ) − c | < 𝜀


    f  − 1


  f  ( c )


  f


  f


  f


  Case   1 :   f   is   strictly   increasing


    f  − 1


  𝜀


   ( c − 𝜀 , c + 𝜀 ) ⊂ I


  ⊂


  𝛿


  𝜀


  f


  f


  f


  A =  ( f  ( c − 𝜀 ) ,   f  ( c + 𝜀 ) )


  f


  f  ( c − 𝜀 ) < f  ( c ) < f  ( c + 𝜀 )


  f  ( c ) ∈ A


  𝛿 > 0


   ( f  ( c ) − 𝛿 , f  ( c ) + 𝛿 ) ⊂ A


  𝛿 =  min ⁡   { f  ( c + 𝜀 ) − f  ( c ) ,     f  ( c ) − f  ( c − 𝜀 ) }


  y ∈  ( f  ( c ) − 𝛿 , f  ( c ) + 𝛿 )


  y ∈ A


    f  − 1


   ( c − 𝜀 , c + 𝜀 )


    f  − 1  ( y ) ∈  ( c − 𝜀 , c + 𝜀 )


  meaning    |   f  − 1  ( y ) − c | < 𝜀


    f  − 1  ( y )


  f  ( c )


   x


    x 2 ,   x ≥ 0


   log ⁡  x


    e  x


    x  𝛼 ,    ( at   least   for   x > 0 )


  𝛼 ∈ ℝ


    x  𝛼 =   e  𝛼  log ⁡  x


    e  x


   log ⁡  x


  f


  x


  f


  x


  c


   ( c , f  ( c ) )


  c


   ( x ,   f  ( x ) )


  x


  c


   ( c , f  ( c ) )


   ( x ,   f  ( x ) )


  f


  x


      f  ( x ) − f  ( c )  x − c


  x


  c


  f


  c


    f ′  ( c )


    f ′  ( c ) ≔    lim  x → c ⁡    f  ( x ) − f  ( c )  x − c


  c


  h = x − c


  g  ( x ) = x − c


  x = c


  g  ( x )


  g  ( x ) ≠ g  ( c )


  x ≠ c


    f ′  ( c ) =    lim  x → c ⁡    f  ( x ) − f  ( c )  x − c =    lim  h → 0 ⁡    f  ( c + h ) − f  ( c ) h


    f ′  ( x ) =    lim  h → 0 ⁡    f  ( x + h ) − f  ( x ) h


   d  d x


  x


   d  d x f  ( x ) =   f ′  ( x )


  E . g . ,   f  ( x ) = k   where   k   is   some   constant


  ⇒   f ′  ( x ) =    lim  h → 0 ⁡    k − k h =    lim  h → 0 ⁡ 0 = 0


  ⇒   f ′  ( x ) =    lim  h → 0 ⁡    k − k h =    lim  h → 0 ⁡ 0 = 0


  E . g . ,   f  ( x ) = x ⇒   f ′  ( x ) =    lim  h → 0 ⁡    x + h − x h =    lim  h → 0 ⁡   h h =    lim  h → 0 ⁡ 1 = 1


  E . g . ,   f  ( x ) = x ⇒   f ′  ( x ) =    lim  h → 0 ⁡    x + h − x h =    lim  h → 0 ⁡   h h =    lim  h → 0 ⁡ 1 = 1


  E . g . ,   f  ( x ) =   x 2 ⇒   f ′  ( x ) =    lim  h → 0 ⁡       ( x + h ) 2 −   x 2 h =    lim  h → 0 ⁡      x 2 + 2 x h +  h 2 −   x 2 h =    lim  h → 0 ⁡    2 x h +  h 2 h


  E . g . ,   f  ( x ) =   x 2 ⇒   f ′  ( x ) =    lim  h → 0 ⁡       ( x + h ) 2 −   x 2 h =    lim  h → 0 ⁡      x 2 + 2 x h +  h 2 −   x 2 h =    lim  h → 0 ⁡    2 x h +  h 2 h


  =    lim  h → 0 ⁡   ( 2 x + h ) = 2 x


  =    lim  h → 0 ⁡   ( 2 x + h ) = 2 x


  f  ( x ) =   x  n ⇒   f ′  ( x ) = n   x  n − 1


  n ∈ 𝕎


  f  ( x ) =  | x |


  x = 0


    f ′  ( 0 ) =    lim  h → 0 ⁡     | h | −  | 0 | h =    lim  h → 0 ⁡     | h | h


     lim  h →  0 + ⁡     | h | h =    lim  h →  0 + ⁡   h h = 1


     lim  h →  0 − ⁡     | h | h =    lim  h →  0 − ⁡    − h h = − 1 ≠    lim  h →  0 + ⁡     | h | h


  ⇏


  ⇒


  Theorem   5 . 1 :


  If   f   is   differentiable   at   c   then   f   is   continuous   at   c


  If   f   is   differentiable   at   c   then   f   is   continuous   at   c


  pf :


     lim  x → c ⁡   [ f  ( x ) − f  ( c ) ] =    lim  x → c ⁡   [   f  ( x ) − f  ( c )  x − c  ( x − c ) ] =    lim  x → c ⁡    f  ( x ) − f  ( c )  x − c ⋅    lim  x → c ⁡   ( x − c )


     lim  x → c ⁡   [ f  ( x ) − f  ( c ) ] =    lim  x → c ⁡   [   f  ( x ) − f  ( c )  x − c  ( x − c ) ] =    lim  x → c ⁡    f  ( x ) − f  ( c )  x − c ⋅    lim  x → c ⁡   ( x − c )


  =   f ′  ( c ) ⋅ 0 = 0


  =   f ′  ( c ) ⋅ 0 = 0


  But   also


     lim  x → c ⁡   [ f  ( x ) − f  ( c ) ] =    lim  x → c ⁡  f  ( x ) −    lim  x → c ⁡  f  ( c ) =    lim  x → c ⁡  f  ( x ) − f  ( c )


  So    lim  x → c ⁡  f  ( x ) − f  ( c ) = 0


  ⇒    lim  x → c ⁡  f  ( x ) = f  ( c )


  ⇒    lim  x → c ⁡  f  ( x ) = f  ( c )


  f


  x


  c


    f  ( x ) − f  ( c )  x − c ≈   f ′  ( c )


  ≈


  r  ( x )


    f  ( x ) − f  ( c )  x − c =   f ′  ( c ) + r  ( x )


  ⇒ f  ( x ) = f  ( c ) +  ( x − c )   f ′  ( c ) +  ( x − c ) r  ( x )


  ⇒ f  ( x ) = f  ( c ) +  ( x − c )   f ′  ( c ) +  ( x − c ) r  ( x )


  f  ( x )


  x → c


  → 0


     lim  x → c ⁡  r  ( x ) = 0


  Theorem   5 . 2 :


  f  ( x )   is   differentiable   at   c   iff   it   can   be   written   in   the   form :


  f  ( x )   is   differentiable   at   c   iff   it   can   be   written   in   the   form :


  f  ( x ) = f  ( c ) +   f ′  ( c )  ( x − c ) + r  ( x )  ( x − c )


  f  ( x ) = f  ( c ) +   f ′  ( c )  ( x − c ) + r  ( x )  ( x − c )


  where   r  ( x )   is   some   function   with    lim  x → c ⁡  r  ( x ) = 0


  where   r  ( x )   is   some   function   with    lim  x → c ⁡  r  ( x ) = 0


  pf :


  " ⇒ "


  " ⇒ "


  Suppose   f   is   differentiable   at   c


  Suppose   f   is   differentiable   at   c


  This   means    lim  x → c ⁡    f  ( x ) − f  ( c )  x − c =   f ′  ( c )


  This   means    lim  x → c ⁡    f  ( x ) − f  ( c )  x − c =   f ′  ( c )


  Then   we   define   r  ( x ) ≔   f  ( x ) − f  ( c )  x − c −   f ′  ( c ) ,     x ≠ c


  Then   we   define   r  ( x ) ≔   f  ( x ) − f  ( c )  x − c −   f ′  ( c ) ,     x ≠ c


  r  ( c )


  x → c


  r  ( c )


  f  ( x ) = f  ( c ) +   f ′  ( c )  ( x − c ) + r  ( x )  ( x − c )


  x


  For   x ≠ c   we   rearrange :


  r  ( x ) =   f  ( x ) − f  ( c )  x − c −   f ′  ( c ) ⇒ f  ( x ) = f  ( c ) +   f ′  ( c )  ( x − c ) + r  ( x )  ( x − c )


  r  ( x ) =   f  ( x ) − f  ( c )  x − c −   f ′  ( c ) ⇒ f  ( x ) = f  ( c ) +   f ′  ( c )  ( x − c ) + r  ( x )  ( x − c )


  For   x = c :


  For   x = c :


  LHS = f  ( x ) = f  ( c )


  LHS = f  ( x ) = f  ( c )


  RHS = f  ( c ) +   f ′  ( c )  ( x − c ) + r  ( x )  ( x − c ) = f  ( c ) +   f ′  ( c ) ⋅ 0 + r  ( c ) ⋅ 0 = f  ( c ) = LHS


  RHS = f  ( c ) +   f ′  ( c )  ( x − c ) + r  ( x )  ( x − c ) = f  ( c ) +   f ′  ( c ) ⋅ 0 + r  ( c ) ⋅ 0 = f  ( c ) = LHS


  f  ( x ) = f  ( c ) +   f ′  ( c )  ( x − c ) + r  ( x )  ( x − c )


     lim  x → c ⁡  r  ( x ) = 0


     lim  x → c ⁡  r  ( x ) =    lim  x → c ⁡   (   f  ( x ) − f  ( c )  x − c −   f ′  ( c ) ) =    lim  x → c ⁡    f  ( x ) − f  ( c )  x − c −   f ′  ( c ) =   f ′  ( c ) −   f ′  ( c ) = 0


  " ⇐ "


  " ⇐ "


  f  ( x ) = f  ( c ) + M  ( x − c ) + r  ( x )  ( x − c )


     lim  x → c ⁡  r  ( x ) = 0


  f


  c


    f ′  ( c ) = M


    f  ( x ) − f  ( c )  x − c = M + r  ( x ) ,     x ≠ c


     lim  x → c ⁡    f  ( x ) − f  ( c )  x − c =    lim  x → c ⁡   ( M + r  ( x ) )


     lim  x → c ⁡    f  ( x ) − f  ( c )  x − c =    lim  x → c ⁡   ( M + r  ( x ) )


     lim  x → c ⁡    f  ( x ) − f  ( c )  x − c = M


     lim  x → c ⁡    f  ( x ) − f  ( c )  x − c = M


  f


  c


    f ′  ( c ) = M


   ( x − c )


  f  ( x ) = f  ( c ) +  (   f ′  ( c ) + r  ( x ) )  ( x − c )


    f 1  ( x ) =   f ′  ( c ) + r  ( x )


  f  ( x ) = f  ( c ) +   f 1  ( x )  ( x − c ) ,     where    lim  x → c ⁡    f 1  ( x ) =   f ′  ( c )


  r  ( x ) =   f 1  ( x ) −   f ′  ( c )


  f  ( x )


  f


  f  ( x ) =   x  n ,   n ∈ 𝕎


    x  𝛼 ,     e  x ,  ln ⁡  x )


   lim ⁡   ( f + g ) =  lim ⁡  f +  lim ⁡  g


   lim ⁡   ( f g ) =  lim ⁡  f ⋅  lim ⁡  g


   lim ⁡    f  g =    lim ⁡  f   lim ⁡  g


  g ,  lim ⁡  g ≠ 0


  f


   lim ⁡  f  ( g  ( x ) ) = f  (  lim ⁡  g  ( x ) )


   d  d x  ( f  ( x ) + g  ( x ) ) =   f ′  ( x ) +   g ′  ( x )


  Theorem  ( s )   5 . 3 :


  Let   f   and   g   be   differentiable ,   then :


  Let   f   and   g   be   differentiable ,   then :


     ( f + g ) ′ =   f ′ +   g ′


     ( f + g ) ′ =   f ′ +   g ′


     ( f g ) ′ =   f ′ g + f   g ′


     ( f g ) ′ =   f ′ g + f   g ′


     (   f  g ) ′ =     f ′ g − f   g ′    g 2    ( as   long   as   g  ( x ) ≠ 0 )


     (   f  g ) ′ =     f ′ g − f   g ′    g 2    ( as   long   as   g  ( x ) ≠ 0 )


     ( f ∘ g ) ′ =  (   f ′ ∘ g ) ×   g ′


     ( f ∘ g ) ′ =  (   f ′ ∘ g ) ×   g ′


     (   f  − 1 ) ′ =  1    f ′ ∘   f  − 1    ( as   long   as     f ′  (   f  − 1  ( x ) ) ≠ 0 )


     (   f  − 1 ) ′ =  1    f ′ ∘   f  − 1    ( as   long   as     f ′  (   f  − 1  ( x ) ) ≠ 0 )


  LHS


  RHS


  RHS


     ( f + g ) ′  ( x ) =    lim  h → 0 ⁡     [ f  ( x + h ) + g  ( x + h ) ] −  [ f  ( x ) + g  ( x ) ] h


  =    lim  h → 0 ⁡   (   f  ( x + h ) − f  ( x ) h +   g  ( x + h ) − g  ( x ) h )


  =    lim  h → 0 ⁡   (   f  ( x + h ) − f  ( x ) h ) +    lim  h → 0 ⁡   (   g  ( x + h ) − g  ( x ) h )


  =    lim  h → 0 ⁡   (   f  ( x + h ) − f  ( x ) h ) +    lim  h → 0 ⁡   (   g  ( x + h ) − g  ( x ) h )


  =   f ′  ( x ) +   g ′  ( x )


  =   f ′  ( x ) +   g ′  ( x )


  f


  g


  c


  f  ( x ) = f  ( c ) +   f 1  ( x )  ( x − c ) ,     g  ( x ) = g  ( c ) +   g 1  ( x )  ( x − c )


  Where    lim  x → c ⁡    f 1  ( x ) =   f ′  ( c )   and    lim  x → c ⁡    g 1  ( x ) =   g ′  ( c )


  Where    lim  x → c ⁡    f 1  ( x ) =   f ′  ( c )   and    lim  x → c ⁡    g 1  ( x ) =   g ′  ( c )


  h  ( x ) = f  ( x ) g  ( x )


  h  ( x )


  h  ( c ) +  h 1  ( x )  ( x − c )


   h ′  ( c )


     lim  x → c ⁡   h 1  ( x )


  h  ( x ) =  ( f  ( c ) +   f 1  ( x )  ( x − c ) )  ( g  ( c ) +   g 1  ( x )  ( x − c ) )


  = f  ( c ) g  ( c ) +   f 1  ( x )  ( x − c ) g  ( c ) +   g 1  ( x )  ( x − c ) f  ( c ) +   f 1  ( x )   g 1  ( x )    ( x − c ) 2


  = f  ( c ) g  ( c ) +   f 1  ( x )  ( x − c ) g  ( c ) +   g 1  ( x )  ( x − c ) f  ( c ) +   f 1  ( x )   g 1  ( x )    ( x − c ) 2


  = h  ( c ) +  [   f 1  ( x ) g  ( c ) + f  ( c )   g 1  ( x ) +   f 1  ( x )   g 1  ( x )  ( x − c ) ]  ( x − c )


  = h  ( c ) +  [   f 1  ( x ) g  ( c ) + f  ( c )   g 1  ( x ) +   f 1  ( x )   g 1  ( x )  ( x − c ) ]  ( x − c )


   h 1  ( x ) =   f 1  ( x ) g  ( c ) + f  ( c )   g 1  ( x ) +   f 1  ( x )   g 1  ( x )  ( x − c )


  so   that   h  ( x ) = h  ( c ) +  h 1  ( x )  ( x − c )


     lim  x → c ⁡   h 1  ( x ) =   f ′  ( c ) g  ( c ) + f  ( c )   g ′  ( c ) +   f ′  ( c )   g ′  ( c ) ⋅ 0 =   f ′  ( c ) g  ( c ) + f  ( c )   g ′  ( c )


  f  ( x ) g  ( x )


  c


    f ′  ( c ) g  ( c ) + f  ( c )   g ′  ( c )


   d  d x  ( k ) = 0


   d  d x  [ k f  ( x ) ] = k  d  d x  [ f  ( x ) ]


  k


   1  g  ( x )


  Let   h  ( x ) =  1  g  ( x ) =    1  g  ( c ) +   g 1  ( x )  ( x − c )


  h  ( c ) +  h 1  ( x )  ( x − c )


  g  ( c ) ≠ 0


  h  ( x ) =  1  g  ( c ) −  1  g  ( c ) +  1  g  ( c ) +   g 1  ( x )  ( x − c )


  = h  ( c ) −   g  ( c ) +   g 1  ( x )  ( x − c )  g  ( c )  [ g  ( c ) +   g 1  ( x )  ( x − c ) ] +   g  ( c )  g  ( c )  [ g  ( c ) +   g 1  ( x )  ( x − c ) ]


  = h  ( c ) −     g 1  ( x )  g  ( c )  [ g  ( c ) +   g 1  ( x )  ( x − c ) ]  ( x − c )


  = h  ( c ) −     g 1  ( x )  g  ( c )  [ g  ( c ) +   g 1  ( x )  ( x − c ) ]  ( x − c )


   h 1  ( x ) = −     g 1  ( x )  g  ( c )  [ g  ( c ) +   g 1  ( x )  ( x − c ) ]


  then   h  ( x ) = h  ( c ) +  h 1  ( x )  ( x − c )


  Then    h ′  ( c ) =    lim  x → c ⁡   h 1  ( x ) = −     g ′  ( c )  g  ( c )  [ g  ( c ) +   g ′  ( c )  ( 0 ) ] =   −   g ′  ( c )  g    ( c ) 2


  Then    h ′  ( c ) =    lim  x → c ⁡   h 1  ( x ) = −     g ′  ( c )  g  ( c )  [ g  ( c ) +   g ′  ( c )  ( 0 ) ] =   −   g ′  ( c )  g    ( c ) 2


   d  d x  (  1  g  ( x ) ) = −     g ′  ( x )  g    ( x ) 2


   d  d x  (   f  ( x )  g  ( x ) ) =   f ′  ( x ) ×  1  g  ( x ) + f  ( x ) × −     g ′  ( x )  g    ( x ) 2


  =     f ′  ( x )  g  ( x ) −   f  ( x )   g ′  ( x )  g    ( x ) 2 =     f ′  ( x ) g  ( x ) − f  ( x )   g ′  ( x )  g    ( x ) 2


  =     f ′  ( x )  g  ( x ) −   f  ( x )   g ′  ( x )  g    ( x ) 2 =     f ′  ( x ) g  ( x ) − f  ( x )   g ′  ( x )  g    ( x ) 2


  f


  g


  c


  g


  c


  f


  g  ( c )


  f  ( u ) = f  ( g  ( c ) ) +   f 1  ( u )  ( u − g  ( c ) ) ,     where    lim  u → g  ( c ) ⁡    f 1  ( u ) =   f ′  ( g  ( c ) )


  g  ( x ) = g  ( c ) +   g 1  ( x )  ( x − c ) ,     where    lim  x → c ⁡    g 1  ( x ) =   g ′  ( c )


  g  ( x ) = g  ( c ) +   g 1  ( x )  ( x − c ) ,     where    lim  x → c ⁡    g 1  ( x ) =   g ′  ( c )


  Let   h  ( x ) = f  ( g  ( x ) )


  Let   h  ( x ) = f  ( g  ( x ) )


  = f  ( g  ( c ) ) +   f 1  ( g  ( x ) )  ( g  ( x ) − g  ( c ) )


  = f  ( g  ( c ) ) +   f 1  ( g  ( x ) )  ( g  ( x ) − g  ( c ) )


  = h  ( c ) +   f 1  ( g  ( c ) +   g 1  ( x )  ( x − c ) )  ( g  ( c ) +   g 1  ( x )  ( x − c ) − g  ( c ) )


  = h  ( c ) +   f 1  ( g  ( c ) +   g 1  ( x )  ( x − c ) )  ( g  ( c ) +   g 1  ( x )  ( x − c ) − g  ( c ) )


  = h  ( c ) +   f 1  ( g  ( c ) +   g 1  ( x )  ( x − c ) )   g 1  ( x )  ( x − c )


  = h  ( c ) +   f 1  ( g  ( c ) +   g 1  ( x )  ( x − c ) )   g 1  ( x )  ( x − c )


   h 1  ( x ) =   f 1  ( g  ( c ) +   g 1  ( x )  ( x − c ) )   g 1  ( x )


  h  ( x ) = h  ( c ) +  h 1  ( x )  ( x − c )


   h ′  ( c ) =    lim  x → c ⁡   h 1  ( x )


     lim  x → c ⁡   h 1  ( x ) =    lim  x → c ⁡    f 1  ( g  ( c ) +   g 1  ( x )  ( x − c ) )   g 1  ( x )


  =    lim  x → c ⁡    f 1  ( g  ( c ) +   g 1  ( x )  ( x − c ) ) ×    lim  x → c ⁡    g 1  ( x )


  =    lim  x → c ⁡    f 1  ( g  ( c ) +   g 1  ( x )  ( x − c ) ) ×    lim  x → c ⁡    g 1  ( x )


  =    lim  x → c ⁡    f 1  ( g  ( c ) +   g 1  ( x )  ( x − c ) ) ×   g ′  ( c )


  =    lim  x → c ⁡    f 1  ( g  ( c ) +   g 1  ( x )  ( x − c ) ) ×   g ′  ( c )


     lim  x → c ⁡   ( g  ( c ) +   g 1  ( x )  ( x − c ) ) = g  ( c )


    f 1


    f 1


  g  ( c )


     lim  u → g  ( c ) ⁡    f 1  ( u ) =   f ′  ( g  ( c ) )


    f 1  ( g  ( c ) ) =   f ′  ( g  ( c ) )


    f 1  ( g  ( c ) )


    f 1  ( g  ( c ) ) =   f ′  ( g  ( c ) )


    f 1


  g  ( c )


   h ′  ( c ) =   f 1  (    lim  x → c ⁡   ( g  ( c ) +   g 1  ( x )  ( x − c ) ) ) ×   g ′  ( c )


  =   f 1  ( g  ( c ) +   g ′  ( c ) ⋅ 0 ) ×   g ′  ( c )


  =   f 1  ( g  ( c ) +   g ′  ( c ) ⋅ 0 ) ×   g ′  ( c )


  =   f 1  ( g  ( c ) ) ×   g ′  ( c )


  =   f 1  ( g  ( c ) ) ×   g ′  ( c )


  =   f ′  ( g  ( c ) ) ×   g ′  ( c )


  =   f ′  ( g  ( c ) ) ×   g ′  ( c )


  Hence


   d  d x ( f  ( g  ( x ) ) =   f ′  ( g  ( x ) )   g ′  ( x )


  f  (   f  − 1  ( x ) ) = x


    f ′  (   f  − 1  ( x ) ) ×  d  d x   f  − 1  ( x ) = 1


  ⇒  d  d x   f  − 1  ( x ) =  1    f ′  (   f  − 1  ( x ) )


  ⇒  d  d x   f  − 1  ( x ) =  1    f ′  (   f  − 1  ( x ) )


  ( assuming   f   is   differentiable   at     f  − 1  ( x )   and   that     f ′  (   f  − 1  ( x ) ) ≠ 0


  ( assuming   f   is   differentiable   at     f  − 1  ( x )   and   that     f ′  (   f  − 1  ( x ) ) ≠ 0


    x  n


  n ∈ 𝕎


  𝕎 ≔  { 0 , 1 , 2 , 3 , ⋯ }


    x  𝛼


  𝛼 ∈ ℝ


    x  𝛼


    x  𝛼 =   e  𝛼  log ⁡  x


    e  x


   log ⁡  x


    e  x ≔   ∑  n = 0 ∞      x  n  n !


   d  d x   e  x =   e  x


  Theorem   5 . 4 :


   d  d x   e  x =   e  x


   d  d x   e  x =   e  x


  pf :


  pf :


   d  d x   e  x =    lim  h → 0 ⁡      e  x + h −   e  x h =   e  x    lim  h → 0 ⁡      e h − 1 h =   e  x    lim  h → 0 ⁡    ∑  n = 1 ∞     h  n − 1  n !


   d  d x   e  x =    lim  h → 0 ⁡      e  x + h −   e  x h =   e  x    lim  h → 0 ⁡      e h − 1 h =   e  x    lim  h → 0 ⁡    ∑  n = 1 ∞     h  n − 1  n !


  =   e  x  ( 1 +    lim  h → 0 ⁡    ∑  n = 2 ∞     h  n − 1  n ! )


  =   e  x  ( 1 +    lim  h → 0 ⁡    ∑  n = 2 ∞     h  n − 1  n ! )


     lim  h → 0 ⁡    ∑  n = 2 ∞     h  n − 1  n ! = 0


  0


  n ! ≥  2  n − 1


  n ∈ ℕ


  Q 13


  ⇒    |  h  n − 1 |  n ! ≤    |  h  n − 1 |   2  n − 1


  ⇒ −    |  h  n − 1 |   2  n − 1 ≤    h  n − 1  n ! ≤    |  h  n − 1 |   2  n − 1


  ⇒ −    |  h  n − 1 |   2  n − 1 ≤    h  n − 1  n ! ≤    |  h  n − 1 |   2  n − 1


    ∑  n = 2 ∞     |  h  n − 1 |   2  n − 1   converges    ( for    | h | < 2 )   to    | h |  2 −  | h |    ( geometric   series )


  Likewise ,     ∑  n = 2 ∞  −    |  h  n − 1 |   2  n − 1 =    | h |   | h | − 2


  Likewise ,     ∑  n = 2 ∞  −    |  h  n − 1 |   2  n − 1 =    | h |   | h | − 2


  So      | h |   | h | − 2 ≤   ∑  n = 2 ∞     h  n − 1  n ! ≤    | h |  2 −  | h |


  So      | h |   | h | − 2 ≤   ∑  n = 2 ∞     h  n − 1  n ! ≤    | h |  2 −  | h |


     lim  h → 0 ⁡     | h |   | h | − 2 =  0  0 − 2 = 0   and      lim  h → 0 ⁡     | h |  2 −  | h | =  0  2 − 0 = 0


  So      lim  h → 0 ⁡    ∑  n = 2 ∞     h  n − 1  n ! = 0


  So      lim  h → 0 ⁡    ∑  n = 2 ∞     h  n − 1  n ! = 0


   d  d x   e  x =   e  x  ( 1 +    lim  h → 0 ⁡    ∑  n = 2 ∞     h  n − 1  n ! ) =   e  x  ( 1 + 0 ) =   e  x


   d  d x   e  x =   e  x


   d  d x   e  x =   e  x


  f  ( x ) =   e  x ⇒   f  − 1  ( x ) =  log ⁡  x


   d  d x  log ⁡  x =  1    e   log ⁡  x =  1  x


    x  𝛼 ,   x > 0


   d dx   x  𝛼 =  d  d x   e  𝛼  log ⁡  x =   e  𝛼  log ⁡  x ×   𝛼  x =   x  𝛼 ×   𝛼  x = 𝛼   x  𝛼 − 1


  𝛼 ∈ 𝕎


  𝐑 𝐨 𝐥 𝐥 𝐞 ’ 𝐬   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  f


   [ a , b ]


  f  ( a ) = f  ( b )


  c ∈  ( a , b )


  f  ( c ) = 0


  Lemma   5 . 5 :


  If   f   is   differentiable   at   c   and   f  ( c )   is   a   local   maximum    ( or   minmum )


  If   f   is   differentiable   at   c   and   f  ( c )   is   a   local   maximum    ( or   minmum )


  and   c   is   an   interior   point   in   the   domain   of   f


  and   c   is   an   interior   point   in   the   domain   of   f


  Then     f ′  ( c ) = 0


  Then     f ′  ( c ) = 0


  f  ( c )


  f  ( c )


  𝛿 > 0


   | x − c | < 𝛿 ⇒ f  ( c ) ≥ f  ( x )


  f  ( c )


   ∃  𝛿 > 0   s . t . ,    | x − c | < 𝛿 ⇒ f  ( c ) ≤ f  ( x )


  pf :


  f  ( c )


  f


  c


    f ′  ( c ) =    lim  x → c ⁡    f  ( x ) − f  ( c )  x − c


    f ′  ( c )


  𝛿 > 0


   | x − c | < 𝛿 ⇒ f  ( c ) ≥ f  ( x )


  f  ( c )


  x


  𝛿


   ( c − 𝛿 , c + 𝛿 )


   [ a , b ]


  x ∈  ( c − 𝛿 , c + 𝛿 )


  f  ( c ) ≥ f  ( x )


  x > c


  f  ( x ) − f  ( c ) ≤ 0


  x − c > 0


    f  ( x ) − f  ( c )  x − c ≤ 0


     lim  x →   c + ⁡    f  ( x ) − f  ( c )  x − c =   f ′  ( c ) ≤ 0


  x < c


  f  ( x ) − f  ( c ) ≤ 0


  x − c < 0


    f  ( x ) − f  ( c )  x − c ≥ 0


     lim  x →   c − ⁡    f  ( x ) − f  ( c )  x − c =   f ′  ( c ) ≥ 0


    f ′  ( c ) ≤ 0   and     f ′  ( c ) ≥ 0


  ⇒   f ′  ( c ) = 0


  ⇒   f ′  ( c ) = 0


  Corollary   5 . 6 : 𝐑 𝐨 𝐥 𝐥 𝐞 ′ 𝐬   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  If   f   is   differentiable   on    [ a , b ]   and   f  ( a ) = f  ( b )


  If   f   is   differentiable   on    [ a , b ]   and   f  ( a ) = f  ( b )


  Then   there   exists   some   c ∈  ( a , b )   such   that     f ′  ( c ) = 0


  Then   there   exists   some   c ∈  ( a , b )   such   that     f ′  ( c ) = 0


  pf :


  pf :


  m , M ∈  [ a , b ]


  f  ( m )


  f  ( M )


  f  ( m ) ≤ f  ( x ) ≤ f  ( M )


  x ∈  [ a , b ]


  f  ( m ) = f  ( M ) = f  ( a )


  f  ( m ) < f  ( a )


  f  ( M ) > f  ( a )


  If   f  ( m ) = f  ( M )   then   f   is   constant .


  The   derivative   of   a   constant   is   zero   everywhere ,   so   any   point   c ∈  ( a , b )   will   do .


  The   derivative   of   a   constant   is   zero   everywhere ,   so   any   point   c ∈  ( a , b )   will   do .


  If   f  ( m ) < f  ( a ) = f  ( b )


  If   f  ( m ) < f  ( a ) = f  ( b )


  Then   m ≠ a   and   m ≠ b   so   m   is   an   interior   point .


  Then   m ≠ a   and   m ≠ b   so   m   is   an   interior   point .


  Also   since   f   is   differentiable   everywhere ,   f   is   differentiable   at   m .


  Also   since   f   is   differentiable   everywhere ,   f   is   differentiable   at   m .


  By   the   previous   lemma ,     f ′  ( m ) = 0


  By   the   previous   lemma ,     f ′  ( m ) = 0


  If   f  ( M ) > f  ( a ) = f  ( b )


  If   f  ( M ) > f  ( a ) = f  ( b )


  Then   M ≠ a   and   M ≠ b   so   M   is   an   interior   point .   Also   f   is   differentiable   at   M .


  Then   M ≠ a   and   M ≠ b   so   M   is   an   interior   point .   Also   f   is   differentiable   at   M .


  By   the   previous   lemma ,     f ′  ( M ) = 0


  By   the   previous   lemma ,     f ′  ( M ) = 0


  𝐌 𝐞 𝐚 𝐧   𝐕 𝐚 𝐥 𝐮 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  f


   [ a , b ]


  c ∈  ( a , b )


  f


  c


  x


  f  ( a ) = f  ( b )


    f ′  ( c )


    f  ( b ) − f  ( a )  b − a


  𝐌 𝐞 𝐚 𝐧   𝐕 𝐚 𝐥 𝐮 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦    ( 5 . 7 ) :


  If   f   is   differentiable   on    [ a , b ]


  If   f   is   differentiable   on    [ a , b ]


  Then    ∃  c ∈  ( a , b )   s . t . ,     f ′  ( c ) =   f  ( b ) − f  ( a )  b − a


  Then    ∃  c ∈  ( a , b )   s . t . ,     f ′  ( c ) =   f  ( b ) − f  ( a )  b − a


  pf :


  pf :


  y = m x + c


    f  ( b ) − f  ( a )  b − a


  y =   f  ( b ) − f  ( a )  b − a x + c


   ( a , f  ( a ) )


  c = y −   f  ( b ) − f  ( a )  b − a x = f  ( a ) −   f  ( b ) − f  ( a )  b − a a


  y =   f  ( b ) − f  ( a )  b − a x +   f  ( a ) −   f  ( b ) − f  ( a )  b − a a


  f  ( x )


  Let   g  ( x ) ≔ f  ( x ) −   f  ( b ) − f  ( a )  b − a x −   f  ( a ) +   f  ( b ) − f  ( a )  b − a a


  f


   [ a , b ]


  g


  g  ( a ) = g  ( b ) .


  g  ( a ) = f  ( a ) −   f  ( b ) − f  ( a )  b − a a −   f  ( a ) +   f  ( b ) − f  ( a )  b − a a = 0


  g  ( b ) = f  ( b ) −   f  ( b ) − f  ( a )  b − a b −   f  ( a ) +   f  ( b ) − f  ( a )  b − a a


  g  ( b ) = f  ( b ) −   f  ( b ) − f  ( a )  b − a b −   f  ( a ) +   f  ( b ) − f  ( a )  b − a a


  =  [ f  ( b ) − f  ( a ) ] +   f  ( b ) − f  ( a )  b − a  ( a − b )


  =  [ f  ( b ) − f  ( a ) ] +   f  ( b ) − f  ( a )  b − a  ( a − b )


  =  [ f  ( b ) − f  ( a ) ] −  [ f  ( b ) − f  ( a ) ] = 0 = f  ( a )


  =  [ f  ( b ) − f  ( a ) ] −  [ f  ( b ) − f  ( a ) ] = 0 = f  ( a )


  There   exists   a   c ∈  ( a , b )   such   that     g ′  ( c ) = 0


    g ′  ( x ) =     f ′  ( x ) −   f  ( b ) − f  ( a )  b − a


    g ′  ( x ) =     f ′  ( x ) −   f  ( b ) − f  ( a )  b − a


  ⇒   f ′  ( c ) −   f  ( b ) − f  ( a )  b − a = 0


  ⇒   f ′  ( c ) −   f  ( b ) − f  ( a )  b − a = 0


  ⇒   f ′  ( c ) =   f  ( b ) − f  ( a )  b − a


  ⇒   f ′  ( c ) =   f  ( b ) − f  ( a )  b − a


  𝐂 𝐮 𝐚 𝐜 𝐡 𝐲 ′ 𝐬   𝐆 𝐞 𝐧 𝐞 𝐫 𝐚 𝐥 𝐢 𝐬 𝐞 𝐝   𝐌 𝐞 𝐚 𝐧   𝐕 𝐚 𝐥 𝐮 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  y = f  ( x )


  x


  y


  y = f  ( t ) ,   x = g  ( t )


  t


  x


  y


  y = f  ( x )


  I


   {  ( x , f  ( x ) ) :   x ∈ I }


  t  


  I


   {  ( g  ( t ) , f  ( t ) ) : t ∈ I }


  x = g  ( t ) ,   y = f  ( t )


  t ∈  [ a , b ]


  f


  g


  𝐂 𝐚 𝐮 𝐜 𝐡 𝐲 ’ 𝐬   𝐆 𝐞 𝐧 𝐞 𝐫 𝐚 𝐥 𝐢 𝐬 𝐞 𝐝   𝐌 𝐞 𝐚 𝐧   𝐕 𝐚 𝐥 𝐮 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  m


  c ∈  ( a , b )


  t = c


  m


    f ′  ( c )


  x = g  ( t ) ⇒   d x  d t =   g ′  ( t )


  y = f  ( t ) ⇒   d y  d t =   f ′  ( t )


    d y  d x =   d y  d t ÷   d x  d t =     f ′  ( t )    g ′  ( t )


  t = c


      f ′  ( c )    g ′  ( c )


    f  ( b ) − f  ( a )  g  ( b ) − g  ( a )


  g  ( t ) = t


    f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) =     f ′  ( c )    g ′  ( c )


   ( f  ( b ) − f  ( a ) )   g ′  ( c ) =  ( g  ( b ) − g  ( a ) )   f ′  ( c )


   ( g  ( b ) − g  ( a ) =   g ′  ( c ) = 0 )


  𝐂 𝐚 𝐮 𝐜 𝐡 𝐲 ′ 𝐬   𝐆 𝐞 𝐧 𝐞 𝐫 𝐚 𝐥 𝐢 𝐬 𝐞 𝐝   𝐌 𝐞 𝐚 𝐧   𝐕 𝐚 𝐥 𝐮 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦    ( 5 . 8 ) :


  If   f   and   g   are   each   differentiable   on    [ a , b ]


  If   f   and   g   are   each   differentiable   on    [ a , b ]


  Then    ∃  c ∈  ( a , b ) s . t . ,      ( f  ( b ) − f  ( a ) )   g ′  ( c ) =  ( g  ( b ) − g  ( a ) )   f ′  ( c )


  Then    ∃  c ∈  ( a , b ) s . t . ,      ( f  ( b ) − f  ( a ) )   g ′  ( c ) =  ( g  ( b ) − g  ( a ) )   f ′  ( c )


  pf :


  h  ( t )


  Let   h  ( t ) = f  ( t ) −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( t ) − f  ( a ) +   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( a )


   ( Assuming   for   now   that   g  ( a ) ≠ g  ( b ) )


   ( Assuming   for   now   that   g  ( a ) ≠ g  ( b ) )


  Then   h  ( a ) =   f  ( a ) −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( a ) − f  ( a ) +   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( a ) = 0


  h  ( b ) =  [ f  ( b ) − f  ( a ) ] −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a )  [ g  ( b ) − g  ( a ) ]


  h  ( b ) =  [ f  ( b ) − f  ( a ) ] −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a )  [ g  ( b ) − g  ( a ) ]


  =  [ f  ( b ) − f  ( a ) ] −  [ f  ( b ) − f  ( a ) ] = 0 = h  ( a )


  =  [ f  ( b ) − f  ( a ) ] −  [ f  ( b ) − f  ( a ) ] = 0 = h  ( a )


  𝐑 𝐨 𝐥 𝐥 𝐞 ’ 𝐬   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


  c ∈  ( a , b )


   h ′  ( c ) = 0


  h


   h ′  ( t ) =   f ′  ( t ) −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a )   g ′  ( t )


  ⇒   f ′  ( c ) −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a )   g ′  ( c ) = 0


  ⇒   f ′  ( c ) −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a )   g ′  ( c ) = 0


  ⇒  ( g  ( b ) − g  ( a ) )   f ′  ( c ) =  ( f  ( b ) − f  ( a ) )   g ′  ( c )


  ⇒  ( g  ( b ) − g  ( a ) )   f ′  ( c ) =  ( f  ( b ) − f  ( a ) )   g ′  ( c )


  g  ( a ) = g  ( b )


  c ∈  ( a , b )


   ( f  ( b ) − f  ( a ) )   g ′  ( c ) = 0


  g  ( a ) = g  ( b )


  g  


   [ a , b ]


  c ∈  ( a , b )


    g ′  ( c ) = 0


  ⇒  ( f  ( b ) − f  ( a ) )   g ′  ( c ) =  ( f  ( b ) − f  ( a ) ) ⋅ 0 = 0


  g  ( a ) ≠ g  ( b )


    g ′  ( x ) ≠ 0


  x


    f  ( a ) − f  ( b )  g  ( a ) − g  ( b ) =     f ′  ( c )    g ′  ( c )


  Theorem   5 . 9 :


  If   f   is   differentiable   on   some   interval   I ,   and     f ′  ( x ) ≥ 0   for   all   x ∈ I


  If   f   is   differentiable   on   some   interval   I ,   and     f ′  ( x ) ≥ 0   for   all   x ∈ I


   ( or     f ′  ( x ) ≤ 0   for   all   x ∈ I )


   ( or     f ′  ( x ) ≤ 0   for   all   x ∈ I )


  Then   f   is   monotone   increasing    ( or   decreasing   respectively )   on   I


  Then   f   is   monotone   increasing    ( or   decreasing   respectively )   on   I


   [ Similarly ,     f ′  ( x ) > 0  ( < 0 ) ⇒ f   is   s t r i c t l y   increasing    ( decreasing ) ]


   [ Similarly ,     f ′  ( x ) > 0  ( < 0 ) ⇒ f   is   s t r i c t l y   increasing    ( decreasing ) ]


  and     f ′  ( x ) = 0 ⇒ f   is   constant


  and     f ′  ( x ) = 0 ⇒ f   is   constant


  pf :


  Suppose   x < y    ( with   x , y ∈ I ) .


  Suppose   x < y    ( with   x , y ∈ I ) .


  Then    ( by   MVT )    ∃  c ∈ I   such   that     f  ( y ) − f  ( x )  y − x =   f ′  ( c )


  Then    ( by   MVT )    ∃  c ∈ I   such   that     f  ( y ) − f  ( x )  y − x =   f ′  ( c )


  y − x > 0   meaning :


  y − x > 0   meaning :


    f ′  ( x ) ≥ 0    ∀  x ∈ I ⟹   f ′  ( c ) ≥ 0 ⇒ f  ( y ) − f  ( x ) ≥ 0 ⇒ f  ( x ) ≤ f  ( y )    ( monotone   increasing )


    f ′  ( x ) ≥ 0    ∀  x ∈ I ⟹   f ′  ( c ) ≥ 0 ⇒ f  ( y ) − f  ( x ) ≥ 0 ⇒ f  ( x ) ≤ f  ( y )    ( monotone   increasing )


    f ′  ( c ) ≤ 0 ⇒ f  ( x ) ≥ f  ( y )    ( monotone   decreasing )


    f ′  ( c ) ≤ 0 ⇒ f  ( x ) ≥ f  ( y )    ( monotone   decreasing )


    f ′  ( c ) > 0 ⇒ f  ( x ) < f  ( y )    ( strictly   monotone   increasing )


    f ′  ( c ) > 0 ⇒ f  ( x ) < f  ( y )    ( strictly   monotone   increasing )


    f ′  ( c ) < 0 ⇒ f  ( x ) > f  ( y )    ( strictly   monotone   decreasing )


    f ′  ( c ) < 0 ⇒ f  ( x ) > f  ( y )    ( strictly   monotone   decreasing )


    f ′  ( c ) = 0 ⇒ f  ( x ) = f  ( y )    ( constant   function )


    f ′  ( c ) = 0 ⇒ f  ( x ) = f  ( y )    ( constant   function )


   lim ⁡   ( f + g ) =  lim ⁡  f +  lim ⁡  g ,      lim ⁡  f g =  lim ⁡  f  lim ⁡  g ,      lim ⁡    f  g =    lim ⁡  f   lim ⁡  g


   lim ⁡  f


   lim ⁡  g


   lim ⁡    f  g =    lim ⁡  f   lim ⁡  g


   lim ⁡  g


  0


   lim ⁡  f =  lim ⁡  g = 0


   lim ⁡    f  g


     lim  x → c ⁡  f  ( x ) =    lim  x → c ⁡  g  ( x ) = 0


     lim  x → c ⁡    f  ( x )  g  ( x )


  x


  c


  c


  f


  g


  c


  f


  g


    f ′  ( c )


    g ′  ( c )


  c


  f


  c


  y = x   f ′  ( c ) + k


  k


   ( c , 0 )


  0 = c   f ′  ( c ) + k


  f  ( x ) ≈ x   f ′  ( c ) − c   f ′  ( c ) =   f ′  ( c )  ( x − c )


  g


  c


  g  ( x ) ≈ x   g ′  ( c ) − c   g ′  ( c ) =   g ′  ( c )  ( x − c )


  f


  g


     lim  x → c ⁡    f  ( x )  g  ( x ) =    lim  x → c ⁡      f ′  ( c )  ( x − c )    g ′  ( c )  ( x − c ) =    lim  x → c ⁡      f ′  ( c )    g ′  ( c )


  f


      f ′  ( c )    g ′  ( c )


  g


    f  g →


      f ′  ( c )    g ′  ( c )


  f


  g


  0


  f → 3


  g → 3


    f  g → 1


  f


  g


  c


  c


     lim  x → c ⁡      f ′  ( x )    g ′  ( x )


  f → 0


  g → 0


    f  g


  "  0 0 "


  Theorem   5 . 10 :   L ′ H  o ^ pital ′ s   rule    ( a ) :


  If   f   and   g   are   differentiable   on    ( a , b ) ,      lim  x →   a + ⁡  f  ( x ) =    lim  x →   a + ⁡  g  ( x ) = 0 ,   and    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )   exists .


  If   f   and   g   are   differentiable   on    ( a , b ) ,      lim  x →   a + ⁡  f  ( x ) =    lim  x →   a + ⁡  g  ( x ) = 0 ,   and    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )   exists .


  Also   assume   that   g  ( x ) ≠ 0   and     g ′  ( x ) ≠ 0   for   any   x ∈  ( a , b ) .


  Also   assume   that   g  ( x ) ≠ 0   and     g ′  ( x ) ≠ 0   for   any   x ∈  ( a , b ) .


  Then    lim  x →   a + ⁡    f  ( x )  g  ( x ) =    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )


  Then    lim  x →   a + ⁡    f  ( x )  g  ( x ) =    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )


      f ′  ( x )    g ′  ( x )


  𝐂 𝐚 𝐮 𝐜 𝐡 𝐲 ’ 𝐬   𝐆 𝐞 𝐧 𝐞 𝐫 𝐚 𝐥 𝐢 𝐬 𝐞 𝐝   𝐌 𝐞 𝐚 𝐧   𝐕 𝐚 𝐥 𝐮 𝐞   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


    f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) =     f ′  ( c )    g ′  ( c )


  c


  pf :


  f


  g


  = 0


  f  ( a ) = g  ( a ) = 0


  For   any   sequence     x  n ∈  ( a , b )   with  lim ⁡    x  n = a ,   we   have  lim ⁡  f  (   x  n ) =  lim ⁡  g  (   x  n ) = 0


   [ since    lim  x →   a + ⁡  f  ( x ) =    lim  x →   a + ⁡  g  ( x ) = 0 ]


   [ since    lim  x →   a + ⁡  f  ( x ) =    lim  x →   a + ⁡  g  ( x ) = 0 ]


    x  n


    y  n ∈  ( a ,   x  n )


    f  (   x  n ) − f  ( a )  g  (   x  n ) − g  ( a ) =     f ′  (   y  n )    g ′  (   y  n )


  f  ( a ) = g  ( a ) = 0


    f  (   x  n )  g  (   x  n ) =     f ′  (   y  n )    g ′  (   y  n )


  a <   y  n <   x  n   and  lim ⁡    x  n = a ⟹  lim ⁡    y  n = a


     lim  x →   a + ⁡    f  ( x )  g  ( x ) =  lim ⁡    f  (   x  n )  g  (   x  n ) =  lim ⁡      f ′  (   y  n )    g ′  (   y  n ) =    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )


  L =    lim  x → a ⁡      f ′  ( x )    g ′  ( x )


  L =    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x ) =    lim  x →   a − ⁡      f ′  ( x )    g ′  ( x )


     lim  x →   a + ⁡    f  ( x )  g  ( x ) =    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x ) = L


     lim  x →   a − ⁡    f  ( x )  g  ( x ) =    lim  x →   a − ⁡      f ′  ( x )    g ′  ( x ) = L


     lim  x → a ⁡    f  ( x )  g  ( x ) = L =    lim  x → a ⁡      f ′  ( x )    g ′  ( x )


  x → ∞


  x → − ∞


  + ∞


  Theorem   5 . 10 :   L ′ H  o ^ pital ′ s   rule    ( b ) :


  If   f   and   g   are   differentiable   on    ( A , ∞ )    ( for   some   A > 0   )


  If   f   and   g   are   differentiable   on    ( A , ∞ )    ( for   some   A > 0   )


  and      lim  x → ∞ ⁡  f  ( x ) =    lim  x → ∞ ⁡  g  ( x ) = 0 ,   and    lim  x → ∞ ⁡      f ′  ( x )    g ′  ( x )   exists .


  and      lim  x → ∞ ⁡  f  ( x ) =    lim  x → ∞ ⁡  g  ( x ) = 0 ,   and    lim  x → ∞ ⁡      f ′  ( x )    g ′  ( x )   exists .


  Also   assume   that   g  ( x ) ≠ 0   and     g ′  ( x ) ≠ 0   for   any   x ∈  ( A , ∞ ) .


  Also   assume   that   g  ( x ) ≠ 0   and     g ′  ( x ) ≠ 0   for   any   x ∈  ( A , ∞ ) .


  Then    lim  x → ∞ ⁡    f  ( x )  g  ( x ) =    lim  x → ∞ ⁡      f ′  ( x )    g ′  ( x )


  Then    lim  x → ∞ ⁡    f  ( x )  g  ( x ) =    lim  x → ∞ ⁡      f ′  ( x )    g ′  ( x )


  pf :


  pf :


  𝜙  ( x ) = f  (  1  x )


  𝜓  ( x ) = g  (  1  x )


     lim  x →  0 + ⁡  𝜙  ( x ) =    lim  x → ∞ ⁡  f  ( x ) = 0


     lim  x →  0 + ⁡  𝜓  ( x ) = 0


  𝜙


  𝜓


  𝜙  ( 0 ) = 𝜓  ( 0 ) = 0


  𝜙


  𝜓


  0


  f


   1  x    ( for   x > 0 )


  𝜙  ( x )


  𝜓  ( x )


     lim  x →  0 + ⁡  𝜙  ( x ) =    lim  x →  0 + ⁡  𝜓  ( x ) = 0


  ( a )


     lim  x →  0 + ⁡    f  (  1  x )  g  (  1  x ) =    lim  x →  0 + ⁡    𝜙  ( x )  𝜓  ( x ) =    lim  x →  0 + ⁡      𝜙 ′  ( x )    𝜓 ′  ( x ) =    lim  x →  0 + ⁡    −  1    x 2   f ′  (  1  x )  −  1    x 2   g ′  (  1  x ) =    lim  x →  0 + ⁡      f ′  (  1  x )    g ′  (  1  x )


  t =  1  x


  x →  0 +


  t → + ∞


     lim  t → ∞ ⁡      f ′  ( t )    g ′  ( t )


     lim  t → ∞ ⁡    f  ( t )  g  ( t )


     lim  t → ∞ ⁡    f  ( t )  g  ( t ) =    lim  t → ∞ ⁡      f ′  ( t )    g ′  ( t )


  "  0 0 "


  "  ∞ ∞ "


     lim  x → a ⁡  f ( x ) = ∞


     lim  x → a ⁡  g  ( x ) = ∞


  Theorem   5 . 10 :   L ′ H  o ^ pital ′ s   rule    ( c ) :


  If   f   and   g   are   differentiable   in    ( a , b )   and      lim  x →   a + ⁡  f  ( x ) =    lim  x →   a + ⁡  g  ( x ) = ∞ ,


  If   f   and   g   are   differentiable   in    ( a , b )   and      lim  x →   a + ⁡  f  ( x ) =    lim  x →   a + ⁡  g  ( x ) = ∞ ,


  and      lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )   exists ,   and    lim  x →   a + ⁡    f  ( x )  g  ( x )   exists


  and      lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )   exists ,   and    lim  x →   a + ⁡    f  ( x )  g  ( x )   exists


  and     g ′  ( x ) ,   f ′  ( x ) ≠ 0   for   all   x   sufficiently   close   to   a .


  and     g ′  ( x ) ,   f ′  ( x ) ≠ 0   for   all   x   sufficiently   close   to   a .


  Then    lim  x →   a + ⁡    f  ( x )  g  ( x ) =    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )


  Then    lim  x →   a + ⁡    f  ( x )  g  ( x ) =    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )


  x →   a +


  x → ± ∞


  pf :


   1  f  ( x ) → 0


   1  g  ( x ) → 0


  "  0 0 "


  f  ( x ) , g  ( x ) → ∞


  f  ( x ) ≠ 0


  g  ( x ) ≠ 0


  x


  a


  Let   L =    lim  x →   a + ⁡    f  ( x )  g  ( x ) =    lim  x →   a + ⁡    1 / g  ( x )  1 / f  ( x )


  L =    lim  x →   a + ⁡    −   g ′  ( x ) / g    ( x ) 2  −   f ′  ( x ) / f    ( x ) 2   ( Assuming   that   this   limit   exists )


  L =    (    lim  x →   a + ⁡    f  ( x )  g  ( x ) ) 2    lim  x →   a + ⁡      g ′  ( x )    f ′  ( x ) =   L 2    lim  x →   a + ⁡      g ′  ( x )    f ′  ( x )


  L =    (    lim  x →   a + ⁡    f  ( x )  g  ( x ) ) 2    lim  x →   a + ⁡      g ′  ( x )    f ′  ( x ) =   L 2    lim  x →   a + ⁡      g ′  ( x )    f ′  ( x )


   ( assuming   L ≠ 0 ) ⇒ L =    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )


   ( assuming   L ≠ 0 ) ⇒ L =    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x )


  L ≠ 0


   ( † )


  L = 0


    f  ( x )  g  ( x )


    f  ( x ) + g  ( x )  g  ( x )


  f  ( x ) + g  ( x ) → ∞


  Let     L 2 =    lim  x →   a + ⁡    f  ( x ) + g  ( x )  g  ( x ) =    lim  x →   a + ⁡    f  ( x )  g  ( x ) + 1 = L + 1 = 1


   ( † )


    f  ( x ) + g  ( x )  g  ( x )


  1 =    lim  x →   a + ⁡    f  ( x ) + g  ( x )  g  ( x ) =    lim  x →   a + ⁡      f ′  ( x ) +   g ′  ( x )    g ′  ( x ) =    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x ) + 1


  So      lim  x →   a + ⁡      f ′  ( x )    g ′  ( x ) + 1 = 1


  So      lim  x →   a + ⁡      f ′  ( x )    g ′  ( x ) + 1 = 1


  ⇒    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x ) = 0 = L


  ⇒    lim  x →   a + ⁡      f ′  ( x )    g ′  ( x ) = 0 = L


  f → ∞


  g → − ∞


  f → − ∞


  g → ∞


  f → − ∞


  g → − ∞


  f


  g


  a


  L =    lim  x → a ⁡      f ′  ( x )    g ′  ( x )


     lim  x → a ⁡  f  ( x ) =    lim  x → a ⁡  g  ( x ) = 0


  Then    lim  x → a ⁡    f  ( x )  g  ( x ) =    lim  x → a ⁡      f ′  ( x )    g ′  ( x )


     lim  x → a ⁡  f  ( x ) = ± ∞


     lim  x → a ⁡  g  ( x ) = ± ∞


     lim  x → a ⁡    f  ( x )  g  ( x ) =    lim  x → a ⁡      f ′  ( x )    g ′  ( x )


  x → ∞


  x → − ∞


   ( a )


  f


  f  ( x ) =   a 0 +   a 1 x +   a 2   x 2 +   a 3   x 3 + ⋯


    a 0 ,   a 1


  0


  f  ( 0 ) =   a 0


    f ′  ( x ) =   a 1 + 2   a 2 x + 3   a 3   x 2 + ⋯ ⇒   f ′  ( 0 ) =   a 1


    f ′  ( x ) =   a 1 + 2   a 2 x + 3   a 3   x 2 + ⋯ ⇒   f ′  ( 0 ) =   a 1


    f  ′ ′  ( x ) = 2   a 2 + 3 !   a 3 x + ⋯ ⇒   f  ′ ′  ( 0 ) = 2   a 2 ⇒   a 2 =     f  ′ ′  ( 0 ) 2


    f  ′ ′  ( x ) = 2   a 2 + 3 !   a 3 x + ⋯ ⇒   f  ′ ′  ( 0 ) = 2   a 2 ⇒   a 2 =     f  ′ ′  ( 0 ) 2


    f  ′ ′ ′  ( x ) = 3 !   a 3 + ⋯ ⇒   f  ′ ′ ′  ( 0 ) = 3 !   a 3 ⇒   a 3 =     f  ′ ′ ′  ( 0 )  3 !


    f  ′ ′ ′  ( x ) = 3 !   a 3 + ⋯ ⇒   f  ′ ′ ′  ( 0 ) = 3 !   a 3 ⇒   a 3 =     f  ′ ′ ′  ( 0 )  3 !


  ⋮


  ⋮


    a  n =     f   ( n )  ( 0 )  n !


    a  n =     f   ( n )  ( 0 )  n !


    f   ( n )


    n th


  f


  Then   f  ( x ) =   f  ( 0 )  0 ! +     f ′  ( 0 )  1 ! x +     f  ′ ′  ( 0 )  2 !   x 2 +     f  ′ ′ ′  ( 0 )  3 !   x 3 + ⋯


  =   ∑  n = 0 ∞      f   ( n )  ( 0 )  n !   x  n


  =   ∑  n = 0 ∞      f   ( n )  ( 0 )  n !   x  n


  f


  f  ( 0 ) = 1


  f  ( 0 ) =   f ′  ( 0 ) =   f  ′ ′  ( 0 ) = ⋯ = 1 ⇒ f  ( x ) =   ∑  n = 0 ∞   1  n !   x  n


   log ⁡  x


   log ⁡  x


   log ⁡ 0


   1  x ,   −  1    x 2 ,  2    x 3 , ⋯


  x = 0


  f  ( x ) =  log ⁡   ( 1 + x )


  f  ( 0 ) =  log ⁡ 1 = 0


    f ′  ( x ) =  1  1 + x ⇒   f ′  ( 0 ) = 1


    f  ′ ′  ( x ) = −  1     ( 1 + x ) 2 ⇒   f  ′ ′  ( 0 ) = − 1 ,   f  ′ ′ ′  ( x ) =  2     ( 1 + x ) 3 ⇒   f  ′ ′ ′  ( 0 ) = 2 ⋯ .


    f   ( n )  ( x ) =      ( − 1 )  n − 1  ( n − 1 ) !     ( 1 + x )  n ⇒   f   ( n )  ( 0 ) =    ( − 1 )  n − 1  ( n − 1 ) !  [ for   n ≥ 1 ] .


  Then   f  ( x ) =  log ⁡   ( 1 + x ) =   ∑  n = 1 ∞       ( − 1 )  n − 1  ( n − 1 ) !  n !   x  n =   ∑  n = 1 ∞       ( − 1 )  n − 1  n   x  n


  = x −     x 2 2 +     x 3 3 −     x 4 4 + ⋯


  = x −     x 2 2 +     x 3 3 −     x 4 4 + ⋯


  x


  x − 1


   log ⁡  x =   ∑  n = 1 ∞       ( − 1 )  n − 1  n    ( x − 1 )  n


  f  ( x ) =   ∑  n = 0 ∞      f   ( n )  ( c )  n !    ( x − c )  n


  0


  c


  0


  𝐓 𝐚 𝐲 𝐥 𝐨 𝐫 ’ 𝐬   𝐓 𝐡 𝐞 𝐨 𝐫 𝐞 𝐦


    n th


  f


    ∑  k = 0  n      f   ( k )  ( c )  k !    ( x − c )  k


  f


  f


  c


  f  ( x ) = f  ( c ) +   f ′  ( c )  ( x − c ) + r  ( x )  ( x − c )


     lim  x → c ⁡  r  ( x ) = 0


  f  ( c ) +   f ′  ( c )  ( x − c )


   1 st


  f


  c


  f


  n


  c


    f   ( n )  ( c )


  Taylor ′ s   Theorem    ( Peano )   6 . 1 :


  If   f   is   n   times   differentiable   at   c ,   where   n ∈ ℕ , and     f   ( n )   is   continuous   at   c


  If   f   is   n   times   differentiable   at   c ,   where   n ∈ ℕ , and     f   ( n )   is   continuous   at   c


  Then   f  ( x ) =   ∑  k = 0  n      f   ( n )  ( c )  n !    ( x − c )  n +   r  n  ( x )    ( x − c )  n   where      lim  x → c ⁡    r  n  ( x ) = 0


  Then   f  ( x ) =   ∑  k = 0  n      f   ( n )  ( c )  n !    ( x − c )  n +   r  n  ( x )    ( x − c )  n   where      lim  x → c ⁡    r  n  ( x ) = 0


    r  n  ( x )    ( x − c )  n


  𝐏 𝐞 𝐚 𝐧 𝐨   𝐅 𝐨 𝐫 𝐦   𝐨 𝐟   𝐭 𝐡 𝐞   𝐑 𝐞 𝐦 𝐚 𝐢 𝐧 𝐝 𝐞 𝐫


  pf :


  Define     r  n  ( x ) =   f  ( x ) −   ∑  k = 0  n      f   ( n )  ( c )  n !    ( x − c )  n     ( x − c )  n ,   x ≠ c


  Let     R  n  ( x ) = f  ( x ) −   ∑  k = 0  n      f   ( k )  ( c )  k !    ( x − c )  k


   [ = f  ( x ) −  ( f  ( c ) +   f ′  ( c )  ( x − c ) +     f  ′ ′  ( c )  2 !    ( x − c ) 2 +     f  ′ ′ ′  ( c )  3 !    ( x − c ) 3 + ⋯ ) ]


   [ = f  ( x ) −  ( f  ( c ) +   f ′  ( c )  ( x − c ) +     f  ′ ′  ( c )  2 !    ( x − c ) 2 +     f  ′ ′ ′  ( c )  3 !    ( x − c ) 3 + ⋯ ) ]


  Then     r  n  ( x ) =     R  n  ( x )     ( x − c )  n


  Then     r  n  ( x ) =     R  n  ( x )     ( x − c )  n


     lim  x → c ⁡    r  n  ( x ) = 0


     lim  x → c ⁡    R  n  ( x ) = f  ( c ) − f  ( c ) = 0


  f


  c


  c


     lim  x → c ⁡  f  ( x ) = f  ( c )


     lim  x → c ⁡    r  n  ( x ) =    lim  x → c ⁡      f ′  ( x ) −  (   f ′  ( c ) +   f  ′ ′  ( c )  ( x − c ) +     f  ′ ′ ′  ( c )  2 !    ( x − c ) 2 + ⋯ )  n    ( x − c )  n − 1


  =    lim  x → c ⁡      f ′  ( x ) −   ∑  k = 1  n      f   ( k )  ( c )   ( k − 1 ) !    ( x − c )  k − 1  n    ( x − c )  n − 1


  =    lim  x → c ⁡      f ′  ( x ) −   ∑  k = 1  n      f   ( k )  ( c )   ( k − 1 ) !    ( x − c )  k − 1  n    ( x − c )  n − 1


  n


  0


  n


     lim  x → c ⁡      f   ( n )  ( x ) −     f   ( n )  ( c )  n ! n !    ( x − c ) 0  n !    ( x − c ) 0 =    lim  x → c ⁡      f   ( n )  ( x ) −   f   ( n )  ( c )  n ! =     f   ( n )  ( c ) −   f   ( n )  ( c )  n ! = 0


    f   ( n )  ( x )


  c


  Taylor ′ s   Theorem    ( Lagrange )   6 . 1 :


  If   f : I → ℝ   is    ( n + 1 )   times   differentiable   in   I   and   c ∈ I


  If   f : I → ℝ   is    ( n + 1 )   times   differentiable   in   I   and   c ∈ I


  Then   f  ( x ) =   ∑  k = 0  n      f   ( n )  ( c )  n !    ( x − c )  n +     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !    ( x − c )  n + 1


  Then   f  ( x ) =   ∑  k = 0  n      f   ( n )  ( c )  n !    ( x − c )  n +     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !    ( x − c )  n + 1


  where   𝜉   is   strictly   between   x   and   c .


  where   𝜉   is   strictly   between   x   and   c .


   ( 𝜉   is   the   Greek   letter   " xi " )


   ( 𝜉   is   the   Greek   letter   " xi " )


      f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !    ( x − c )  n + 1


  𝐋 𝐚 𝐠 𝐫 𝐚 𝐧 𝐠 𝐞   𝐅 𝐨 𝐫 𝐦   𝐨 𝐟   𝐭 𝐡 𝐞   𝐑 𝐞 𝐦 𝐚 𝐢 𝐧 𝐝 𝐞 𝐫


    R  n  ( x ) ≔ f  ( x ) −   ∑  k = 0  n      f   ( k )  ( c )  k !    ( x − c )  k


  = f  ( x ) −  ( f  ( c ) −   f ′  ( c )  ( x − c ) −     f  ′ ′  ( c ) 2    ( x − c ) 2 − ⋯ −     f   ( n )  ( c )  n !    ( x − c )  n )


  = f  ( x ) −  ( f  ( c ) −   f ′  ( c )  ( x − c ) −     f  ′ ′  ( c ) 2    ( x − c ) 2 − ⋯ −     f   ( n )  ( c )  n !    ( x − c )  n )


  n


    R  n   ( n )  ( x ) =   f   ( n )  ( x ) −   f   ( n )  ( c )


  𝜉


  x


  c


    f   ( n + 1 )  ( 𝜉 )  ( x − c ) =   f   ( n )  ( x ) −   f   ( n )  ( c ) =   R  n   ( n )  ( x )


  n


    R  n  ( x ) =     f  n + 1  ( 𝜉 )   ( n + 1 ) !    ( x − c )  n + 1 ,   for   some   𝜉   strictly   between   x   and   c


  pf :


    r  n =   f  ( x ) −   ∑  k = 0  n      f   ( k )  ( c )  k !    ( x − c )  k     ( x − c )  n + 1


    r  n


     ( x − c )  n + 1


     ( x − c )  n


     ( x − c )  n + 1


    R  n =   r  n    ( x − c )  n + 1


    r  n =     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !


  𝜉


  x


  c


    R  n =     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !    ( x − c )  n + 1


    r  n


  𝜉


  x


  c


  F  ( t )


  F  ( c ) − F  ( x ) = f  ( x ) −   ∑  k = 0  n      f   ( k )  ( c )  k !    ( x − c )  k  ( =   R  n )


  G  ( t )


  G  ( c ) − G  ( x ) =    ( x − c )  n + 1


  F  ( t ) ≔   f  ( x ) −   ∑  k = 0  n      f   ( k )  ( t )  k !    ( x − t )  k ,     G  ( t ) ≔    ( x − t )  n + 1


  F  ( c ) = f  ( x ) −   ∑  k = 0  n      f   ( k )  ( c )  k !    ( x − c )  k ,     F  ( x ) = f  ( x ) − f  ( x ) −   ∑  k = 1  n      f   ( k )  ( c )  k !    ( x − x )  k


  F  ( c ) = f  ( x ) −   ∑  k = 0  n      f   ( k )  ( c )  k !    ( x − c )  k ,     F  ( x ) = f  ( x ) − f  ( x ) −   ∑  k = 1  n      f   ( k )  ( c )  k !    ( x − x )  k


  F  ( c ) − F  ( x ) =   R  n


  G  ( c ) =    ( x − c )  n + 1 ,     G  ( x ) = 0


  G  ( c ) − G  ( x ) =    ( x − c )  n + 1


    r  n =   F  ( c ) − F  ( x )  G  ( c ) − G  ( x )


  F


  G


  c


  x


    r  n =     F ′  ( 𝜉 )    G ′  ( 𝜉 )


  𝜉


  x


  c


    F ′


    G ′


  F


  G


  t


  x


  (   F ′


  F  ( t ) =   f  ( x ) −   ∑  k = 0  n      f   ( k )  ( t )  k !    ( x − t )  k


  ⇒   F ′  ( t ) =   −   f   ( n + 1 )  ( t )  n !    ( x − t )  n


  ⇒   F ′  ( t ) =   −   f   ( n + 1 )  ( t )  n !    ( x − t )  n


   ( prove   that   this   is     F ′  ( t )   on   the   problem   sheet )


   ( prove   that   this   is     F ′  ( t )   on   the   problem   sheet )


    G ′


  G  ( t ) =    ( x − t )  n + 1 ⇒   G ′  ( t ) = −  ( n + 1 )    ( x − t )  n


  ⇒   r  n =     F ′  ( 𝜉 )    G ′  ( 𝜉 ) =   −   f   ( n + 1 )  ( 𝜉 )  n !    ( x − 𝜉 )  n ÷ −  ( n + 1 )    ( x − 𝜉 )  n


  =     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !


  =     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !


  Then     R  n =   r  n    ( x − c )  n + 1 =     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !    ( x − c )  n + 1


  Then     R  n =   r  n    ( x − c )  n + 1 =     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !    ( x − c )  n + 1


    R  n =     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !    ( x − c )  n + 1   for   some   𝜉   strictly   between   x   and   c


    R  n =     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !    ( x − c )  n + 1   for   some   𝜉   strictly   between   x   and   c


  𝐋 𝐚 𝐠 𝐫 𝐚 𝐧 𝐠 𝐞   𝐅 𝐨 𝐫 𝐦   𝐨 𝐟   𝐭 𝐡 𝐞   𝐑 𝐞 𝐦 𝐚 𝐢 𝐧 𝐝 𝐞 𝐫


  f


    R  n → 0


  n → ∞


  f  ( x ) =   ∑  k = 0 ∞      f   ( k )  ( c )  k 1    ( x − c )  k


     lim  n → ∞ ⁡    R  n = 0


  → 0


    x 0


  f


    x 0


    ∑  n = 0 ∞    a  n    ( x − c )  n


    a  n =     f   ( n )  ( c )  n !


  x


   lim ⁡   |     a  n + 1    ( x − c )  n + 1    a  n    ( x − c )  n | =  lim ⁡   |     a  n + 1    a  n |  | x − c | < 1


  ⇔  | x − c | <  lim ⁡   |     a  n    a  n + 1 |


  ⇔  | x − c | <  lim ⁡   |     a  n    a  n + 1 |


  R =  lim ⁡   |     a  n    a  n + 1 |


  𝐑 𝐚 𝐝 𝐢 𝐮 𝐬   𝐨 𝐟   𝐂 𝐨 𝐧 𝐯 𝐞 𝐫 𝐠 𝐞 𝐧 𝐜 𝐞


  c


  R


   | x − c | < R


   | x − c | > R


  x = c ± R


  R = ∞


   lim ⁡   |     a  n + 1    a  n | = 0


  x ∈ ℝ


    e  x


  x = c


    a 0


   lim ⁡   |     a  n + 1    a  n | = ∞


  R = 0


  x = c


   lim ⁡   |     a  n + 1    a  n |


  Cauchy


  Hadamard   Theorem    ( 6 . 2 ) :


  Every   power   series   has   a   radius   of   convergence   R ∈  [ 0 , ∞ ]


  Such   that   the   series   absolutely   converges   for    | x − c | < R   and   diverges   for    | x − c | > R


  Such   that   the   series   absolutely   converges   for    | x − c | < R   and   diverges   for    | x − c | > R


   [ 0 , ∞ ]


  ∞


  ∞  


   lim ⁡   |     a  n + 1    a  n |


  ∞


   lim ⁡   inf ⁡   |     a  n + 1    a  n | ≤ 1 ≤  lim ⁡   sup


  pf :


  x = c


  x ≠ c


     |   a  k |   1  k ⋅  | x − c |


  k


  𝐒 𝐭 𝐫 𝐨 𝐧 𝐠   𝐑 𝐨 𝐨 𝐭   𝐓 𝐞 𝐬 𝐭


  x


  x ≠ c


  x = c


  R = 0


  c


   lim ⁡   sup


   lim ⁡   sup


  Let   a =  lim ⁡   sup


  𝐒 𝐭 𝐫 𝐨 𝐧 𝐠   𝐑 𝐨 𝐨 𝐭   𝐓 𝐞 𝐬 𝐭


  a > 0


   lim ⁡   sup ⁡     |   a  k    ( x − c )  k |   1  k = a  | x − c |


  If   a  | x − c | < 1  ( ⇔  | x − c | <  1  a )


  If   a  | x − c | < 1  ( ⇔  | x − c | <  1  a )


  Then     ∑  k = 0 ∞    a  k    ( x − c )  k   converges   absolutely


  Then     ∑  k = 0 ∞    a  k    ( x − c )  k   converges   absolutely


  If   a  | x − c | > 1  ( ⇔  | x − c | >  1  a )


  If   a  | x − c | > 1  ( ⇔  | x − c | >  1  a )


  Then     ∑  k = 0 ∞    a  k    ( x − c )  k   diverges


  Then     ∑  k = 0 ∞    a  k    ( x − c )  k   diverges


  a = 0


  a  | x − c | = 0 < 1


  x


   ( R = ∞ )


     |   a  k |   1  k   is   unbounded   above ⇒ R = 0


  a =  lim ⁡   sup ⁡     |   a  k |   1  k


  ≥ 0


  a > 0 ⇒ R =  1  a


  a = 0 ⇒ R = ∞


  a = 0 ⇒ R = ∞


  c


  f  ( x ) =   ∑  k = 0 ∞    a  k   x  k


  Let     f  n  ( x ) =   ∑  k = 0  n    a  k   x  k   then   f  ( x ) =  lim ⁡    f  n  ( x )


    f  n  ( x )


  X


  f  ( x )


  X


   lim ⁡    f  n  ( x ) = f  ( x )   means


   ∀  x ∈ X ,    ∀  𝜀 > 0 ,      ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,      |   f  n  ( x ) − f  ( x ) | < 𝜀


   ∀  x ∈ X ,    ∀  𝜀 > 0 ,      ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,      |   f  n  ( x ) − f  ( x ) | < 𝜀


   lim ⁡    f  n  ( x ) = f  ( x )


  x


  N


  𝜀


  x


  𝐩 𝐨 𝐢 𝐧 𝐭 𝐰 𝐢 𝐬 𝐞   𝐜 𝐨 𝐧 𝐯 𝐞 𝐫 𝐠 𝐞 𝐧 𝐜 𝐞


    f  n  ( x )


  𝐜 𝐨 𝐧 𝐯 𝐞 𝐫 𝐠 𝐞 𝐬   𝐮 𝐧 𝐢 𝐟 𝐨 𝐫 𝐦 𝐥 𝐲


  f  ( x )


  N


  x


  N


  x


    f  n  ( x )   converges   uniformly   to   f  ( x )   means


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,  ∀  x ∈ X      |   f  n  ( x ) − f  ( x ) | < 𝜀


   ∀  𝜀 > 0 ,      ∃  N ∈ ℕ   s . t . ,      ∀  n ≥ N ,  ∀  x ∈ X      |   f  n  ( x ) − f  ( x ) | < 𝜀


  x


  N


  N


  x


  𝐮 𝐧 𝐢 𝐟 𝐨 𝐫 𝐦 𝐥 𝐲


  𝐩 𝐨 𝐢 𝐧 𝐭 𝐰 𝐢 𝐬 𝐞


    f  n


  f


    f  N


  f


  N


  x


  f


  𝜀 = 0 . 3


  f  ( x )


  f  ( x ) ± 𝜀


   3 rd


    f 3  ( x )


  N = 10


    f 10  ( x )


  f


  N = 10


  N = 3


  𝜀


  N


  𝜀 > 0


  N


  n ≥ N


    f  n  ( x )


  f  ( x ) ± 𝜀


  𝜀


  n


  𝜀 > 0


  n


    f  n


    f  n  ( x )


  f  ( x ) =  lim ⁡    f  n  ( x )


    f  n  ( x )


  f  ( x )


    f  n  ( x ) =   x  n


  x ∈  [ 0 , 1 ] ,   n ∈ ℕ


    f  n  ( x )


  Let   f  ( x ) =  lim ⁡    f  n  ( x ) =  lim ⁡    x  n =  {    0  x ∈  [ 0 , 1 )   1  x = 1


  1


  Theorem   6 . 3    ( 𝐈 𝐧 𝐜 𝐨 𝐦 𝐩 𝐥 𝐞 𝐭 𝐞 ) :


  Let     f  n  ( x )   be   a   convergent   sequence   of   continuous   functions   with   f  ( x ) ≔  lim ⁡    f  n  ( x )


  Let     f  n  ( x )   be   a   convergent   sequence   of   continuous   functions   with   f  ( x ) ≔  lim ⁡    f  n  ( x )


  Then   f  ( x )   is   continuous .


  Then   f  ( x )   is   continuous .


  𝐈 𝐧 𝐜 𝐨 𝐦 𝐩 𝐥 𝐞 𝐭 𝐞


  pf :


  Let   𝜀 > 0 ,   c ∈ X


  Let   𝜀 > 0 ,   c ∈ X


   lim ⁡    f  n  ( x ) = f  ( x )


  ⇒  ∃  N ∈ ℕ   such   that   n ≥ N ⇒  |   f  n  ( x ) − f  ( x ) | <   𝜀 3


  ⇒  ∃  N ∈ ℕ   such   that   n ≥ N ⇒  |   f  n  ( x ) − f  ( x ) | <   𝜀 3


  N


    𝜀 3


  𝜀


    f  n  ( x )   is   continuous   at   c


  ⇒  ∃    𝛿  n > 0   such   that    | x − c | <   𝛿  n ⇒  |   f  n  ( x ) −   f  n  ( c ) | <   𝜀 3


  ⇒  ∃    𝛿  n > 0   such   that    | x − c | <   𝛿  n ⇒  |   f  n  ( x ) −   f  n  ( c ) | <   𝜀 3


    𝛿  n


    f  n  ( x )


  c


  n = N


  𝛿 =   𝛿  N


   | x − c | < 𝛿


   | f  ( x ) − f  ( c ) | < 𝜀


   | f  ( x ) − f  ( c ) | =  | f  ( x ) −   f  N  ( x ) +   f  N  ( x ) −   f  N  ( c ) +   f  N  ( c ) − f  ( c ) |


  ≤  | f  ( x ) −   f  N  ( x ) | +  |   f  N  ( x ) −   f  N  ( c ) | +  |   f  N  ( c ) − f  ( c ) |


  ≤  | f  ( x ) −   f  N  ( x ) | +  |   f  N  ( x ) −   f  N  ( c ) | +  |   f  N  ( c ) − f  ( c ) |


    𝜀 3


  <   𝜀 3


  < 𝜀


   | f  ( x ) −   f  N  ( x ) | ,    |   f  N  ( x ) −   f  N  ( c ) | <   𝜀 3


   |   f  N  ( c ) − f  ( c ) |


    f  N  ( x )


  f  ( x )


  N


  x


    f  N  ( c )


  f  ( c )


  N


  x


   |   f  N  ( x ) − f  ( x ) | < 𝜀


  x ∈ X


  x = c


  N


  x


   |   f  N  ( x ) − f  ( x ) | <   𝜀 3


   |   f  N  ( c ) − f  ( c ) | <   𝜀 3


    f  N


   |   f  N  ( x ) −   f  N  ( c ) | <   𝜀 3


  Hence    | f  ( x ) − f  ( c ) | <   𝜀 3 +   𝜀 3 +   𝜀 3 = 𝜀


  Theorem   6 . 3    ( 𝐂 𝐨 𝐦 𝐩 𝐥 𝐞 𝐭 𝐞 ) :


  Let     f  n  ( x )   be   a   𝐮 𝐧 𝐢 𝐟 𝐨 𝐫 𝐦 𝐥 𝐲   convergent   sequence   of   continuous   functions   where


  Let     f  n  ( x )   be   a   𝐮 𝐧 𝐢 𝐟 𝐨 𝐫 𝐦 𝐥 𝐲   convergent   sequence   of   continuous   functions   where


  f  ( x ) ≔  lim ⁡    f  n  ( x )


  f  ( x ) ≔  lim ⁡    f  n  ( x )


  Then   f  ( x )   is   continuous .


  Then   f  ( x )   is   continuous .


  Let   f  ( x ) =   ∑  k = 0 ∞    a  k   x  k   be   an   arbitrary   power   series    ( centred   at   0 ) .


  Then   f  ( x )   is   defined   as  lim ⁡    f  n  ( x )


  Then   f  ( x )   is   defined   as  lim ⁡    f  n  ( x )


  where     f  n  ( x ) =   ∑  k = 0  n    a  k   x  k    ( this   is   a   polynomial   hence   continuous )


  where     f  n  ( x ) =   ∑  k = 0  n    a  k   x  k    ( this   is   a   polynomial   hence   continuous )


    f  n  ( x )


  f  ( x )


  M


  M


  N


  x


    f  n  ( x ) =   M  n


    M  n


  n


  x


  M


    ∑  k = 0 ∞    f  k  ( x )


    ∑  k = 0 ∞    M  k


  N


   ∑    M  k


  x


   ∑    f  k  ( x )


  N


  x


   ∑    f  k  ( x )


  Theorem   6 . 4   ( 𝐖 𝐞 𝐢 𝐞 𝐫 𝐬 𝐭 𝐫 𝐚 𝐬 𝐬   𝐌


  𝐓 𝐞 𝐬 𝐭 ) :


  If     f  k  ( x )   is   a   sequence   of   functions   with   domain   X


  and   there   is   a   sequence     M  k   such   that    |   f  k  ( x ) | ≤   M  k    ∀  x ∈ X   and     ∑  k = 0 ∞    M  k   converges


  Then     ∑  k = 0 ∞    f  k  ( x )   converges   uniformly    ( and   absolutely )


   |   f  k  ( x ) | ≤   M  k


  ≥ 0


  pf :


  By   the   𝐂 𝐨 𝐦 𝐩 𝐚 𝐫 𝐢 𝐬 𝐨 𝐧   𝐓 𝐞 𝐬 𝐭 ,    ( 0 ≤  |   f  k  ( x ) | ≤   M  k ) ,       ∑  k = 0 ∞    f  k  ( x )   converges    ( absolutely )


  By   the   𝐂 𝐨 𝐦 𝐩 𝐚 𝐫 𝐢 𝐬 𝐨 𝐧   𝐓 𝐞 𝐬 𝐭 ,    ( 0 ≤  |   f  k  ( x ) | ≤   M  k ) ,       ∑  k = 0 ∞    f  k  ( x )   converges    ( absolutely )


  We   can   therefore   let   f  ( x ) =   ∑  k = 0 ∞    f  k  ( x )


  We   can   therefore   let   f  ( x ) =   ∑  k = 0 ∞    f  k  ( x )


  Let   𝜀 > 0


  Let   𝜀 > 0


  N


  x


   ∀  n ≥ N


   |   f  n  ( x ) − f  ( x ) | < 𝜀


  Let   L =   ∑  k = 0 ∞    M  k


  N ∈ ℕ


  n ≥ N ⇒  |   ∑  k = 0  n    M  k − L | < 𝜀


  ⇒  |   ∑  k = 0  n    M  k − L | =  | L −   ∑  k = 0  n    M  k | =  |   ∑  k = 0 ∞    M  k −   ∑  k = 0  n    M  k | =  |   ∑  k = n + 1 ∞    M  k | =   ∑  k = n + 1 ∞    M  k < 𝜀


    M  k ≥ 0


  N


  x


  N


    ∑  k = 0  n    f  k  ( x )


  Let   n ≥ N


   |   ∑  k = 0  n    f  k  ( x ) − f  ( x ) | < 𝜀


   |   ∑  k = 0  n    f  k  ( x ) − f  ( x ) | =  | f  ( x ) −   ∑  k = 0  n    f  k  ( x ) | =  |   ∑  k = 0 ∞    f  k  ( x ) −   ∑  k = 0  n    f  k  ( x ) |


  =  |   ∑  k = n + 1 ∞    f  k  ( x ) | ≤   ∑  k = n + 1 ∞   |   f  k  ( x ) |    ( triangle   inequality )


  =  |   ∑  k = n + 1 ∞    f  k  ( x ) | ≤   ∑  k = n + 1 ∞   |   f  k  ( x ) |    ( triangle   inequality )


  ≤   ∑  k = n + 1 ∞    M  k  ( comparison   test )


  ≤   ∑  k = n + 1 ∞    M  k  ( comparison   test )


  < 𝜀


  < 𝜀


  Let   f  ( x ) ≔   ∑  k = 0 ∞    a  k    ( x − c )  k


   ( c − R , c + R )


  R ≠ ∞


  Let     f  k  ( x ) ≔   a  k    ( x − c )  k ,     for   x ∈  [ c − R , c + R ]


   | x − c | ≤ R


  M


   |   f  k  ( x ) | =  |   a  k |    | x − c |  k ≤  |   a  k |   R  k


  So   let     M  k =  |   a  k |   R  k


  So   let     M  k =  |   a  k |   R  k


    ∑  k = 0 ∞    M  k =   ∑  k = 0 ∞   |   a  k |   R  k


    ∑  k = 0 ∞   |   a  k    ( x − c )  k |


  x − c = R


  c + R


   [ c − R , c + R ]


    ∑  k = 0 ∞    a  k    ( x − c )  k


  x = c + R


    ∑  k = 0 ∞    a  k   R  k


    ∑  k = 0 ∞   |   a  k |   R  k


    ∑  k = 0 ∞    M  k


  R ≠ ∞


  I


  r


  0 ≤ r < R


  R = ∞


  r


  c ± r


    f  k  ( x )


   [ c − r , c + r ]


  I


  Finally ,   Let     M  k =  |   a  k |   r  k


  ⇒    |   f  k  ( x ) | =  |   a  k |    | x − c |  k ≤  |   a  k |   r  k =   M  k


  ⇒    |   f  k  ( x ) | =  |   a  k |    | x − c |  k ≤  |   a  k |   r  k =   M  k


  This   time   we   can   guarantee   that     ∑  k = 0 ∞    M  k =   ∑  k = 0 ∞   |   a  k |   r  k   converges


  This   time   we   can   guarantee   that     ∑  k = 0 ∞    M  k =   ∑  k = 0 ∞   |   a  k |   r  k   converges


  since   c + r ∈  [ c − r , c + r ]


  since   c + r ∈  [ c − r , c + r ]


  M


    ∑  k = 0 ∞    f  k  ( x )


   [ c − r , c + r ]


  Theorem   6 . 5 :


  A   power   series   converges   uniformly   on   any   closed   interval


  A   power   series   converges   uniformly   on   any   closed   interval


  which   lies   within   its   interval   of   convergence


  which   lies   within   its   interval   of   convergence


   [ c − r , c + r ]


  Theorem   6 . 6 :


  Power   series   are   continuous .


  Power   series   are   continuous .


    ∑  k = 0 ∞    a  k    ( x − c )  k


  I


  f


  I


    x 0 ∈ I


    x 0


  r =  |   x 0 − c |


   [ c − r , c + r ] ⊆ I


  6 . 5


   [ c − r , c + r ]


    ∑  k = 0  n    a  k    ( x − c )  k


    ∑  k = 0 ∞    a  k    ( x − c )  k


   [ c − r , c + r ]


    x 0 = c + r


   d  d x   ∑  k = 0 ∞    a  k   x  k =   ∑  k = 1 ∞  k   a  k   x  k − 1


   ( the   k = 0   term   vanishes   when   we   differentiate )


   ( the   k = 0   term   vanishes   when   we   differentiate )


   ( x − y )


    x  n −   y  n


  n = 1


  x − y =  ( x − y )


  n = 2


    x 2 −   y 2 =  ( x + y )  ( x − y )


  n = 3


    x 3 −   y 3 = something ×  ( x − y )


  something


    x 2


    y 2


    x 3 −   y 3


    x 2 +   y 2


   (   x 2 +   y 2 )  ( x − y ) =   x 3 −   y 3 + x   y 2 −   x 2 y


  x   y 2 −   x 2 y


   (   x 2 +   y 2 )  ( x − y ) =   x 3 −   y 3 − x y  ( x − y )


  ⇒  (   x 2 + x y +   y 2 )  ( x − y ) =   x 3 −   y 3


  ⇒  (   x 2 + x y +   y 2 )  ( x − y ) =   x 3 −   y 3


    x 2 + x y +   y 2


    x 4 −   y 4 =  (   x 3 +   x 2 y + x   y 2 +   y 3 )  ( x − y )


  Lemma   6 . 7 :


    x  n −   y  n =  ( x − y )  (   x  n − 1 +   x  n − 2 y +   x  n − 3   y 2 + ⋯ + x   y  n − 2 +   y  n − 1 )


    x  n −   y  n =  ( x − y )  (   x  n − 1 +   x  n − 2 y +   x  n − 3   y 2 + ⋯ + x   y  n − 2 +   y  n − 1 )


  =  ( x − y )   ∑  k = 0  n − 1    x  n − 1 − k   y  k ,   for   n ∈ ℕ


  =  ( x − y )   ∑  k = 0  n − 1    x  n − 1 − k   y  k ,   for   n ∈ ℕ


  pf :


   ( x − y )   ∑  k = 0  n − 1    x  n − 1 − k   y  k =   ∑  k = 0  n − 1    x  n − 1 − k   y  k  ( x − y )


  =   ∑  k = 0  n − 1   (   x  n − k   y  k −   x  n − 1 − k   y  k + 1 )


  =   ∑  k = 0  n − 1   (   x  n − k   y  k −   x  n − 1 − k   y  k + 1 )


  =  (   x  n −   x  n − 1 y ) +  (   x  n − 1 y −   x  n − 2   y 2 ) + ⋯ +  ( x   y  n − 1 −   y  n )


  =  (   x  n −   x  n − 1 y ) +  (   x  n − 1 y −   x  n − 2   y 2 ) + ⋯ +  ( x   y  n − 1 −   y  n )


  =   x  n +  ( −   x  n − 1 y +   x  n − 1 y ) +  ( −   x  n − 2   y 2 +   x  n − 2   y 2 ) + ⋯ +  ( − x   y  n − 1 + x   y  n − 1 ) −   y  n


  =   x  n +  ( −   x  n − 1 y +   x  n − 1 y ) +  ( −   x  n − 2   y 2 +   x  n − 2   y 2 ) + ⋯ +  ( − x   y  n − 1 + x   y  n − 1 ) −   y  n


  =   x  n −   y  n


  =   x  n −   y  n


  Theorem   6 . 8    ( Differentiation   of   Power   Series )


  If   f  ( x ) =   ∑  k = 0 ∞    a  k    ( x −   x 0 )  k   has   radius   of   convergence   R


  If   f  ( x ) =   ∑  k = 0 ∞    a  k    ( x −   x 0 )  k   has   radius   of   convergence   R


  Then   f  ( x )   is   differentiable ,   with     f ′  ( x ) =   ∑  k = 1 ∞  k   a  k    ( x −   x 0 )  k − 1


  Then   f  ( x )   is   differentiable ,   with     f ′  ( x ) =   ∑  k = 1 ∞  k   a  k    ( x −   x 0 )  k − 1


  also   with   radius   of   convergence   R .


  also   with   radius   of   convergence   R .


    ∑  k = 1 ∞  k   a  k    ( x −   x 0 )  k − 1


  f


  h  ( x )


    f ′  ( x ) = h  ( x )


  pf :


    x 0 = 0


    x 0


  f  ( x ) =   ∑  k = 0 ∞    a  k   x  k


    ∑  k = 1 ∞  k   a  k   x  k − 1


  f  ( x )


  Let   I   be   the   interval   of   convergence   of   f  ( x ) ,   then   let   c ∈ I   be   an   interior   point


   ( c   is   not   an   endpoint )


   ( c   is   not   an   endpoint )


     lim  x → c ⁡    f  ( x ) − f  ( c )  x − c


    ∑  k = 0 ∞  k   a  k   c  k − 1


  Let   g  ( x ) =   f  ( x ) − f  ( c )  x − c    ( for   x ≠ c )


  g  ( x ) =  1  x − c   ∑  k = 0 ∞    a  k  (   x  k −   c  k )


  g  ( x ) =  1  x − c   ∑  k = 0 ∞    a  k  (   x  k −   c  k )


  =  1  x − c   ∑  k = 1 ∞    a  k  (   x  k −   c  k )


  =  1  x − c   ∑  k = 1 ∞    a  k  (   x  k −   c  k )


  k = 0


    a 0  (   x 0 −   c 0 ) =   a 0  ( 1 − 1 ) = 0


  Lemma   6 . 7


    x  k −   c  k =  ( x − c )   ∑  i = 0  k − 1    x  k − 1 − i   c  i ,     for   k ≥ 1


   ( x − c ) ′ s


  g  ( x ) =   ∑  k = 1 ∞    a  k   ∑  i = 0  k − 1    x  k − 1 − i   c  i


  g


  x ≠ c


  g  ( c ) =   ∑  k = 1 ∞    a  k   ∑  i = 0  k − 1    c  k − 1 − i   c  i


  g  ( x ) =   ∑  k = 1 ∞    a  k   ∑  i = 0  k − 1    x  k − 1 − i   c  i


  x


  Then   g  ( c ) =   ∑  k = 1 ∞    a  k   ∑  i = 0  k − 1    c  k − 1 − i   c  i =   ∑  k = 1 ∞    a  k   ∑  i = 0  k − 1    c  k − 1 =   ∑  k = 1 ∞    a  k   c  k − 1   ∑  i = 0  k − 1 1 =   ∑  k = 1 ∞  k   a  k   c  k − 1


   [ = h  ( c ) ]    ( remember ,   h   represents   the   " formal   derivative " )


   [ = h  ( c ) ]    ( remember ,   h   represents   the   " formal   derivative " )


    f ′  ( c )


    f ′  ( c ) =    lim  x → c ⁡    f  ( x ) − f  ( c )  x − c =    lim  x → c ⁡  g  ( x )


     lim  x → c ⁡  g  ( x ) = g  ( c )


  g


  c


  g  ( x ) =   ∑  k = 1 ∞    a  k   ∑  i = 0  k − 1    x  k − 1 − i   c  i


  g


  M


  g  ( x )  ( =   ∑  k = 1 ∞    a  k   ∑  i = 0  k − 1    x  k − 1 − i   c  i )


   ( − R , R )


  x ≠ c


  f


   ( − R , R )


  g  ( x ) =   f  ( x ) − f  ( c )  x − c


  g


  x = c


  g  ( c ) = h  ( c )


  h


  x ∈  ( − R , R )


  x = c


  c


  c


  g


   [ − c , c ]


   [ − c , c ] ⊆  ( − R , R )


  M


    g  k  ( x ) =   


  Then    |   g  k  ( x ) | =  |   a  k |  |   ∑  i = 0  k − 1    x  k − 1 − i   c  i |


  Then    |   g  k  ( x ) | =  |   a  k |  |   ∑  i = 0  k − 1    x  k − 1 − i   c  i |


  ≤  |   a  k |   ∑  i = 0  k − 1   |   x  k − 1 − i   c  i | =  |   a  k |   ∑  i = 0  k − 1     | x |  k − 1 − i    | c |  i


  ≤  |   a  k |   ∑  i = 0  k − 1   |   x  k − 1 − i   c  i | =  |   a  k |   ∑  i = 0  k − 1     | x |  k − 1 − i    | c |  i


  ≤  |   a  k |   ∑  i = 0  k − 1     | c |  k − 1 − i    | c |  i =  |   a  k |   ∑  i = 0  k − 1     | c |  k − 1


  ≤  |   a  k |   ∑  i = 0  k − 1     | c |  k − 1 − i    | c |  i =  |   a  k |   ∑  i = 0  k − 1     | c |  k − 1


  = k  |   a  k |    | c |  k − 1


  = k  |   a  k |    | c |  k − 1


  So   let


    M  k = k  |   a  k |    | c |  k − 1


  Then     ∑  k = 1 ∞    M  k =   ∑  k = 1 ∞  k  |   a  k |    | c |  k − 1 =   ∑  k = 1 ∞  k  |   a  k |    | c |  k − 1


    ∑  k = 1 ∞  k   a  k   c  k − 1   is   the   formal   derivative   evaluated   at   c


  c


    ∑  k = 1 ∞    M  k =   ∑  k = 1 ∞  k  |   a  k |    | c |  k − 1   converges


  M


    ∑  k = 1 ∞    a  k   ∑  i = 0  k − 1    x  k − 1 − i   c  i   converges   uniformly


  c


  g


  c


    f ′  ( c ) =    lim  x → c ⁡    f  ( x ) − f  ( c )  x − c =    lim  x → c ⁡  g  ( x ) = g  ( c ) =   ∑  k = 0 ∞  k   a  k   c  k − 1


    f ′  ( x ) =   ∑  k = 0 ∞  k   a  k   x  k − 1


    x 0 ≠ 0


  f  ( x ) =   ∑  k = 0 ∞    a  k    ( x −   x 0 )  k ⇒ f  ( x +   x 0 ) =   ∑  k = 0 ∞    a  k   x  k ⇒   f ′  ( x +   x 0 ) =   ∑  k = 0 ∞  k   a  k   x  k − 1


  ⇒   f ′  ( x ) =   ∑  k = 0 ∞  k   a  k    ( x −   x 0 )  k − 1


  ⇒   f ′  ( x ) =   ∑  k = 0 ∞  k   a  k    ( x −   x 0 )  k − 1


    a  k =   b  k


    ∑  k = 0 ∞    a  k    ( x − c )  k =   ∑  k = 0 ∞    b  k    ( x − c )  k


    ∑  k = 0 ∞    a  k    ( x − c )  k =   ∑  k = 0 ∞    b  k    ( x − c )  k


    a  k =   b  k


  2 + 2 = 4


  1 + 3 = 4


  Let   f  ( x ) =   ∑  k = 0 ∞    a  k    ( x − c )  k ,     g  ( x ) =   ∑  k = 0 ∞    b  k    ( x − c )  k


  With   f  ( x ) = g  ( x )


  With   f  ( x ) = g  ( x )


  f  ( c ) =   a 0


    f ′  ( x ) =   ∑  k = 1 ∞  k   a  k    ( x − c )  k − 1 ,     and   so     f ′  ( c ) =   a 1


    f  ′ ′  ( c ) = 2   a 2 ,       f  ′ ′ ′  ( c ) = 3 !   a 3 , ⋯   f   ( k )  ( c ) = k !   a  k


  Q 39


    a  k =     f   ( k )  ( c )  k !


    b  k =     g   ( k )  ( c )  k !


  f  ( x ) = g  ( x ) ⇒     f   ( k )  ( c )  k ! =     g   ( k )  ( c )  k ! ⇒   a  k =   b  k


  Notice   also   that   f  ( x ) =   ∑  k = 0 ∞      f   ( k )  ( c )  k !    ( x − c )  k


  Is   the   taylor   series   of   f   centred   at   c


  Is   the   taylor   series   of   f   centred   at   c


  f


  𝜋


  sine


  cosine


  𝜋


   sin ⁡   ( x ) ≔   ∑  n = 0 ∞       ( − 1 )  n   x  2 n + 1   ( 2 n + 1 ) !  ( = x −     x 3  3 ! +     x 5  5 ! − ⋯ )


   cos ⁡   ( x ) ≔   ∑  n = 0 ∞       ( − 1 )  n   x  2 n   ( 2 n ) !  ( = 1 −     x 2  2 ! +     x 4  4 ! − ⋯ )


   cos ⁡   ( x ) ≔   ∑  n = 0 ∞       ( − 1 )  n   x  2 n   ( 2 n ) !  ( = 1 −     x 2  2 ! +     x 4  4 ! − ⋯ )


   [ We   are   of   course   using   radians   here .   𝜋   radians = 180 ° ]


   [ We   are   of   course   using   radians   here .   𝜋   radians = 180 ° ]


  x


   sin ⁡  x :    lim ⁡   |      ( − 1 )  n + 1   x  2 n + 3   ( 2 n + 3 ) ! ÷      ( − 1 )  n   x  2 n + 1   ( 2 n + 1 ) ! | =  lim ⁡   |     x 2   ( 2 n + 3 )  ( 2 n + 2 ) |


  =   x 2  lim ⁡   1   ( 2 n + 3 )  ( 2 n + 2 ) = 0 < 1


  =   x 2  lim ⁡   1   ( 2 n + 3 )  ( 2 n + 2 ) = 0 < 1


   sin ⁡ 0 = 0


   cos ⁡ 0 = 1


  sine


   (  sin ⁡   ( − x ) = −  sin ⁡  x )


  cosine


   (  cos ⁡   ( − x ) =  cos ⁡  x )


   d  d x  sin ⁡  x =   ∑  n = 0 ∞     ( 2 n + 1 )    ( − 1 )  n   x  2 n   ( 2 n + 1 ) ! =   ∑  n = 0 ∞       ( − 1 )  n   x  2 n   ( 2 n ) ! =  cos ⁡  x


   d  d x  cos ⁡  x =   ∑  n = 0 ∞    2 n    ( − 1 )  n   x  2 n − 1   ( 2 n ) ! =   ∑  n = 1 ∞    2 n    ( − 1 )  n   x  2 n − 1   ( 2 n ) ! =   ∑  n = 1 ∞       ( − 1 )  n   x  2 n − 1   ( 2 n − 1 ) !


   d  d x  cos ⁡  x =   ∑  n = 0 ∞    2 n    ( − 1 )  n   x  2 n − 1   ( 2 n ) ! =   ∑  n = 1 ∞    2 n    ( − 1 )  n   x  2 n − 1   ( 2 n ) ! =   ∑  n = 1 ∞       ( − 1 )  n   x  2 n − 1   ( 2 n − 1 ) !


  =   ∑  n = 0 ∞       ( − 1 )  n + 1   x  2  ( n + 1 ) − 1   ( 2  ( n + 1 ) − 1 ) ! = −   ∑  n = 0 ∞       ( − 1 )  n   x  2 n + 1   ( 2 n + 1 ) ! = −  sin ⁡  x


  =   ∑  n = 0 ∞       ( − 1 )  n + 1   x  2  ( n + 1 ) − 1   ( 2  ( n + 1 ) − 1 ) ! = −   ∑  n = 0 ∞       ( − 1 )  n   x  2 n + 1   ( 2 n + 1 ) ! = −  sin ⁡  x


     sin 2 ⁡  x +    cos 2 ⁡  x = 1


   sin ⁡   ( x + y ) =  sin ⁡  x  cos ⁡  y +  sin ⁡  y  cos ⁡  x


   cos ⁡   ( x + y ) =  cos ⁡  x  cos ⁡  y −  sin ⁡  x  sin ⁡  y


     sin 2 ⁡  x +    cos 2 ⁡  x = 1


  x


     sin 2 ⁡  x +    cos 2 ⁡  x


  1


  Let   f  ( x ) =    sin 2 ⁡  x +    cos 2 ⁡  x


    f ′  ( x ) = 2  sin ⁡  x  cos ⁡  x + 2  cos ⁡  x  ( −  sin ⁡  x )


    f ′  ( x ) = 2  sin ⁡  x  cos ⁡  x + 2  cos ⁡  x  ( −  sin ⁡  x )


  = 2  sin ⁡  x  cos ⁡  x − 2  sin ⁡  x  cos ⁡  x = 0


  = 2  sin ⁡  x  cos ⁡  x − 2  sin ⁡  x  cos ⁡  x = 0


    f ′  ( x ) = 0


  f  ( x )


  f  ( 0 ) =    sin 2 ⁡ 0 +    cos 2 ⁡ 0 = 1


  f  ( x ) = 1


  x


   sin ⁡   ( x + y ) =  sin ⁡  x  cos ⁡  y +  sin ⁡  y  cos ⁡  x


  Fix   y   and   let   f  ( x ) =  sin ⁡   ( x + y ) −  sin ⁡  x  cos ⁡  y −  sin ⁡  y  cos ⁡  x


    f ′  ( x ) =  cos ⁡   ( x + y ) −  cos ⁡  x  cos ⁡  y +  sin ⁡  y  sin ⁡  x


    f ′  ( x ) =  cos ⁡   ( x + y ) −  cos ⁡  x  cos ⁡  y +  sin ⁡  y  sin ⁡  x


   cos ⁡   ( x + y ) =  cos ⁡  x  cos ⁡  y −  sin ⁡  x  sin ⁡  y


    f ′  ( x ) = 0


  f


   sin ⁡   ( x + y )


   sin ⁡  x  cos ⁡  y +  sin ⁡  y  cos ⁡  x


  fix   x , y


  Let   f  ( t ) ≔  sin ⁡   ( x + t )  cos ⁡   ( y − t ) +  sin ⁡   ( y − t )  cos ⁡   ( x + t )


  Let   f  ( t ) ≔  sin ⁡   ( x + t )  cos ⁡   ( y − t ) +  sin ⁡   ( y − t )  cos ⁡   ( x + t )


  Then   f  ( 0 ) =  sin ⁡  x  cos ⁡  y +  sin ⁡  y  cos ⁡  x ,     f  ( y ) =  sin ⁡   ( x + y )


  Then   f  ( 0 ) =  sin ⁡  x  cos ⁡  y +  sin ⁡  y  cos ⁡  x ,     f  ( y ) =  sin ⁡   ( x + y )


  x


  y


    f ′  ( t )


  0


    f ′  ( t )


  =  cos ⁡   ( x + t )  cos ⁡   ( y − t ) +  sin ⁡   ( x + t )  sin ⁡   ( y − t )


  =  cos ⁡   ( x + t )  cos ⁡   ( y − t ) +  sin ⁡   ( x + t )  sin ⁡   ( y − t )


  −  cos ⁡   ( y − t )  cos ⁡   ( x + t ) −  sin ⁡   ( y − t )  sin ⁡   ( x + t )


  −  cos ⁡   ( y − t )  cos ⁡   ( x + t ) −  sin ⁡   ( y − t )  sin ⁡   ( x + t )


  = 0


  = 0


  f  ( t )


  f  ( y ) = f  ( 0 ) ⇒  sin ⁡   ( x + y ) =  sin ⁡  x  cos ⁡  y +  sin ⁡  y  cos ⁡  x


   cos ⁡   ( x + y )


   sin ⁡   ( x + y )


  fix   y ,      sin ⁡   ( x + y ) =  sin ⁡  x  cos ⁡  y +  cos ⁡  x  sin ⁡  y  


  Differentiate   with   respect   to   x :


  Differentiate   with   respect   to   x :


   cos ⁡   ( x + y ) =  cos ⁡  x  cos ⁡  y −  sin ⁡  x  sin ⁡  y


  sine


  cosine


   |  sin ⁡  x | ≤ 1


   |  cos ⁡  x | ≤ 1


  We   know   that    sin 2 ⁡  x +    cos 2 ⁡  x = 1


  ⇒    sin 2 ⁡  x = 1 −    cos 2 ⁡  x ≤ 1


  ⇒    sin 2 ⁡  x = 1 −    cos 2 ⁡  x ≤ 1


  ⇒  |  sin ⁡  x | ≤ 1


  ⇒  |  sin ⁡  x | ≤ 1


     cos 2 ⁡  x = 1 −    sin 2 ⁡  x ≤ 1 ⇒  |  cos ⁡  x | ≤ 1


   sin ⁡  x =  sin ⁡   ( x + 2 𝜋 )


   cos ⁡  x =  cos ⁡   ( x + 2 𝜋 )


  x


  𝜋


  𝜋


   sin ⁡  𝜋 = 0


  𝜋


   cos ⁡    𝜋 2 = 0


  Theorem   6 . 9    ( existence   of   𝜋 )


  There   exists   smallest   a   real   number   𝜋 > 0   such   that  cos ⁡    𝜋 2 = 0


  There   exists   smallest   a   real   number   𝜋 > 0   such   that  cos ⁡    𝜋 2 = 0


  𝜋 ≈ 3 . 14


    𝜋 2 ≈ 1 . 57 < 2


   cos ⁡ 0 > 0


   cos ⁡ 2 < 0


  pf :


  Cosine   is   defined   by   a   power   series ,   hence   is   a   continuous   function


  Cosine   is   defined   by   a   power   series ,   hence   is   a   continuous   function


   [ since   power   series   are   continuous ]


   [ since   power   series   are   continuous ]


   cos ⁡ 0 = 1 > 0


   cos ⁡ 0 = 1 > 0


   cos ⁡ 2 =   ∑  n = 0 ∞       ( − 1 )  n  2  2 n   ( 2 n ) ! =   ∑  n = 0 ∞       ( − 1 )  n  4  n   ( 2 n ) !


   cos ⁡ 2 =   ∑  n = 0 ∞       ( − 1 )  n  2  2 n   ( 2 n ) ! =   ∑  n = 0 ∞       ( − 1 )  n  4  n   ( 2 n ) !


     4  n   ( 2 n ) !


  n ≥ 1


     4  n   ( 2 n ) ! =    ( 2 n + 1 )  ( 2 n + 2 ) 4 ×    4  n + 1   ( 2 n + 2 ) ! ≥    4  n + 1   ( 2 n + 2 ) !


   ( since    ( 2 n + 1 )  ( 2 n + 2 ) ≥ 4   for   n ≥ 1 )


   ( since    ( 2 n + 1 )  ( 2 n + 2 ) ≥ 4   for   n ≥ 1 )


  ≥


  3


    ∑  n = 0 2       ( − 1 )  n  4  n   ( 2 n ) ! = 1 −  4  2 ! +    4 2  4 ! = 1 − 2 +  2 3 = −  1 3


   (    4 2  4 ! )


  −  1 3


   cos ⁡ 2 ≤ −  1 3 < 0


  x ∈  ( 0 , 2 )


   cos ⁡  x = 0


  x


  Let   S =  { x > 0 :  cos ⁡  x = 0 }


  x > 0


   cos ⁡  x = 0


  S


  S


  0


  S


  𝛼 =  inf ⁡  S


  0


  S


  𝛼 ≥ 0


    x  n ∈ S


   lim ⁡    x  n = 𝛼


   cos ⁡    x  n = 0


    x  n ∈ S ⇒  cos ⁡    x  n = 0


   cos ⁡    x  n


   lim ⁡   cos ⁡    x  n = 0


  cosine


  0 =  lim ⁡   cos ⁡    x  n =  cos ⁡   lim ⁡    x  n =  cos ⁡  𝛼


  𝛼 ≥ 0


  𝛼 = 0


   cos ⁡  𝛼 =  cos ⁡ 0 = 0


   cos ⁡ 0 = 1


  𝛼 > 0


  𝛼


  0 < x < 𝛼 ⇒  cos ⁡  x ≠ 0


  𝛼


   cos ⁡  𝛼 = 0


  𝜋 = 2 𝛼


  sine


  cosine


  𝜋


   sin ⁡    𝜋 2 = 1 −    cos 2 ⁡    𝜋 2 = 1 −  0 2 = 1


   sin ⁡  𝜋 =  sin ⁡   (   𝜋 2 +   𝜋 2 ) =  sin ⁡    𝜋 2  cos ⁡    𝜋 2 +  sin ⁡    𝜋 2  cos ⁡    𝜋 2 = 0


   sin ⁡  𝜋 =  sin ⁡   (   𝜋 2 +   𝜋 2 ) =  sin ⁡    𝜋 2  cos ⁡    𝜋 2 +  sin ⁡    𝜋 2  cos ⁡    𝜋 2 = 0


   cos ⁡  𝜋 =  cos ⁡    𝜋 2  cos ⁡    𝜋 2 −  sin ⁡    𝜋 2  sin ⁡    𝜋 2 = − 1


   cos ⁡  𝜋 =  cos ⁡    𝜋 2  cos ⁡    𝜋 2 −  sin ⁡    𝜋 2  sin ⁡    𝜋 2 = − 1


   sin ⁡    3 𝜋 2 = − 1 ,  sin ⁡  2 𝜋 = 0 ,  cos ⁡    3 𝜋 2 = 0 ,  cos ⁡  2 𝜋 = 1


  sine


  cosine


  2 𝜋


   sin ⁡   ( x + 2 𝜋 ) =  sin ⁡  x  cos ⁡  2 𝜋 +  sin ⁡  2 𝜋  cos ⁡  x =  sin ⁡  x


   cos ⁡   ( x + 2 𝜋 ) =  cos ⁡  x  cos ⁡  2 𝜋 −  sin ⁡  x  sin ⁡  2 𝜋 =  cos ⁡  x


   cos ⁡   ( x + 2 𝜋 ) =  cos ⁡  x  cos ⁡  2 𝜋 −  sin ⁡  x  sin ⁡  2 𝜋 =  cos ⁡  x


  sine


  cosine


   cos ⁡ 0 = 1


   cos ⁡  x


    𝜋 2


   cos ⁡    𝜋 2 = 0


   cos ⁡  x > 0


  x ∈  [ 0 ,   𝜋 2 )


  x ∈  ( 0 ,   𝜋 2 )


   cos ⁡  x = 0


    𝜋 2


   cos ⁡  x > 0


  x ∈  ( −   𝜋 2 ,   𝜋 2 )


   cos ⁡   ( −   𝜋 2 ) =  cos ⁡    𝜋 2 = 0


   sin ⁡  x


   ( −   𝜋 2 ,   𝜋 2 )


   cos ⁡  x > 0


   sin ⁡ 0 = 0


   ( −   𝜋 2 ,   𝜋 2 )


   sin ⁡  x > 0


  x ∈  ( 0 ,   𝜋 2 )


   sin ⁡  x < 0


  x ∈  ( −   𝜋 2 , 0 )


   sin ⁡   ( x +   𝜋 2 ) =  sin ⁡  x  cos ⁡    𝜋 2 +  sin ⁡    𝜋 2  cos ⁡  x =  cos ⁡  x


   cos ⁡  x > 0   for   x ∈  ( −   𝜋 2 ,   𝜋 2 ) ⟹  sin ⁡  x > 0   for   x ∈  ( 0 , 𝜋 )


   sin ⁡  x < 0


  x ∈  ( − 𝜋 , 0 )


   cos ⁡  x < 0


  x ∈  ( −   3 𝜋 2 , −   𝜋 2 ) ,


  x ∈  ( − 𝜋 , −   𝜋 2 )


   sin ⁡  x < 0


  x ∈  ( − 𝜋 , 0 )


   cos ⁡  x


  x ∈  ( − 𝜋 , 0 )


   sin ⁡  x > 0


  x ∈  ( 0 , 𝜋 )


   cos ⁡  x


  x ∈  ( 0 , 𝜋 )


   cos ⁡  x > 0


  x ∈  ( −   𝜋 2 ,   𝜋 2 )


   sin ⁡  x


  x ∈  ( −   𝜋 2 ,   𝜋 2 )


   cos ⁡  x < 0


  x ∈  ( − 𝜋 , −   𝜋 2 ) ∪  (   𝜋 2 , 𝜋 )


   sin ⁡  x


   ( − 𝜋 , −   𝜋 2 ) ∪  (   𝜋 2 , 𝜋 )


   sin ⁡  x = 0


  x = 0 , ± 𝜋


   cos ⁡  x


   cos ⁡  x = 0


  x = ±   𝜋 2


   sin ⁡  x


  𝜋


  Namely     𝜋 3 ,   𝜋 4 ,   𝜋 6


   cos ⁡   ( x + y )


  x = y


   cos ⁡  2 x =    cos 2 ⁡  x −    sin 2 ⁡  x


     sin 2 ⁡  x = 1 −    cos 2 ⁡  x


   cos ⁡  2 x = 2    cos 2 ⁡  x − 1


  x =   𝜋 4


   cos ⁡    𝜋 2 = 0 = 2    cos 2 ⁡    𝜋 4 − 1


  ⇒    cos 2 ⁡    𝜋 4 =  1 2


  ⇒    cos 2 ⁡    𝜋 4 =  1 2


  ⇒  cos ⁡    𝜋 4 =  1   2


  ⇒  cos ⁡    𝜋 4 =  1   2


    𝜋 4 ∈  ( 0 ,   𝜋 2 )


   sin ⁡    𝜋 4 =  1 −    cos 2 ⁡    𝜋 4 =  1   2


   ( 0 ,   𝜋 2 )


   sin ⁡  3 x =  sin ⁡   ( 2 x + x ) =  sin ⁡  2 x  cos ⁡  x +  sin ⁡  x  cos ⁡  2 x = 2  sin ⁡  x    cos 2 ⁡  x +  sin ⁡  x    cos 2 ⁡  x −    sin 3 ⁡  x


  = 3  sin ⁡  x    cos 2 ⁡  x −    sin 3 ⁡  x


  Let   x =   𝜋 3


   sin ⁡  𝜋 = 0 = 3  sin ⁡    𝜋 3    cos 2 ⁡    𝜋 3 −    sin 3 ⁡    𝜋 3


   sin ⁡    𝜋 3  ( ≠ 0 )


  0 = 3    cos 2 ⁡    𝜋 3 −    sin 2 ⁡    𝜋 3


     sin 2 ⁡  x = 1 −    cos 2 ⁡  x


     cos 2 ⁡    𝜋 3 =  1 4


    𝜋 3 ∈  ( 0 ,   𝜋 2 )


   cos ⁡    𝜋 3 > 0


   cos ⁡    𝜋 3 =  1 2


   sin ⁡    𝜋 3 > 0


   sin ⁡    𝜋 3 =  1 −    (  1 2 ) 2 =    3 2


  sine


  cosine


    𝜋 6


   sin ⁡    𝜋 6 =  sin ⁡   (   𝜋 2 −   𝜋 3 ) =  sin ⁡    𝜋 2  cos ⁡    𝜋 3 −  sin ⁡    𝜋 3  cos ⁡    𝜋 2 =  cos ⁡    𝜋 3 =  1 2


   cos ⁡    𝜋 6 =  cos ⁡   (   𝜋 2 −   𝜋 3 ) =  cos ⁡    𝜋 2  cos ⁡    𝜋 3 +  sin ⁡    𝜋 2  sin ⁡    𝜋 3 =  sin ⁡    𝜋 3 =    3 2


   cos ⁡    𝜋 6 =  cos ⁡   (   𝜋 2 −   𝜋 3 ) =  cos ⁡    𝜋 2  cos ⁡    𝜋 3 +  sin ⁡    𝜋 2  sin ⁡    𝜋 3 =  sin ⁡    𝜋 3 =    3 2


   tan ⁡  x =    sin ⁡  x   cos ⁡  x ,      sec ⁡  x =  1   cos ⁡  x ,      csc ⁡  x =  1   sin ⁡  x ,      cot ⁡  x =    cos ⁡  x   sin ⁡  x


  1


    ∑  n = 1 ∞       ( − 1 )  n − 1  n    ( x − 1 )  n


  x


  0


  2


  x = 2


  x = 0


  x ∈  ( 0 , 2 ]


   log ⁡  x


   log ⁡  x


  → 0


  n → ∞


   log ⁡  x


  Lemma


  Lemma   6 . 10 :


  If     f ′  ( x ) =   g ′  ( x )   then   f  ( x ) = g  ( x ) + c   where   c   is   some   arbitrary   constant .


  If     f ′  ( x ) =   g ′  ( x )   then   f  ( x ) = g  ( x ) + c   where   c   is   some   arbitrary   constant .


  pf :


  pf :


  Let   h  ( x ) = f  ( x ) − g  ( x ) .   Then    h ′  ( x ) =   f ′  ( x ) −   g ′  ( x ) = 0


  Let   h  ( x ) = f  ( x ) − g  ( x ) .   Then    h ′  ( x ) =   f ′  ( x ) −   g ′  ( x ) = 0


  Therefore   h   is   a   constant   function ,   h  ( x ) = c


  Therefore   h   is   a   constant   function ,   h  ( x ) = c


  ⇒ f  ( x ) − g  ( x ) = c ⇒ f  ( x ) = g  ( x ) + c


  ⇒ f  ( x ) − g  ( x ) = c ⇒ f  ( x ) = g  ( x ) + c


  Theorem   6 . 11    ( Taylor   series   of   the   logarithm ) :


   log ⁡  x =   ∑  n = 1 ∞       ( − 1 )  n − 1  n    ( x − 1 )  n   for   x ∈  ( 0 , 2 ]


   log ⁡  x =   ∑  n = 1 ∞       ( − 1 )  n − 1  n    ( x − 1 )  n   for   x ∈  ( 0 , 2 ]


  pf :


  Let   f  ( x ) =   ∑  n = 1 ∞       ( − 1 )  n − 1  n    ( x − 1 )  n ,     x ∈  ( 0 , 2 ]


  Let   f  ( x ) =   ∑  n = 1 ∞       ( − 1 )  n − 1  n    ( x − 1 )  n ,     x ∈  ( 0 , 2 ]


  ⇒   f ′  ( x ) =   ∑  n = 1 ∞     ( − 1 )  n − 1    ( x − 1 )  n − 1 =   ∑  n = 0 ∞     ( − 1 )  n    ( x − 1 )  n =   ∑  n = 0 ∞     ( 1 − x )  n


  ⇒   f ′  ( x ) =   ∑  n = 1 ∞     ( − 1 )  n − 1    ( x − 1 )  n − 1 =   ∑  n = 0 ∞     ( − 1 )  n    ( x − 1 )  n =   ∑  n = 0 ∞     ( 1 − x )  n


   | 1 − x | < 1 ⇔ x ∈  ( 0 , 2 )


  x ≠ 2


    f ′  ( x ) =  1  1 −  ( 1 − x ) =  1  x


     log ′ ⁡  x =  1  x


  Lemma   6 . 10


  f  ( x ) =  log ⁡  x + c


  f  ( 1 ) = 0   and    log ⁡   ( 1 ) = 0 ⇒ c = 0


  f  ( 1 ) = 0   and    log ⁡   ( 1 ) = 0 ⇒ c = 0


   log ⁡  x =   ∑  n = 1 ∞       ( − 1 )  n − 1  n    ( x − 1 )  n    ( for   x ≠ 2 )


   log ⁡  x =   ∑  n = 1 ∞       ( − 1 )  n − 1  n    ( x − 1 )  n    ( for   x ≠ 2 )


  x = 2


  log


  x → 2


     lim  x →  2 − ⁡   log ⁡  x =    lim  x →  2 − ⁡    ∑  n = 1 ∞       ( − 1 )  n − 1  n    ( x − 1 )  n


   log ⁡ 2 =   ∑  n = 1 ∞       ( − 1 )  n − 1  n = 1 −  1 2 +  1 3 −  1 4 + ⋯


   log ⁡ 2 =   ∑  n = 1 ∞       ( − 1 )  n − 1  n = 1 −  1 2 +  1 3 −  1 4 + ⋯


  x = 2


  𝐋 𝐚 𝐠 𝐫 𝐚 𝐧 𝐠 𝐞   𝐑 𝐞 𝐦 𝐚 𝐢 𝐧 𝐝 𝐞 𝐫


  x ∈  ( 0 , 2 ]


  x = 2


  Recall :


    R  n =     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !    ( x − 1 )  n + 1   for   some   𝜉   strictly   between   x   and   1


    R  n =     f   ( n + 1 )  ( 𝜉 )   ( n + 1 ) !    ( x − 1 )  n + 1   for   some   𝜉   strictly   between   x   and   1


     ( n + 1 ) th


   log ⁡  x


    f   ( n + 1 )  ( x ) =      ( − 1 )  n n !    x  n + 1 .


    R  n =      ( − 1 )  n n !   ( n + 1 ) !   𝜉  n + 1    ( x − 1 )  n + 1 =      ( − 1 )  n   ( n + 1 )    (   x − 1  𝜉 )  n + 1


  x = 2


    R  n =      ( − 1 )  n   ( n + 1 )   𝜉  n + 1 ,   for   some   𝜉 ∈  ( 1 , 2 )


   |   R  n | =  1   ( n + 1 )   𝜉  n + 1 → 0   Hence     R  n → 0


   |   R  n | =  1   ( n + 1 )   𝜉  n + 1 → 0   Hence     R  n → 0


  x = 2


   log ⁡ 2 = 1 −  1 2 +  1 3 −  1 4 +  1 5 − ⋯


  10


  1


  x > 1


   |   x − 1  𝜉 | < 1


  → 0


   |   x − 1  𝜉 | < 1


  x ≥  1 2


  0 < x <  1 2


  𝜉 ∈  ( x , 1 )


    R  n → 0


  x ≥  1 2


   log ⁡  x


  x > 2


  x = c


   log ⁡  c


  x > 2 ⇒  1  x ∈  ( 0 , 2 ]


   log ⁡  x = −  log ⁡    x  − 1 = −   ∑  n = 1 ∞       ( − 1 )  n − 1  n    (  1  x − 1 )  n


  =   ∑  n = 1 ∞       ( − 1 )  n  n    (  1  x − 1 )  n =   ∑  n = 1 ∞   1  n    ( 1 −  1  x )  n


  =   ∑  n = 1 ∞       ( − 1 )  n  n    (  1  x − 1 )  n =   ∑  n = 1 ∞   1  n    ( 1 −  1  x )  n


  E . g . ,    log ⁡ 4 =   ∑  n = 1 ∞   1  n    (  3 4 )  n


  E . g . ,    log ⁡ 4 =   ∑  n = 1 ∞   1  n    (  3 4 )  n


  =  3 4 +  9 32 +  9 64 + ⋯


  =  3 4 +  9 32 +  9 64 + ⋯


  x ∈  [ 0 . 5 , 2 ]


   1  x ∈  ( 0 , 2 ]


    ∑  n = 1 ∞       ( − 1 )  n − 1  n    ( x − 1 )  n  ( =   ∑  n = 1 ∞    − 1  n    ( 1 − x )  n )


  x < 1


    ∑  n = 1 ∞   1  n    ( 1 −  1  x )  n


  x > 1


   log ⁡ 2 =   ∑  n = 1 ∞   1  n ⋅  2  n


  3


   log ⁡ 2 =  log ⁡   (  4 3 ÷  2 3 ) =  log ⁡   (  4 3 ) −  log ⁡   (  2 3 )


  =   ∑  n = 1 ∞   1  n ⋅  4  n +   ∑  n = 1 ∞   1  n ⋅  3  n


  =   ∑  n = 1 ∞   1  n ⋅  4  n +   ∑  n = 1 ∞   1  n ⋅  3  n


   ( using   the   second   version   for  log ⁡   4 3   and   the   first   version   for  log ⁡   2 3 )


   ( using   the   second   version   for  log ⁡   4 3   and   the   first   version   for  log ⁡   2 3 )


   log ⁡ 2 =   ∑  n = 1 ∞   1  n  [  1   4  n +  1   3  n ]


   log ⁡ 2 =   ∑  n = 1 ∞   1  n  [  1   4  n +  1   3  n ]


   log ⁡ 2


  10


  5


   log ⁡ 2


  10


   log ⁡ 2 =  44711 64512 +   ∑  n = 11 ∞   1  n ⋅  2  n


   1  n ⋅  2  n ≤  1 11  1   2  n   for   n ≥ 11    ( with   equality   only   when   n = 11 )


   1  n ⋅  2  n ≤  1 11  1   2  n   for   n ≥ 11    ( with   equality   only   when   n = 11 )


  ⇒   ∑  n = 11 ∞   1  n ⋅  2  n <  1 11   ∑  n = 11 ∞   1   2  n =  1  11 ⋅  2 10 =  1 11264


  ⇒   ∑  n = 11 ∞   1  n ⋅  2  n <  1 11   ∑  n = 11 ∞   1   2  n =  1  11 ⋅  2 10 =  1 11264


  ⇒  44711 64512 <  44711 64512 +   ∑  n = 11 ∞   1  n ⋅  2  n <  44711 64512 +  1 11264 =  122971 177408


  ⇒  44711 64512 <  44711 64512 +   ∑  n = 11 ∞   1  n ⋅  2  n <  44711 64512 +  1 11264 =  122971 177408


  So    44711 64512 <  log ⁡ 2 <  122971 177408


  rounding    44711 64512 down   and   rounding    122971 177408   up :


  rounding    44711 64512 down   and   rounding    122971 177408   up :


  0 . 69306 <  log ⁡ 2 < 0 . 69316


  0 . 69306 <  log ⁡ 2 < 0 . 69316


  so  log ⁡ 2 ≈ 0 . 693   is   correct   to   3   decimal   places


  so  log ⁡ 2 ≈ 0 . 693   is   correct   to   3   decimal   places


  In   general ,   choose   some   large   N   and     ∑  n = 1  N   1  n  2  n <  log ⁡ 2 <   ∑  n = 1  N   1  n  2  n +  1   ( N + 1 )  2  N


  In   general ,   choose   some   large   N   and     ∑  n = 1  N   1  n  2  n <  log ⁡ 2 <   ∑  n = 1  N   1  n  2  n +  1   ( N + 1 )  2  N


  f


  f


  f


  Def :   Step   Function


  f :  [ a , b ] → ℝ   is   a   step   function   if   there   exists   a   partition


  f :  [ a , b ] → ℝ   is   a   step   function   if   there   exists   a   partition


  a =   x 0 < ⋯ <   x  n = b


  a =   x 0 < ⋯ <   x  n = b


  such   that   f   is   constant   on   each   interval    (   x  k ,   x  k + 1 )   for   each   integer   0 ≤ k ≤ n − 1 :


  such   that   f   is   constant   on   each   interval    (   x  k ,   x  k + 1 )   for   each   integer   0 ≤ k ≤ n − 1 :


  n + 1


    x 0 = a


    x  n = b


    x  k


   (   x  k ,   x  k + 1 )


  P


  Q


  P


  Q


  P


  Q


   [ a , b ]


  n


   (   x 0 ,   x 1 ) ,  (   x 1 ,   x 2 ) , ⋯  (   x  n − 1 ,   x  n )


  a


  b


  a = 0 < 1 < 2 . 5 < 4 < 5 = b


   ( 0 , 1 ) ,  ( 1 , 2 . 5 ) ,  ( 2 . 5 , 4 ) ,  ( 4 , 5 )


  a = 0 < 0 . 5 < 1 < 1 . 5 < 2 < 2 . 5 < 3 < 3 . 5 < 4 < 4 . 5 < 5 = b


  f :  [ a , b ] → ℝ


  a =   x 0 < ⋯ <   x  n = b


  0 ≤ k ≤ n − 1


    x  k ∗ ∈  (   x  k ,   x  k + 1 )


  f


  Def :     ∫  a  b  f  ( x ) d x ≔   ∑  k = 0  n − 1   (   x  k + 1 −   x  k ) f  (   x  k ∗ )


   (   x  k + 1 −   x  k )


  f  (   x  k ∗ )


  f  (   x  k ∗ ) < 0


  a


    ∫  a  a  f  ( x ) d x ≔ 0


    x  k ∗ ∈  (   x  k ,   x  k + 1 )


  f


  f  (   x  k ∗ )


  P


  Q


  f


  R


  P


  Q


   (   x  k ,   x  k + 1 )


  P


  R


   (   y  i ,   y  j   with   i < j )


    y  i =   x  k


    y  j =   x  k + 1


    x  k + 1 −   x  k =   y  j −   y  i =  (   y  j −   y  j − 1 ) +  (   y  j − 1 −   y  j − 2 ) + ⋯ + (   y  i + 1 −   y  i )


  f


   (   x  k ,   x  k + 1 )


   (   y  i ,     y  i + 1 ) , ⋯  (   y  j − 1 ,   y  j )


   (   x  k + 1 −   x  k ) f  (   x  k ∗ ) =  [  (   y  j −   y  j − 1 ) + ⋯ +  (   y  i + 1 −   y  i ) ] f  (   x  k ∗ )


  =  (   y  j −   y  j − 1 ) f  (   x  k ∗ ) + ⋯ +  (   y  i + 1 −   y  i ) f  (   x  k ∗ )


  =  (   y  j −   y  j − 1 ) f  (   x  k ∗ ) + ⋯ +  (   y  i + 1 −   y  i ) f  (   x  k ∗ )


  =  (   y  j −   y  j − 1 ) f  (   y  j − 1 ∗ ) + ⋯ +  (   y  i + 1 −   y  i ) f  (   y  i ∗ )


  =  (   y  j −   y  j − 1 ) f  (   y  j − 1 ∗ ) + ⋯ +  (   y  i + 1 −   y  i ) f  (   y  i ∗ )


    y  i ∗ ∈  (   y  i ,   y  i + 1 ) , ⋯ ,   y  j − 1 ∗ ∈  (   y  j − 1 ,   y  j )


  f


    y  i ∗ , ⋯   y  j − 1 ∗


  P


  n


  R


  m


  Then     ∑  k = 0  n − 1   (   x  k + 1 −   x  k ) f  (   x  k ∗ ) =   ∑  i = 0  m − 1   (   y  i + 1 −   y  i ) f  (   y  i ∗ )


  P


  R


  Q


  R


  P


  Q


    ∫  a  b  f  ( x ) d x


  I  ( f ) =   ∫  a  b  f  ( x ) d x


    f  n


  f


  I  ( f ) =  lim ⁡  I  (   f  n )


  I  (  lim ⁡    f  n ) =  lim ⁡  I  (   f  n )


   lim ⁡  I  (   f  n )


    f  n


   lim ⁡    f  n = f


  f


   lim ⁡  I  (   f  n )


   lim ⁡  I  (   f  n )


  𝜀


  N


  pf :


   lim ⁡    f  n = f


  Let   𝜀 > 0


  There   exists   N ∈ ℕ   such   that   n ≥ N ⇒  |   f  n  ( x ) − f  ( x ) | < 𝜀


  There   exists   N ∈ ℕ   such   that   n ≥ N ⇒  |   f  n  ( x ) − f  ( x ) | < 𝜀


  N


  x


  I  (   f  n )


  Let   n , m ≥ N


   |   f  n  ( x ) − f  ( x ) |   and    |   f  m  ( x ) − f  ( x ) | < 𝜀


   | I  (   f  n ) − I  (   f  m ) | < 𝜀


    f  n


    f  m


  a =   x 0 < ⋯ <   x  M = b


    f  n


    f  m


   | I  (   f  n ) − I  (   f  m ) | =  |   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ ) −   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   f  m  (   x  k ∗ ) |


  =  |   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )  (   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) ) |


  ≤   ∑  k = 0  M − 1   |   x  k + 1 −   x  k |  |   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) |


  ≤   ∑  k = 0  M − 1   |   x  k + 1 −   x  k |  |   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) |


   |   f  n  ( x ) −   f  m  ( x ) | =  |   f  n  ( x ) − f  ( x ) + f  ( x ) −   f  m  ( x ) | ≤  |   f  n  ( x ) − f  ( x ) | +  | f  ( x ) −   f  m  ( x ) | =  |   f  n  ( x ) − f  ( x ) | +  |   f  m  ( x ) − f  ( x ) | < 2 𝜀


  x


  N


  x


  N


  x


    x  k ∗


   |   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) | < 2 𝜀


    x  k <   x  k + 1 ⇒  |   x  k + 1 −   x  k | =   x  k + 1 −   x  k


  Hence    | I  (   f  n ) − I  (   f  m ) | ≤   ∑  k = 0  M − 1   |   x  k + 1 −   x  k |  |   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) |


  < 2 𝜀   ∑  k = 0  M − 1   (   x  k + 1 −   x  k ) = 2 𝜀  ( b − a )


  < 2 𝜀   ∑  k = 0  M − 1   (   x  k + 1 −   x  k ) = 2 𝜀  ( b − a )


   |   f  n  ( x ) − f  ( x ) | <   𝜀  2  ( b − a )


   | I  (   f  n ) − I  (   f  m ) | < 𝜀


  Let   𝜀 > 0 ,     then   𝜀  2  ( b − a ) > 0   so


   ∃  N ∈ ℕ   s . t . ,      ∀  x ∈  [ a , b ] ,     n ≥ N ,      |   f  n  ( x ) − f  ( x ) | <   𝜀  2  ( b − a )


   ∃  N ∈ ℕ   s . t . ,      ∀  x ∈  [ a , b ] ,     n ≥ N ,      |   f  n  ( x ) − f  ( x ) | <   𝜀  2  ( b − a )


  Let   n , m ≥ N ⇒  |   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) | ≤  |   f  n  (   x  k ∗ ) − f  (   x  k ∗ ) | +  |   f  m  (   x  k ∗ ) − f  (   x  k ∗ ) |


  Let   n , m ≥ N ⇒  |   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) | ≤  |   f  n  (   x  k ∗ ) − f  (   x  k ∗ ) | +  |   f  m  (   x  k ∗ ) − f  (   x  k ∗ ) |


  <   𝜀  2  ( b − a ) +   𝜀  2  ( b − a ) =   𝜀  b − a


  <   𝜀  2  ( b − a ) +   𝜀  2  ( b − a ) =   𝜀  b − a


  and    | I  (   f  n ) − I  (   f  m ) | =  |   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )  (   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) ) |


  and    | I  (   f  n ) − I  (   f  m ) | =  |   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )  (   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) ) |


  ≤   ∑  k = 0  M − 1   |   x  k + 1 −   x  k |  |   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) | <   𝜀  b − a   ∑  k = 0  M − 1   (   x  k + 1 −   x  k ) =   𝜀  b − a  ( b − a ) = 𝜀


  ≤   ∑  k = 0  M − 1   |   x  k + 1 −   x  k |  |   f  n  (   x  k ∗ ) −   f  m  (   x  k ∗ ) | <   𝜀  b − a   ∑  k = 0  M − 1   (   x  k + 1 −   x  k ) =   𝜀  b − a  ( b − a ) = 𝜀


  Hence   I  (   f  n )   is   cauchy   and   is   therefore   convergent   and   we   are   done !


  Hence   I  (   f  n )   is   cauchy   and   is   therefore   convergent   and   we   are   done !


  If     f  n   and     g  n   are   both   sequences   of   step   functions   which   converge   uniformly   to   f


  Then  lim ⁡  I  (   f  n ) =  lim ⁡  I  (   g  n )


  Then  lim ⁡  I  (   f  n ) =  lim ⁡  I  (   g  n )


   lim ⁡   [ I  (   f  n ) − I  (   g  n ) ] = 0


  pf :


  Let   𝜀 > 0


  f


  Let   N   be   such   that    ∀  x ∈  [ a , b ] ,     n ≥ N ,      |   f  n  ( x ) − f  ( x ) | < 𝜀   and    |   g  n  ( x ) − f  ( x ) | <   𝜀  2  ( b − a )


    𝜀  2  ( b − a )


   | I  (   f  n ) − I  (   g  n ) | < 𝜀


  a =   x 0 < ⋯ <   x  M = b


    f  n


    g  n


    f  n


    g  n


   | I  (   f  n ) − I  (   g  n ) | =  |   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ ) −   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   g  n  (   x  k ∗ ) |


  =  |   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )  (   f  n  (   x  k ∗ ) −   g  n  (   x  k ∗ ) ) |


  =  |   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )  (   f  n  (   x  k ∗ ) −   g  n  (   x  k ∗ ) ) |


  ≤   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )  |   f  n  (   x  k ∗ ) −   g  n  (   x  k ∗ ) |


  ≤   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )  |   f  n  (   x  k ∗ ) −   g  n  (   x  k ∗ ) |


   |   f  n  (   x  k ∗ ) −   g  n  (   x  k ∗ ) | ≤  |   f  n  (   x  k ∗ ) − f  ( x ) | +  |   g  n  (   x  k ∗ ) − f  ( x ) | <   𝜀  b − a


   | I  (   f  n ) − I  (   g  n ) | <   𝜀  b − a   ∑  k = 0  M − 1   (   x  k + 1 −   x  k ) =   𝜀  b − a  ( b − a ) = 𝜀


  Hence  lim ⁡   ( I  (   f  n ) − I  (   g  n ) ) = 0    ( and  lim ⁡  I  (   f  n ) ,  lim ⁡  I  (   g  n )   exist )


  Hence  lim ⁡   ( I  (   f  n ) − I  (   g  n ) ) = 0    ( and  lim ⁡  I  (   f  n ) ,  lim ⁡  I  (   g  n )   exist )


  ⇒  lim ⁡   ( I  (   f  n ) ) =  lim ⁡   ( I  (   g  n ) )


  ⇒  lim ⁡   ( I  (   f  n ) ) =  lim ⁡   ( I  (   g  n ) )


    f  n


  f


   [ a , b ]


    ∫  a  b  f  ( x ) d x =  lim ⁡    ∫  a  b    f  n  ( x ) d x


  Def : we   say   that   f   is   regulated   iff


  there   exists   a   sequence   of   step   functions   which   converges   uniformly   to   f


  there   exists   a   sequence   of   step   functions   which   converges   uniformly   to   f


    f  n ,   g  n


  𝛼 , 𝛽 ∈ ℝ


  𝛼   f  n + 𝛽   g  n


    f  n   g  n


   |   f  n |


  f


  g


    f  n ,   g  n


  f


  g


  𝛼 f + 𝛽 g =  lim ⁡   ( 𝛼   f  n + 𝛽   g  n )


  𝛼 f + 𝛽 g


   lim ⁡   ( 𝛼   f  n + 𝛽     g  n )


  f  ( x ) g  ( x )


   | f  ( x ) |


  Theorem   7 . 1 :


  f  ( x ) :  [ a , b ] → ℝ   is   regulated   iff


  f  ( x ) :  [ a , b ] → ℝ   is   regulated   iff


   ∀  𝜀 > 0   there   exists   a   step   function   g :  [ a , b ] → ℝ   such   that    | f  ( x ) − g  ( x ) | < 𝜀    ∀  x ∈  [ a , b ]


   ∀  𝜀 > 0   there   exists   a   step   function   g :  [ a , b ] → ℝ   such   that    | f  ( x ) − g  ( x ) | < 𝜀    ∀  x ∈  [ a , b ]


  f


  pf :


  " ⇒ "


  " ⇒ "


  f


    f  n → f


  𝜀 > 0


  N


  n ≥ N ⇒  | f  ( x ) −   f  n  ( x ) | < 𝜀


   ∀  x ∈  [ a , b ]


  g  ( x ) =   f  N  ( x )


  " ⇐ "


    𝜀  n =  1  n


    g  n  ( x )


   | f  ( x ) −   g  n  ( x ) | <  1  n


  x ∈  [ a , b ]


  𝜀 > 0


  N


  N >  1  𝜀


  Let   n ≥ N ⇒  | f  ( x ) −   g  n  ( x ) | <  1  n ≤  1  N < 𝜀


    g  n → f


  f


  f  ( x ) =  {    1  x ∈ ℚ   0  x ∉ ℚ


  Theroem   7 . 2 :


  Continuous   Functions   are   Regulated


  Continuous   Functions   are   Regulated


  pf :


  pf :


  Let   f   be   continuous   on    [ a , b ]


  Let   f   be   continuous   on    [ a , b ]


  Since   f   is   continuous   on   a   closed   interval ,   it   is   uniformly   continuous   on   that   interval .


  Since   f   is   continuous   on   a   closed   interval ,   it   is   uniformly   continuous   on   that   interval .


   ( Theorem   4 . 2 )


   ( Theorem   4 . 2 )


  Let   𝜀 > 0


  Let   𝜀 > 0


  There   exists   𝛿 > 0   such   that    ∀  x , y ∈  [ a , b ] ,      | x − y | < 𝛿 ⇒  | f  ( x ) − f  ( y ) | < 𝜀


  There   exists   𝛿 > 0   such   that    ∀  x , y ∈  [ a , b ] ,      | x − y | < 𝛿 ⇒  | f  ( x ) − f  ( y ) | < 𝜀


  < 𝛿


  n >   b − a  𝛿


  f


  f


  Theorem   7 . 1


  n >   b − a  𝛿


    x  k = a +  ( b − a )   k  n


  0 ≤ k ≤ n


    b − a  n < 𝛿


  g  ( x ) =  {    f  (   x  k )  x ∈  [   x  k ,   x  k + 1 )   f  ( b )  x =   x  n


   | f  ( x ) − g  ( x ) | < 𝜀


  x


  x =   x  n = b


   | f  ( x ) − g  ( x ) | =  | f  ( b ) − f  ( b ) | = 0 < 𝜀


  x ∈  [   x  k ,   x  k + 1 )


  k


  x


    x  k ∗


   | f  ( x ) − g  ( x ) | =  | f  (   x  k ∗ ) − g  (   x  k ∗ ) | =  | f  (   x  k ∗ ) − f  (   x  k ) |


    x  k ∗ ∈  [   x  k ,   x  k + 1 )


   |   x  k ∗ −   x  k | <  |   x  k + 1 −   x  k | =   b − a  n < 𝛿


  f


   | f  (   x  k ∗ ) − f  (   x  k ) | < 𝜀


  ⇒  | f  ( x ) − g  ( x ) | < 𝜀


  Theorem   7 . 1


  f


  f


   [ a , b ]


  c ∈  ( a , b )


    f ′  ( c ) =   f  ( b ) − f  ( a )  b − a


    f ′  ( c )


   ( MVT ) :


  If   f   is   continuous   on    [ a , b ]   then   there   exists   a   c ∈  [ a , b ]   with


  If   f   is   continuous   on    [ a , b ]   then   there   exists   a   c ∈  [ a , b ]   with


  f  ( c ) =  1  b − a   ∫  a  b  f  ( x ) d x


  f  ( c ) =  1  b − a   ∫  a  b  f  ( x ) d x


  f  ( c )


  f


   [ a , b ]


    ∫  a  b  f  ( x ) d x


  Theorem   7 . 3 : Linearity   of   Integration :


  If   𝛼 , 𝛽 ∈ ℝ   and   f   and   g   are   regulated   on    [ a , b ]


  If   𝛼 , 𝛽 ∈ ℝ   and   f   and   g   are   regulated   on    [ a , b ]


  Then   ∫  a  b   ( 𝛼 f  ( x ) + 𝛽 g  ( x ) ) d x = 𝛼   ∫  a  b  f  ( x ) d x + 𝛽   ∫  a  b  f  ( x ) d x


  Then   ∫  a  b   ( 𝛼 f  ( x ) + 𝛽 g  ( x ) ) d x = 𝛼   ∫  a  b  f  ( x ) d x + 𝛽   ∫  a  b  f  ( x ) d x


  pf :


  pf :


  𝛼 f + 𝛽 g


  f


  g


  f  ( x ) =  lim ⁡    f  n  ( x ) ,     g  ( x ) =  lim ⁡    g  n  ( x )   where   these   are   uniform   limits .


  𝛼 I  (   f  n ) + 𝛽 I  (   g  n ) = 𝛼   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ ) + 𝛽   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   g  n  (   x  k ∗ )


  𝛼 I  (   f  n ) + 𝛽 I  (   g  n ) = 𝛼   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ ) + 𝛽   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   g  n  (   x  k ∗ )


  =   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )  ( 𝛼   f  n  (   x  k ∗ ) + 𝛽   g  n  (   x  k ∗ ) )


  =   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )  ( 𝛼   f  n  (   x  k ∗ ) + 𝛽   g  n  (   x  k ∗ ) )


  = I  ( 𝛼   f  n + 𝛽   g  n )


  = I  ( 𝛼   f  n + 𝛽   g  n )


  𝛼 f + 𝛽 g =  lim ⁡   ( 𝛼   f  n + 𝛽   g  n )


  I  ( 𝛼 f + 𝛽 g ) =  lim ⁡  I  ( 𝛼   f  n + 𝛽   g  n ) =  lim ⁡   ( 𝛼 I  (   f  n ) + 𝛽 I  (   g  n ) ) = 𝛼  lim ⁡  I  (   f  n ) + 𝛽  lim ⁡  I  (   g  n ) = 𝛼 I  ( f ) + 𝛽 I  ( g )


  i . e . ,     α   ∫  a  b  f  ( x ) + 𝛽   ∫  a  b  g  ( x ) d x =   ∫  a  b   ( 𝛼 f  ( x ) + 𝛽 g  ( x ) ) d x   as   required


  Theorem : 7 . 4 :


  f  ( x ) ≥ 0    ∀  x ∈  [ a , b ] ⇒   ∫  a  b  f  ( x ) d x ≥ 0


  f  ( x ) ≥ 0    ∀  x ∈  [ a , b ] ⇒   ∫  a  b  f  ( x ) d x ≥ 0


  pf :


  pf :


  Let   f  ( x ) ≥ 0    ∀  x ∈  [ a , b ]


  Let   f  ( x ) ≥ 0    ∀  x ∈  [ a , b ]


    g  n


  f


   |   g  n |


   | f | = f


   | f | = f


  f  ( x ) ≥ 0


    f  n  ( x ) =  |   g  n  ( x ) | ≥ 0


    f  n


  f


    f  n  ( x ) ≥ 0


  x


  n


    ∫  a  b  f  ( x ) d x =  lim ⁡  I  (   f  n ) =    lim  n → ∞ ⁡    ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ )


  but     f  n  (   x  k ∗ ) ≥ 0   and     x  k + 1 −   x  k > 0   for   every   k


  but     f  n  (   x  k ∗ ) ≥ 0   and     x  k + 1 −   x  k > 0   for   every   k


  ⇒   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ ) ≥ 0


  ⇒   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ ) ≥ 0


  ⇒   ∫  a  b  f  ( x ) d x ≥ 0


  ⇒   ∫  a  b  f  ( x ) d x ≥ 0


  Corollary   7 . 5 :


  If   f  ( x ) ≥ g  ( x )   for   every   x ∈  [ a , b ]


  If   f  ( x ) ≥ g  ( x )   for   every   x ∈  [ a , b ]


  Then     ∫  a  b  f  ( x ) d x ≥   ∫  a  b  g  ( x ) d x


  Then     ∫  a  b  f  ( x ) d x ≥   ∫  a  b  g  ( x ) d x


  pf :


  pf :


  f  ( x ) − g  ( x ) ≥ 0   for   every   x ∈  [ a , b ]


  f  ( x ) − g  ( x ) ≥ 0   for   every   x ∈  [ a , b ]


  ⇒   ∫  a  b   ( f  ( x ) − g  ( x ) ) d x =   ∫  a  b  f  ( x ) d x −   ∫  a  b  g  ( x ) d x ≥ 0


  ⇒   ∫  a  b   ( f  ( x ) − g  ( x ) ) d x =   ∫  a  b  f  ( x ) d x −   ∫  a  b  g  ( x ) d x ≥ 0


  ⇒   ∫  a  b  f  ( x ) d x ≥   ∫  a  b  g  ( x ) d x


  ⇒   ∫  a  b  f  ( x ) d x ≥   ∫  a  b  g  ( x ) d x


  Theorem   7 . 6    ( Triangle   inequality   for   integrals ) :


   |   ∫  a  b  f  ( x ) d x | ≤   ∫  a  b   | f  ( x ) | d x


   |   ∫  a  b  f  ( x ) d x | ≤   ∫  a  b   | f  ( x ) | d x


  pf :


  pf :


   | f  ( x ) | ≥ f  ( x )   and    | f  ( x ) | ≥ − f  ( x )


   | f  ( x ) | ≥ f  ( x )   and    | f  ( x ) | ≥ − f  ( x )


   ( this   is   just   a   propery   of   the   modulus   funciton )


   ( this   is   just   a   propery   of   the   modulus   funciton )


  so   by   monotonicity :


  so   by   monotonicity :


  I  (  | f | ) ≥ I  ( f ) ,     and ,     I  (  | f | ) ≥ I  ( − f ) = − I  ( f )


  I  (  | f | ) ≥ I  ( f ) ,     and ,     I  (  | f | ) ≥ I  ( − f ) = − I  ( f )


  Then   since    | I  ( f ) |   either   equals   I  ( f )   or − I  ( f )    ( and   I  (  | f | )   is ≥ both   of   these   things )


  Then   since    | I  ( f ) |   either   equals   I  ( f )   or − I  ( f )    ( and   I  (  | f | )   is ≥ both   of   these   things )


  I  (  | f | ) ≥  | I  ( f ) |


  I  (  | f | ) ≥  | I  ( f ) |


  i . e . ,       ∫  a  b   | f  ( x ) | d x ≥  |   ∫  a  b  f  ( x ) d x |


  i . e . ,       ∫  a  b   | f  ( x ) | d x ≥  |   ∫  a  b  f  ( x ) d x |


  b < a


    ∫  a  b  f  ( x ) d x ≔ −   ∫  b  a  f  ( x ) d x


  Theorem   7 . 7    ( Additivity ) :


    ∫  a  b  f  ( x ) d x +   ∫  b  c  f  ( x ) d x =   ∫  a  c  f  ( x ) d x


    ∫  a  b  f  ( x ) d x +   ∫  b  c  f  ( x ) d x =   ∫  a  c  f  ( x ) d x


  a < b < c


  pf :


  a < b < c


    f  n


  f


   [ a , c ]


    f  n


   [ a , c ]


  b


  b


    f  n


   [ a , b ]


  a =   x 0 < ⋯ <   x  M = b


   [ b , c ]


  b =   x  M < ⋯ <   x  M + N = c


   [ a , c ]


  a =   x 0 < ⋯ <   x  M + N = c .


    ∫  a  b    f  n  ( x ) d x +   ∫  b  c    f  n  ( x ) d x =   ∑  k = 0  M − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ ) +   ∑  k = M  M + N − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ )


  =   ∑  k = 0  M + N − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ ) =   ∫  a  c    f  n  ( x ) d x


  =   ∑  k = 0  M + N − 1   (   x  k + 1 −   x  k )   f  n  (   x  k ∗ ) =   ∫  a  c    f  n  ( x ) d x


  n → ∞


    ∫  a  b  f  ( x ) d x +   ∫  b  c  f  ( x ) d x =   ∫  a  c  f  ( x ) d x


  a < b < c


    ∫  a  b  f  ( x ) d x = −   ∫  b  a  f  ( x ) d x


  Theorem   7 . 8    ( MVT ) :


  If   f   is   continuous   on    [ a , b ]   then   there   exists   a   c ∈  [ a , b ]   with


  If   f   is   continuous   on    [ a , b ]   then   there   exists   a   c ∈  [ a , b ]   with


  f  ( c ) =  1  b − a   ∫  a  b  f  ( x ) d x


  f  ( c ) =  1  b − a   ∫  a  b  f  ( x ) d x


  pf :


  pf :


  Let   d =  1  b − a   ∫  a  b  f  ( x ) d x


  Let   d =  1  b − a   ∫  a  b  f  ( x ) d x


  c ∈  ( a , b )


  f  ( c ) = d


  m ≤ M


  m ≤ f  ( x ) ≤ M


  x ∈  [ a , b ]


    ∫  a  b  m d x ≤   ∫  a  b  f  ( x ) d x ≤   ∫  a  b  M d x


  m


  M


  m  ( b − a ) ≤   ∫  a  b  f  ( x ) d x ≤ M  ( b − a )


  m ≤  1  b − a   ∫  a  b  f  ( x ) d x ≤ M


  m ≤  1  b − a   ∫  a  b  f  ( x ) d x ≤ M


  m ≤ d ≤ M


  m


  M


    x 1 ,   x 2


  f  (   x 1 ) = m ,   f  (   x 2 ) = M


  f  (   x 1 ) ≤ d ≤ f  (   x 2 )


  f


  c


    x 1


    x 2


  f  ( c ) = d


    x 1 ,   x 2 ∈  [ a , b ]


  c


    x 1


    x 2


  c ∈  [ a , b ]


  Hence   we   have   some   c ∈  [ a , b ]   with   f  ( c ) =  1  b − a   ∫  a  b  f  ( x ) d x


  velocity = v


  displacement    ( signed   distance ) = s


  time = t


  v =   s  t


  s = v t


   ( t )


   ( v )


   d  d x  ( f  ( x ) )


  Δ f  ( k ) = f  ( k + 1 ) − f  ( k )


    ∑  k = 0  n  Δ  ( f  ( k ) ) = f  ( n + 1 ) − f  ( 0 )


    ∫  a  b   d  d x  ( f  ( x ) ) d x = f  ( b ) − f  ( a )


  Fundamental   Theorem   of   Calculus    ( FTC   part   a )    ( 7 . 9 ) :


  If   f   is   continuous   on   on    [ a , b ]


  If   f   is   continuous   on   on    [ a , b ]


  Let   F  ( x ) =   ∫  a  x  f  ( t ) d t ,     x ∈  [ a , b ]


  Let   F  ( x ) =   ∫  a  x  f  ( t ) d t ,     x ∈  [ a , b ]


  Then     F ′  ( x ) = f  ( x )


  Then     F ′  ( x ) = f  ( x )


  pf :


  pf :


    F ′  ( c ) =    lim  x → c ⁡    F  ( x ) − F  ( c )  x − c =    lim  x → c ⁡      ∫  a  x  f  ( t ) d t −   ∫  a  c  f  ( t ) d t  x − c =    lim  x → c ⁡      ∫  a  x  f  ( t ) d t +   ∫  c  a  f  ( t ) d t  x − c


  =    lim  x → c ⁡      ∫  c  x  f  ( t ) d t  x − c


  x < c


  𝜉 ∈  [ x , c ]


  f  ( 𝜉 ) =  1  c − x   ∫  x  c  f  ( t ) d t =  1  x − c   ∫  c  x  f  ( t ) d t


  x > c


  𝜉 ∈  [ c , x ]


  f  ( 𝜉 ) =  1  x − c   ∫  c  x  f  ( t ) d t


  𝜉


  x


  𝜉  ( x )


  𝜉  ( x )


  x


  c


    F ′  ( c ) =    lim  x → c ⁡  f  ( 𝜉  ( x ) )


  𝜉  ( x )


  x


  c


     lim  x → c ⁡  𝜉  ( x ) = c


  f


  c


     lim  x → c ⁡  f ( 𝜉  ( x ) = f  (    lim  x → c ⁡  𝜉  ( x ) ) = f  ( c )


  so     F ′  ( c ) = f  ( c )    ( for   every   c )


  i . e . ,     F ′  ( x ) = f  ( x )


  i . e . ,     F ′  ( x ) = f  ( x )


  Fundamental   Theorem   of   Calculus    ( FTC   part   b )    ( 7 . 9 ) :


  Let   f   be   continuously   differentiable   on    [ a , b ]


  Let   f   be   continuously   differentiable   on    [ a , b ]


  Then     ∫  a  b    f ′  ( x ) d x = f  ( b ) − f  ( a )


  Then     ∫  a  b    f ′  ( x ) d x = f  ( b ) − f  ( a )


  pf :


  Let   F  ( x ) =   ∫  a  x    f ′  ( t ) d t


  Let   F  ( x ) =   ∫  a  x    f ′  ( t ) d t


  Then     F ′  ( x ) =   f ′  ( x )    ( FTC   part   a )


  Then     F ′  ( x ) =   f ′  ( x )    ( FTC   part   a )


  ⇒ F  ( x ) = f  ( x ) + C   for   some   constant   C    ( Lemma   6 . 10 )


  ⇒ F  ( x ) = f  ( x ) + C   for   some   constant   C    ( Lemma   6 . 10 )


  Also   F  ( a ) =   ∫  a  a    f ′  ( t ) d t = 0


  Also   F  ( a ) =   ∫  a  a    f ′  ( t ) d t = 0


  F  ( a ) = f  ( a ) + C ⇒ 0 = f  ( a ) + C


  F  ( a ) = f  ( a ) + C ⇒ 0 = f  ( a ) + C


  ⇒ C = − f  ( a )


  ⇒ C = − f  ( a )


  And     ∫  a  b    f ′  ( x ) d x =   ∫  a  b    f ′  ( t ) d t = F  ( b ) = f  ( b ) + C = f  ( b ) − f  ( a )


  And     ∫  a  b    f ′  ( x ) d x =   ∫  a  b    f ′  ( t ) d t = F  ( b ) = f  ( b ) + C = f  ( b ) − f  ( a )


  e . g . ,     ∫ 0  b  x d x =  1 2   b 2 −  1 2  0 2 =     b 2 2


   ( makes   sense   since   the   area   under   the   line   creates   a   triangle   with   width = height = b )


   ( makes   sense   since   the   area   under   the   line   creates   a   triangle   with   width = height = b )


  e . g . ,     ∫ 0 π   sin ⁡  x d x =  ( −  cos ⁡  𝜋 ) −  ( −  cos ⁡ 0 ) = −  ( − 1 ) −  ( − 1 ) = 1 + 1 = 2


  e . g . ,     ∫ 0 π   sin ⁡  x d x =  ( −  cos ⁡  𝜋 ) −  ( −  cos ⁡ 0 ) = −  ( − 1 ) −  ( − 1 ) = 1 + 1 = 2


    ∫  a  b  f  ( x ) d x


   ∫  f  ( x ) d x ≔   ∫  a  x  f  ( t ) d t


  Where   a   is   an   arbitrary   constant .


  Where   a   is   an   arbitrary   constant .


  f


  f


  a


  x


  a


  + C


  + C


     [ F  ( x ) ]  a  b ≔ F  ( b ) − F  ( a )


    ∫  a  b  f  ( x ) d x =    [ F  ( x ) ]  a  b


  f


   [ a , b ]


  2


  f


  g


  Theorem   7 . 10    ( Integration   by   Parts ) :


   ∫  f  ( x ) g  ( x ) d x = f  ( x )  ∫  g  ( x ) d x −  ∫    f ′  ( x )  ∫  g  ( x ) d x d x


   ∫  f  ( x ) g  ( x ) d x = f  ( x )  ∫  g  ( x ) d x −  ∫    f ′  ( x )  ∫  g  ( x ) d x d x


  pf :


   d  d x  ( f  ( x )  ∫  g  ( x ) d x ) =   f ′  ( x )  ∫  g  ( x ) d x + f  ( x ) g  ( x )


   d  d x  ( f  ( x )  ∫  g  ( x ) d x ) =   f ′  ( x )  ∫  g  ( x ) d x + f  ( x ) g  ( x )


  f  ( x )  ∫  g  ( x ) d x =  ∫    f ′  ( x )  ∫  g  ( x ) d x d x +  ∫  f  ( x ) g  ( x ) d x


  ⇒  ∫  f  ( x ) g  ( x ) d x = f  ( x )  ∫  g  ( x ) d x −  ∫    f ′  ( x )  ∫  g  ( x ) d x d x


  ⇒  ∫  f  ( x ) g  ( x ) d x = f  ( x )  ∫  g  ( x ) d x −  ∫    f ′  ( x )  ∫  g  ( x ) d x d x


  Let   g   be   continuously   differentiable   on    [ a , b ]


  and   f   be   continuous   on   I = Ran  ( g )


  and   f   be   continuous   on   I = Ran  ( g )


  Ran  ( g )


  g   which   is   an   interval   since


  continuous   functions   map   intervals   to   intervals   by   IVT .


  I   want   to   evaluate     ∫  a  b  f  ( g  ( x ) )   g ′  ( x ) d x


  Let   u = g  ( x ) ,     then     d u  d x =   g ′  ( x ) ⇒ d u =   g ′  ( x ) d x


  Let   u = g  ( x ) ,     then     d u  d x =   g ′  ( x ) ⇒ d u =   g ′  ( x ) d x


  when   x = a ,   u = g  ( a ) ,     when   x = b ,   u = g  ( b )


  when   x = a ,   u = g  ( a ) ,     when   x = b ,   u = g  ( b )


  ⇒   ∫  a  b  f  ( g  ( x ) )   g ′  ( x ) d x =   ∫  g  ( a )  g  ( b )  f  ( u ) d u


  ⇒   ∫  a  b  f  ( g  ( x ) )   g ′  ( x ) d x =   ∫  g  ( a )  g  ( b )  f  ( u ) d u


  Theorem   7 . 11    ( Integration   by   Substitution ) :


  Let   g   be   continuously   differentiable   on    [ a , b ]


  Let   g   be   continuously   differentiable   on    [ a , b ]


  and   f   be   continuous   on   I = Ran  ( g )


  and   f   be   continuous   on   I = Ran  ( g )


  Then     ∫  a  b  f  (   g ′  ( x ) ) g  ( x ) d x =   ∫  g  ( a )  g  ( b )  f  ( u ) d u


  Then     ∫  a  b  f  (   g ′  ( x ) ) g  ( x ) d x =   ∫  g  ( a )  g  ( b )  f  ( u ) d u


  pf :


  pf :


  Let   F  ( x ) =  ∫  f  ( x ) d x


  Let   F  ( x ) =  ∫  f  ( x ) d x


    F ′  ( x ) = f  ( x )   so   F   is   differentiatble ,   hence   F   is   continuous


    F ′  ( x ) = f  ( x )   so   F   is   differentiatble ,   hence   F   is   continuous


  Let   h  ( x ) = F  ( g  ( x ) )    ( so   h   is   continuous )


  Let   h  ( x ) = F  ( g  ( x ) )    ( so   h   is   continuous )


   h ′  ( x ) = f  ( g  ( x ) )   g ′  ( x )    ( chian   rule )


   h ′  ( x ) = f  ( g  ( x ) )   g ′  ( x )    ( chian   rule )


  By   FTC :   ∫  a  b  f  ( g  ( x ) )   g ′  ( x ) d x =    [ F  ( g  ( x ) ) ]  a  b = F  ( g  ( b ) ) − F  ( g  ( a ) )


  By   FTC :   ∫  a  b  f  ( g  ( x ) )   g ′  ( x ) d x =    [ F  ( g  ( x ) ) ]  a  b = F  ( g  ( b ) ) − F  ( g  ( a ) )


  Also   by   FTC     ∫  g  ( a )  g  ( b )  f  ( u ) d u =    [ F  ( u ) ]  g  ( a )  g  ( b ) = F  ( g  ( b ) ) − F  ( g  ( a ) )


  So     ∫  a  b  f  ( g  ( x ) )   g ′  ( x ) d x =   ∫  g  ( a )  g  ( b )  f  ( u ) d u   as   required


  So     ∫  a  b  f  ( g  ( x ) )   g ′  ( x ) d x =   ∫  g  ( a )  g  ( b )  f  ( u ) d u   as   required


  ∞


  − ∞


    ∫  a ∞  f  ( x ) d x ≔    lim  t → ∞ ⁡    ∫  a  t  f  ( x ) d x


    ∫  − ∞  b  f  ( x ) d x ≔    lim  t → ∞ ⁡    ∫  − t  b  f  ( x ) d x


    ∫  − ∞  b  f  ( x ) d x ≔    lim  t → ∞ ⁡    ∫  − t  b  f  ( x ) d x


  e . g . ,     ∫ 1 ∞   1    x 2 d x =    lim  t → ∞ ⁡    ∫ 1  t    x  − 2 d x =      lim  t → ∞ ⁡   [ −  1  x ] 1  t =    lim  t → ∞ ⁡   ( −  1  t + 1 ) = 1


  e . g . ,     ∫ 1 ∞   1    x 2 d x =    lim  t → ∞ ⁡    ∫ 1  t    x  − 2 d x =      lim  t → ∞ ⁡   [ −  1  x ] 1  t =    lim  t → ∞ ⁡   ( −  1  t + 1 ) = 1


  but     ∫ 1 ∞   1  x d x =    lim  t → ∞ ⁡     [  log ⁡  x ] 1  t =    lim  t → ∞ ⁡   (  log ⁡  t −  log ⁡ 1 ) =    lim  t → ∞ ⁡   log ⁡  t = ∞   diverges


  but     ∫ 1 ∞   1  x d x =    lim  t → ∞ ⁡     [  log ⁡  x ] 1  t =    lim  t → ∞ ⁡   (  log ⁡  t −  log ⁡ 1 ) =    lim  t → ∞ ⁡   log ⁡  t = ∞   diverges


    ∫  − ∞ ∞  f  ( x ) d x ≔   ∫  − ∞ 0  f  ( x ) d x +   ∫ 0 ∞  f  ( x ) d x


    ∫  − ∞  a  f  ( x ) d x +   ∫  a ∞  f  ( x ) d x


    ∫  − ∞ ∞  f  ( x ) d x ≔   ∫  − t  t  f  ( x ) d x    ( incorrect )


  − ∞


  ∞


  “ ∞ − ∞ ”


    ∫  − ∞ ∞  x d x =    lim  t → ∞ ⁡    ∫  − t  t  x d x =    lim  t → ∞ ⁡ 0 = 0


  0


     lim  t → ∞ ⁡    ∫  1 − t  1 + t  x d x


  → ∞


  1


  3


  f  ( x ) ≥ 0


  Theorem   7 . 12    ( Integral   test   for   Convergence ) :


  If   f  ( x ) ≥ 0   is   monotone   decreasing ,


  If   f  ( x ) ≥ 0   is   monotone   decreasing ,


  Then     ∑  n = 1 ∞  f  ( k )   converges   iff     ∫ 1 ∞  f  ( x ) d x   converges


  Then     ∑  n = 1 ∞  f  ( k )   converges   iff     ∫ 1 ∞  f  ( x ) d x   converges


  n = 1


  pf :


    a  k = f  ( k ) ≥ 0


    ∑  k = 1 ∞    a  k


   ( k , k + 1 )


    b  k ≔   ∫  k  k + 1  f  ( x ) d x


    ∫ 1 ∞  f  ( x ) d x =   ∑  k = 1 ∞    b  k


  f


  x ∈  ( k , k + 1 )


  0 ≤ f  ( k + 1 ) ≤ f  ( x ) ≤ f  ( k )


  i . e . ,   0 ≤   a  k + 1 ≤ f  ( x ) ≤   a  k


  ⇒ 0 ≤   ∫  k  k + 1    a  k + 1 d x ≤   ∫  k  k + 1  f  ( x ) d x ≤   ∫  k  k + 1    a  k d x


  ⇒ 0 ≤   ∫  k  k + 1    a  k + 1 d x ≤   ∫  k  k + 1  f  ( x ) d x ≤   ∫  k  k + 1    a  k d x


  ⇒ 0 ≤   a  k + 1 ≤   b  k ≤   a  k


  ⇒ 0 ≤   a  k + 1 ≤   b  k ≤   a  k


    ∑  k = 1 ∞    a  k


    ∑  k = 1 ∞    b  k


    ∫ 1 ∞  f  ( x ) d x


    ∑  k = 1 ∞    a  k


    ∑  k = 1 ∞    a  k + 1


    ∑  k = 1 ∞    b  k


    ∫ 1 ∞  f  ( x ) d x


    ∑  k = 1 ∞   1    k  p


  p > 1


  for   p < 0 ,   f   is   increasing   for   x ≥ 1   so   we   cannot   use   the   integral   test   but   we


  clearly   have   divergence   in   this   case   anyway    ( since   each   term   of   the   series   does   not → 0 ) .


  clearly   have   divergence   in   this   case   anyway    ( since   each   term   of   the   series   does   not → 0 ) .


  Also   clear   divergence   for   p = 0


   1    x  p   is   decreasing   for   x ≥ 1   and   p > 0


    ∑  k = 1 ∞   1    k  p   converges   iff     ∫ 1 ∞   1    x  p d x   converges


    ∑  k = 1 ∞   1    k  p   converges   iff     ∫ 1 ∞   1    x  p d x   converges


  for   p ≠ 1 :     ∫ 1 ∞   1    x  p d x =    lim  t → ∞ ⁡     [  1  1 − p   x  1 − p ] 1  t =  1  1 − p  (    lim  t → ∞ ⁡    t  1 − p − 1 )


  for   p ≠ 1 :     ∫ 1 ∞   1    x  p d x =    lim  t → ∞ ⁡     [  1  1 − p   x  1 − p ] 1  t =  1  1 − p  (    lim  t → ∞ ⁡    t  1 − p − 1 )


     lim  t → ∞ ⁡    t  1 − p   converges   for   1 − p < 0 ⇔ p > 1


     lim  t → ∞ ⁡    t  1 − p   converges   for   1 − p < 0 ⇔ p > 1


     lim  t → ∞ ⁡    t  1 − p   diverges   for   1 − p > 0 ⇔ p < 1


     lim  t → ∞ ⁡    t  1 − p   diverges   for   1 − p > 0 ⇔ p < 1


  For   p = 1 :     ∫ 1 ∞   1    x  p d x =   ∫ 1 ∞   1  x d x   diverges    ( as   we   saw   before )


  For   p = 1 :     ∫ 1 ∞   1    x  p d x =   ∫ 1 ∞   1  x d x   diverges    ( as   we   saw   before )


  So     ∑  k = 1 ∞   1    k  p   converges   iff   p > 1    ( which   we   already   knew )


  So     ∑  k = 1 ∞   1    k  p   converges   iff   p > 1    ( which   we   already   knew )


  e . g . ,     ∫ 0 ∞    e  −   x 2 d x   converges   iff     ∑  k = 0 ∞    e  −   k 2   converges


  0 ≤   e  −   k 2 ≤   e  − k   for    ( k ≥ 1 )   and     ∑  k = 1 ∞    e  − k   converges    ( geometric   series )


  0 ≤   e  −   k 2 ≤   e  − k   for    ( k ≥ 1 )   and     ∑  k = 1 ∞    e  − k   converges    ( geometric   series )


  so   by   comparison ,     ∑  k = 1 ∞    e  −   k 2   converges   and   then     ∑  k = 0 ∞    e  −   k 2


  so   by   comparison ,     ∑  k = 1 ∞    e  −   k 2   converges   and   then     ∑  k = 0 ∞    e  −   k 2


  hence   by   the   integral   test ,     ∫ 0 ∞    e  −   x 2 d x   converges


  hence   by   the   integral   test ,     ∫ 0 ∞    e  −   x 2 d x   converges


   ∫    e  −   x 2 d x


    ∫ 0 ∞    e  −   x 2 d x


     𝜋 2


  e . g . ,     ∫ 0   1 2    ∑  k = 0 ∞   1   2  k  cos ⁡   (  3  k 𝜋 x ) d x =   ∑  k = 0 ∞    ∫ 0   1 2   1   2  k  cos ⁡   (  3  k 𝜋 x ) d x =   ∑  k = 0 ∞   1   2  k    [  1   3  k 𝜋  sin ⁡   (  3  k 𝜋 x ) ] 0   1 2


  =  1  𝜋   ∑  k = 0 ∞   1   6  k  (  sin ⁡   (  3  k   𝜋 2 ) −  sin ⁡ 0 ) =  1  𝜋   ∑  k = 0 ∞     sin ⁡   (  3  k   𝜋 2 )   6  k =  1  𝜋   ∑  k = 0 ∞     ( −  1 6 )  k


  =  1  𝜋   ∑  k = 0 ∞   1   6  k  (  sin ⁡   (  3  k   𝜋 2 ) −  sin ⁡ 0 ) =  1  𝜋   ∑  k = 0 ∞     sin ⁡   (  3  k   𝜋 2 )   6  k =  1  𝜋   ∑  k = 0 ∞     ( −  1 6 )  k


  =  1  𝜋  ( 1 +  1 6 ) =  6  7 𝜋


  =  1  𝜋  ( 1 +  1 6 ) =  6  7 𝜋


   sin ⁡  x


   sin ⁡   (  3  k   𝜋 2 ) =    ( − 1 )  k


  if   f  ( x ) =  lim ⁡    f  n  ( x )


  when   is     ∫  a  b  f  ( x ) d x =  lim ⁡    ∫  a  b    f  n  ( x ) d x


  when   is     ∫  a  b  f  ( x ) d x =  lim ⁡    ∫  a  b    f  n  ( x ) d x


    f  n


    f  n → f


   ( Theorem   7 . 1 )


    f  n


  Theorem   7 . 13 :


  If     f  n   is   a   sequence   of   regulated   functions   converging   uniformly   to   f   on    [ a , b ]


  If     f  n   is   a   sequence   of   regulated   functions   converging   uniformly   to   f   on    [ a , b ]


  Then     ∫  a  b  f  ( x ) d x =  lim ⁡    ∫  a  b    f  n  ( x ) d x


  pf :


  pf :


    f  n


    ∫  a  b    f  n  ( x ) d x


    ∫  a  b  f  ( x ) d x


  f


    f  n → f


  Let   𝜀 > 0 ,     there   exists   an   N   such   that   n ≥ N ⇒  | f  ( x ) −   f  n  ( x ) | < 𝜀


  this   N   is   independent   of   x


  this   N   is   independent   of   x


    f  n  ( x )


    g  n  ( x )


    f  n  ( x )


   ( Theorem   7 . 1 )


   |   f  n  ( x ) −   g  n  ( x ) | < 𝜀   for   every   x ∈  [ a , b ]


  Then    | f  ( x ) −   g  n  ( x ) | ≤  | f  ( x ) −   f  n  ( x ) | +  |   f  n  ( x ) −   g  n  ( x ) | < 2 𝜀    ∀  x


  Then    | f  ( x ) −   g  n  ( x ) | ≤  | f  ( x ) −   f  n  ( x ) | +  |   f  n  ( x ) −   g  n  ( x ) | < 2 𝜀    ∀  x


  Hence     g  n  ( x ) → f  ( x )   uniformly   meaning   f   is   regulated   on    [ a , b ]   and     ∫  a  b  f  ( x ) d x   exists


  Hence     g  n  ( x ) → f  ( x )   uniformly   meaning   f   is   regulated   on    [ a , b ]   and     ∫  a  b  f  ( x ) d x   exists


  Now   to   show   that     ∫  a  b  f  ( x ) d x =  lim ⁡    ∫  a  b    f  n  ( x ) d x :


  Now   to   show   that     ∫  a  b  f  ( x ) d x =  lim ⁡    ∫  a  b    f  n  ( x ) d x :


   |   ∫  a  b  f  ( x ) d x −   ∫  a  b    f  n  ( x ) d x | =  |   ∫  a  b   ( f  ( x ) −   f  n  ( x ) ) d x | ≤   ∫  a  b   | f  ( x ) −   f  n  ( x ) | d x <   ∫  a  b  𝜀 d x


   |   ∫  a  b  f  ( x ) d x −   ∫  a  b    f  n  ( x ) d x | =  |   ∫  a  b   ( f  ( x ) −   f  n  ( x ) ) d x | ≤   ∫  a  b   | f  ( x ) −   f  n  ( x ) | d x <   ∫  a  b  𝜀 d x


  =  ( b − a ) 𝜀


  =  ( b − a ) 𝜀


  Hence    lim ⁡    ∫  a  b    f  n  ( x ) d x =   ∫  a  b  f  ( x ) d x


  Hence    lim ⁡    ∫  a  b    f  n  ( x ) d x =   ∫  a  b  f  ( x ) d x


    ∫ 0   1 2    ∑  k = 0 ∞   1   2  k  cos ⁡   (  3  k 𝜋 x ) d x


  Let     f  n  ( x ) ≔   ∑  k = 0  n   1   2  k  cos ⁡   (  3  k 𝜋 x ) ,     f  ( x ) =  lim ⁡    f  n  ( x ) =   ∑  k = 0 ∞   1   2  k  cos ⁡   (  3  k 𝜋 x )


  Let     f  n  ( x ) ≔   ∑  k = 0  n   1   2  k  cos ⁡   (  3  k 𝜋 x ) ,     f  ( x ) =  lim ⁡    f  n  ( x ) =   ∑  k = 0 ∞   1   2  k  cos ⁡   (  3  k 𝜋 x )


   1   2  k  cos ⁡   (  3  k 𝜋 x )


    f  n  ( x )


  M


   |  1   2  k  cos ⁡   (  3  k 𝜋 x ) | ≤  1   2  k ,   so   let     M  k =  1   2  k


  Then     ∑  k = 0 ∞    M  k =   ∑  k = 0 ∞   1   2  k = 2    ( converges )


  Then     ∑  k = 0 ∞    M  k =   ∑  k = 0 ∞   1   2  k = 2    ( converges )


  Meaning     f  n  ( x )   converges   uniformly .


  Meaning     f  n  ( x )   converges   uniformly .


  f


  f


  Hence     ∫ 0   1 2    ∑  k = 0 ∞   1   2  k  cos ⁡   (  3  k 𝜋 x ) d x =   ∫ 0   1 2  f  ( x ) d x =  lim ⁡    ∫ 0   1 2    f  n  ( x ) d x


  =  lim ⁡    ∫ 0   1 2    ∑  k = 0  n   1   2  k  cos ⁡   (  3  k 𝜋 x ) d x


  =  lim ⁡    ∫ 0   1 2    ∑  k = 0  n   1   2  k  cos ⁡   (  3  k 𝜋 x ) d x


  =  lim ⁡    ∑  k = 0  n    ∫ 0   1 2   1   2  k  cos ⁡   (  3  k 𝜋 x ) d x =   ∑  k = 0 ∞    ∫ 0   1 2   1   2  k  cos ⁡   (  3  k 𝜋 x ) d x


    ∑  k = 0 ∞  


  ∫


    f  n


    f  n ′


    f  n


  FTC


    f  n ′


    f  n


    ∫  a  x    f  n ′  ( t ) d t =   f  n  ( x ) −   f  n  ( a )


  Theorem   7 . 14


  If     f  n   converges   to   f   on    [ a , b ] ,     and   each     f  n   is   continuously   differentiable ,


  If     f  n   converges   to   f   on    [ a , b ] ,     and   each     f  n   is   continuously   differentiable ,


      and     f  n ′   converges   uniformly ,


      and     f  n ′   converges   uniformly ,


  Then   f   is   differentiable   with     f ′ =  lim ⁡    f  n ′


  Then   f   is   differentiable   with     f ′ =  lim ⁡    f  n ′


  pf :


  Define   g  ( x ) ≔  lim ⁡    f  n ′  ( x )


  Define   g  ( x ) ≔  lim ⁡    f  n ′  ( x )


  Since     f  n ′   is   continuous ,   we   can   use   FTC :


  Since     f  n ′   is   continuous ,   we   can   use   FTC :


    ∫  a  x    f  n ′  ( t ) d t =   f  n  ( x ) −   f  n  ( a )


    ∫  a  x    f  n ′  ( t ) d t =   f  n  ( x ) −   f  n  ( a )


    f  n ′


    f  n ′


  7 . 13


  n → ∞


    ∫  a  x  g  ( t ) d t = f  ( x ) − f  ( a )


  g


  FTC


  g  ( x ) =   f ′  ( x ) ⇒   f ′  ( x ) =  lim ⁡    f  n ′  ( x )


  FTC


    ∫  a  x  g  ( t ) d t


  f


  Corollary   7 . 15    ( termwise   differentiation ) :


  If   f  ( x ) =   ∑  k = 0 ∞    f  k  ( x )   for   x ∈  [ a , b ] ,     and   each     f  k   is   continuously   differentiable ,


  If   f  ( x ) =   ∑  k = 0 ∞    f  k  ( x )   for   x ∈  [ a , b ] ,     and   each     f  k   is   continuously   differentiable ,


      and     ∑  k = 0 ∞    f  k ′  ( x )   converges   uniformly ,


      and     ∑  k = 0 ∞    f  k ′  ( x )   converges   uniformly ,


  Then   f   is   differentiable   with     f ′  ( x ) =   ∑  k = 0 ∞    f  k ′  ( x )


  Then   f   is   differentiable   with     f ′  ( x ) =   ∑  k = 0 ∞    f  k ′  ( x )


  pf :


  Let     g  n  ( x ) =   ∑  k = 0  n    f  k  ( x )


  Let     g  n  ( x ) =   ∑  k = 0  n    f  k  ( x )


  Then  lim ⁡    g  n  ( x ) = f  ( x )


  Then  lim ⁡    g  n  ( x ) = f  ( x )


    g  n ′  ( x ) =   ∑  k = 0  n    f  k ′  ( x )   is   continuous    ( since   each     f  k   is   continuously   differentiable )


    g  n ′  ( x ) =   ∑  k = 0  n    f  k ′  ( x )   is   continuous    ( since   each     f  k   is   continuously   differentiable )


  Hence   each     g  n   is   continuously   differentiable


  Hence   each     g  n   is   continuously   differentiable


  We   are   given   that     g  n ′  ( x )   converges   uniformly


  We   are   given   that     g  n ′  ( x )   converges   uniformly


  So   by   Theorem   7 . 14 ,   f   is   differentiable   with


  So   by   Theorem   7 . 14 ,   f   is   differentiable   with


    f ′  ( x ) =  lim ⁡    g  n ′  ( x ) =   ∑  k = 0 ∞    f  k ′  ( x )


    f ′  ( x ) =  lim ⁡    g  n ′  ( x ) =   ∑  k = 0 ∞    f  k ′  ( x )


  1 )


  a )   Let   f : ℝ → ℝ   with   f  ( x ) =   x 2 .   Show   that   f   is   neither   injective   nor   surjective .


  a )   Let   f : ℝ → ℝ   with   f  ( x ) =   x 2 .   Show   that   f   is   neither   injective   nor   surjective .


  b )   We   wish   to   define    x =   f  − 1  ( x )   but   we   can ′ t   since   f   is   not   bijective .


  b )   We   wish   to   define    x =   f  − 1  ( x )   but   we   can ′ t   since   f   is   not   bijective .


  We   can   solve   this   problem   by   restricting   the   domain   to   non


  negative   real   numbers   ( to   get


  injectivity )   and   restricting   the   codomain   to   non


  negative   real   numbers    ( to   get   surjectivity ) .


  We   can   denote   the   set   of   non


  negative   real   numbers   as    ℝ  ≥ 0


  Let   f :  ℝ  ≥ 0 →  ℝ  ≥ 0   with   f  ( x ) =   x 2 .


  f


  2 )   Show   that    { 0 , 1 }   forms   a   field   if   we   define   addition   and   multiplication   in   the   usual   way


  except   with   1 + 1 = 0 .   ( Check   the   axioms   of   addition ,   multiplication ,   and   distributivity ) .


  except   with   1 + 1 = 0 .   ( Check   the   axioms   of   addition ,   multiplication ,   and   distributivity ) .


  3 )   Check   that   the   rational   numbers ,   ℚ   form   a   field .


  4 )   Let   a < b   and   c < d ,     show   that   a + c < b + d


  5 )   Let   0 < a < b   and   0 < c < d ,     show   that   a c < b d


  6 )   Let   a < b   and   c < 0 ,     show   that   b c < a c


  7 )   Let   0 < a < b ,     show   that   0 <   b  − 1 <   a  − 1


  8 )   Prove   Pascal ′ s   Identity :


  Show   that    (    n   k ) +  (    n   k + 1 ) =  (    n + 1   k + 1 )


  Show   that    (    n   k ) +  (    n   k + 1 ) =  (    n + 1   k + 1 )


  9 )   Show   that   the   supremum   is   unique .   i . e . ,   Let   𝛼 , 𝛽   be   supremums   of   S ,   show   that


  𝛼 = 𝛽


  𝛼 = 𝛽


  10 )   Show   that   if   f   is   non


  empty   and   bounded   below ,   that   f   has   an   infimum


  11 )   Completing   the   proof   that    2 ∈ ℝ .


  Let   S =  { x ∈ ℝ :   x 2 < 2 } ,   𝛼 =  sup ⁡  S .   Show   that     𝛼 2 > 2   leads   to   a   contradiction


  Let   S =  { x ∈ ℝ :   x 2 < 2 } ,   𝛼 =  sup ⁡  S .   Show   that     𝛼 2 > 2   leads   to   a   contradiction


  12 )   Show   that    |  | a | −  | b | | ≤  | a − b |


  13 )   Prove   by   induction   that   k ! ≥  2  k − 1   for   k ∈ ℕ


  14 )   Show   that   limits   of   sequences   are   unique .   That   is ,   if     L 1   and     L 2   each   fit   the   definition   for   the


  limit   of     a  n ,   then     L 1 =   L 2 .


  limit   of     a  n ,   then     L 1 =   L 2 .


  15 )   Show   that   if   b =  lim ⁡    b  n   with   b ≠ 0   and     b  n ≠ 0   for   any   n


  Then  lim ⁡   1    b  n =  1  b


  Then  lim ⁡   1    b  n =  1  b


  16 )   show   that   if    lim ⁡    a  n = ∞   then  lim ⁡   1    a  n = 0


  17 )   Prove   the   Montone   Convergence   Theorem   in   the   case   that     a  n   is   decreasing .


  18 )   Show   that   the   second   version   of   the   sequeezing   theorem :


   |   a  n | ≤   b  n   for   every   n   and  lim ⁡    b  n = 0 ⟹  lim ⁡    a  n = 0


   |   a  n | ≤   b  n   for   every   n   and  lim ⁡    b  n = 0 ⟹  lim ⁡    a  n = 0


  Follows   directly   from   the   first   version ,   which   stated :


  Follows   directly   from   the   first   version ,   which   stated :


    a  n ≤   b  n ≤   c  n   for   every   n   and  lim ⁡    a  n =  lim ⁡    c  n = L ⟹  lim ⁡    b  n = L


    a  n ≤   b  n ≤   c  n   for   every   n   and  lim ⁡    a  n =  lim ⁡    c  n = L ⟹  lim ⁡    b  n = L


  19 )   Complete   the   proof   of   Theorem   2 . 6


  If     x  n ∈  [ a , b ]   is   a   sequence   with  lim ⁡    x  n = L ,   show   that   if   L < a   then   there   is   some


  If     x  n ∈  [ a , b ]   is   a   sequence   with  lim ⁡    x  n = L ,   show   that   if   L < a   then   there   is   some


    x  n < a   which   is   a   contradiction .


    x  n < a   which   is   a   contradiction .


  20 )   Let     n  j   be   a   strictly   increasing   sequence   of   natural   numbers .


  Prove   by   induction   that     n  j ≥ j


  21 )   Let     a  n   be   a   bounded   sequence .   Show   that   there   exists   a   subsequence     a    n  j


  with  lim ⁡    a    n  j =  lim ⁡   inf ⁡    a  n


  with  lim ⁡    a    n  j =  lim ⁡   inf ⁡    a  n


  22 )   Let     a  n =  {         ( − 1 )  n 5  n = 3 k   for   some   k ∈ ℕ     e  − n +     n 2 − 2 n  3   n 2 − 1  n = 3 k − 1   for   some   k ∈ ℕ     − 2 n + 1    n 2 − 3 n  n = 3 k − 2   for   some   k ∈ ℕ


  ( If   you   have   not   yet   reached   the   part   where   we   define   the   exponential   function ,   you   may


  ( If   you   have   not   yet   reached   the   part   where   we   define   the   exponential   function ,   you   may


  assume   that  lim ⁡    e  − n = 0 )


  assume   that  lim ⁡    e  − n = 0 )


  Determine  lim ⁡   sup ⁡    a  n   and  lim ⁡   inf ⁡    a  n .


  Determine  lim ⁡   sup ⁡    a  n   and  lim ⁡   inf ⁡    a  n .


  23 )   Determine   whether   the   following   series   converge ,   state   which   test  ( s )   you   use :


  a )     ∑  n = 1 ∞      n 2 + 3    n 3 − 2


  a )     ∑  n = 1 ∞      n 2 + 3    n 3 − 2


  b )     ∑  n = 1 ∞  3    ( −  1 3 )  n


  b )     ∑  n = 1 ∞  3    ( −  1 3 )  n


  c )     ∑  n = 1 ∞      n 2 − 4 n    n 4 + 2


  c )     ∑  n = 1 ∞      n 2 − 4 n    n 4 + 2


  d )     ∑  n = 1 ∞    n !   3  n


  d )     ∑  n = 1 ∞    n !   3  n


  e )     ∑  n = 1 ∞   1    n  2 . 5


  e )     ∑  n = 1 ∞   1    n  2 . 5


  24 )   Complete   the   proof   that     e  x   is   bijective    ( 3 . 14 ) .


  Let   y > 1   and   X =  { x :   e  x < y } .     𝛼 =  sup ⁡  X .   Suppoes     e  𝛼 > y .


  Let   y > 1   and   X =  { x :   e  x < y } .     𝛼 =  sup ⁡  X .   Suppoes     e  𝛼 > y .


  Show   that   you   can   choose   n   so   that   𝛼 −  1  n   is   an   upper   bound   for   X


  Show   that   you   can   choose   n   so   that   𝛼 −  1  n   is   an   upper   bound   for   X


   ( giving   contradiction ) .


   ( giving   contradiction ) .


  25 )   Prove   the   following   properties   of   logarithms   :


   log ⁡   (   a  b ) = b  log ⁡  a    ( Recall :     x  𝛼 ≔   e  𝛼   l o g ⁡  x )


   log ⁡   (   a  b ) = b  log ⁡  a    ( Recall :     x  𝛼 ≔   e  𝛼   l o g ⁡  x )


   log ⁡  a b =  log ⁡  a +  log ⁡  b


   log ⁡  a b =  log ⁡  a +  log ⁡  b


   log ⁡    a  b =  log ⁡  a −  log ⁡  b


   log ⁡    a  b =  log ⁡  a −  log ⁡  b


    a     log  a ⁡  b = b    ( Recall    log  a ⁡  b ≔    log ⁡  b   log ⁡  a )


    a     log  a ⁡  b = b    ( Recall    log  a ⁡  b ≔    log ⁡  b   log ⁡  a )


  26 )   Prove   the   following   properties   of   expressions   like     x  a    [ for   x > 0 ]


  ( You   will   likely   want   to   use   the   properties   of   exponentials ) :


  ( You   will   likely   want   to   use   the   properties   of   exponentials ) :


    x  a + b =   x  a   x  b


    x  a + b =   x  a   x  b


    x  a b =    (   x  a )  b


    x  a b =    (   x  a )  b


    x  − 𝛼 =  1    x  𝛼


    x  − 𝛼 =  1    x  𝛼


  27 )   Given   L =    lim  x → c ⁡  f  ( x )   exists ,


 


 


  28 )   Prove   directly   from   the   𝜀


  𝛿


     lim  x → c ⁡   ( f  ( x ) + g  ( x ) ) =    lim  x → c ⁡  f  ( x ) +    lim  x → c ⁡  g  ( x )


     lim  x → c ⁡   ( f  ( x ) g  ( x ) ) =    lim  x → c ⁡  f  ( x )    lim  x → c ⁡  g  ( x )


     lim  x → c ⁡   ( f  ( x ) g  ( x ) ) =    lim  x → c ⁡  f  ( x )    lim  x → c ⁡  g  ( x )


     lim  x → c ⁡    f  ( x )  g  ( x ) =      lim  x → c ⁡  f  ( x )     lim  x → c ⁡  g  ( x )   so   long   as    lim  x → c ⁡  g  ( x ) ≠ 0   and   g  ( x ) ≠ 0   sufficiently   close   to   c


     lim  x → c ⁡    f  ( x )  g  ( x ) =      lim  x → c ⁡  f  ( x )     lim  x → c ⁡  g  ( x )   so   long   as    lim  x → c ⁡  g  ( x ) ≠ 0   and   g  ( x ) ≠ 0   sufficiently   close   to   c


  29 )   Prove   that   limits   are   unique .


  30 )   Use   the   negation   of   the   definition   of   uniform   continuity   to   show   that     e  x   is   not   uniformly


  continuous :


  continuous :


  i . e . ,   you   need   to   show   that


  i . e . ,   you   need   to   show   that


   ∃  𝜀 > 0 ,   s . t . ,      ∀  𝛿 > 0 ,      ∃  x , c ∈ ℝ , s . t . ,      | x − c | < 𝛿   and    |   e  x −   e  c | ≥ 𝜀


  31 )   Use   the   limit   definition   of   the   derivative   and   the   binomial   theorem   to   show   that


   d dx  (   x  n ) = n   x  n − 1   for   n ∈ 𝕎 .


   d dx  (   x  n ) = n   x  n − 1   for   n ∈ 𝕎 .


  32 )   During   the   proof   of   Cauchy ′ s   Generalised   Mean   Value   theroem ,   we   used   the   guess :


  h  ( t ) = f  ( t ) −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( t ) − f  ( a ) +   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( a )


  h  ( t ) = f  ( t ) −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( t ) − f  ( a ) +   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( a )


  Which   represents   the   vertical   difference   between   the   curve    ( f  ( t ) )   and   the   secant   line   joining


  Which   represents   the   vertical   difference   between   the   curve    ( f  ( t ) )   and   the   secant   line   joining


  the   endpoints .   By   determining   the   equation   of   the   secant   line   ( between   points    ( g  ( a ) , f  ( a ) )   and


  the   endpoints .   By   determining   the   equation   of   the   secant   line   ( between   points    ( g  ( a ) , f  ( a ) )   and


   ( g  ( b ) , f  ( b ) ) ) ,   derive   this   guess   for   h  ( t ) .


   ( g  ( b ) , f  ( b ) ) ) ,   derive   this   guess   for   h  ( t ) .


  33 )   Using   L ’ Hospitals   rule   ( and   justifying   that   you   can   use   it ) ,   evaluate :


  a )      lim  x → 0 ⁡      n  x − 1  x    ( your   answer   should   be   in   terms   of   n )


  a )      lim  x → 0 ⁡      n  x − 1  x    ( your   answer   should   be   in   terms   of   n )


  b )    lim  x →  0 + ⁡  x  ln ⁡  x


  b )    lim  x →  0 + ⁡  x  ln ⁡  x


  c )    lim  x → ∞ ⁡    x   1  x


  c )    lim  x → ∞ ⁡    x   1  x


  34 )   Using   L ′ Hospital ′ s   rule ,   show   that    lim  𝛼 → ∞ ⁡     ( 1 +   x  𝛼 )  𝛼 =   e  x   ( this   is   a   common


  alternative   definition   for   the   exponential   function ) .


  alternative   definition   for   the   exponential   function ) .


  35 )   Determine   the   maxima   and   minima   of   f  ( x ) =   x 3 −  5 2   x 2 +  3 4 x   on    [ − 1 , 1 ]


  36 )   Filling   a   gap   in   the   proof   of   the   Lagrange   Remainder :


  Given   F  ( t ) =   f  ( x ) −   ∑  k = 0  n      f   ( k )  ( t )  k !    ( x − t )  k


  Given   F  ( t ) =   f  ( x ) −   ∑  k = 0  n      f   ( k )  ( t )  k !    ( x − t )  k


  Show   that     F ′  ( t ) =   −   f   ( n + 1 )  ( t )  n !    ( x − t )  n


  Show   that     F ′  ( t ) =   −   f   ( n + 1 )  ( t )  n !    ( x − t )  n


  37 )   I   wish   to   approximate     e  x   by   1 + x +     x 2 2 +     x 3 6 +     x 4 24 +     x 5 120 +     x 6 720 +     x 7 5040 ,   for   0 < x < 0 . 5


   ( order   7   taylor   polynomial   of     e  x )


   ( order   7   taylor   polynomial   of     e  x )


  Using   the   Lagrange   remainder ,   show   that   the   error   in   this   approximation   is   always


  Using   the   Lagrange   remainder ,   show   that   the   error   in   this   approximation   is   always


  <  1 5000000


  <  1 5000000


  e < 4


  8 ! = 40320 > 40000


   2 8 = 256 > 250


  38 )   Let     f  n   be   a   sequence   of   functions   which   converge   uniformly   on   a   closed   interval   I ,


  to   a   limit   function   f    ( also   with   domain   I ) .


  to   a   limit   function   f    ( also   with   domain   I ) .


  If   each     f  n   is   continuous   at   the   endpoints   of   I ,   show   that   f   is   continuous   at   the   endpoints   of   I .


  If   each     f  n   is   continuous   at   the   endpoints   of   I ,   show   that   f   is   continuous   at   the   endpoints   of   I .


  39 )   Prove   that     x  n −   y  n =  ( x − y )   ∑  k = 0  n − 1    x  n − 1 − k   y  k   for   n ∈ ℕ


  by   induction


  by   induction


  by   considering     ∑  k = 0  n − 1    x  n − 1 − k   y  k   as   a   geometric   series


  by   considering     ∑  k = 0  n − 1    x  n − 1 − k   y  k   as   a   geometric   series


  40 )   By   using   the   strong   root   test ,   show   that   the   formal   derivative ,     ∑  k = 1 ∞  k   a  k   x  k − 1  


  has   the   same   radius   of   convergence   as     ∑  k = 0 ∞    a  k   x  k .


  has   the   same   radius   of   convergence   as     ∑  k = 0 ∞    a  k   x  k .


  41 )   Given   f  ( x ) ≔   ∑  k = 0 ∞    a  k    ( x − c )  k ,   show    ( by   induction )   that     f   ( n )  ( c ) = n !   a  n


  ( you   may   assume   that   we   can   differentiate   power   series   term


  wise ) .


  42 )   Use   the   ratio   test   to   show   that   the   power   series   for   cosine ,     ∑  k = 0 ∞       ( − 1 )  n   x  2 n   ( 2 n ) ! ,   converges


  for   all   x ∈ ℝ


  for   all   x ∈ ℝ


  43 )   Show   that   the   Lagrange   Remainder   for   the   natural   logarithm → 0   as   n → ∞   for


  x ≥  1 2 .   As   we   saw   in   the   notes ,   the   remainder   is     R  n =      ( − 1 )  n  n + 1    (   x − 1  𝜉 )  n + 1   where   𝜉   is


  x ≥  1 2 .   As   we   saw   in   the   notes ,   the   remainder   is     R  n =      ( − 1 )  n  n + 1    (   x − 1  𝜉 )  n + 1   where   𝜉   is


  strictly   between   x   and   1 .


  44 )   Given   that   𝛼 , 𝛽 ∈ ℝ   and   that  lim ⁡    f  n = f ,  lim ⁡    g  n = g    ( both   uniform   limits ) ,   show


  that    lim ⁡   ( 𝛼   f  n + 𝛽   g  n ) = 𝛼 f + 𝛽 g   converges   uniformly   ( we   already   know   that   it


  that    lim ⁡   ( 𝛼   f  n + 𝛽   g  n ) = 𝛼 f + 𝛽 g   converges   uniformly   ( we   already   know   that   it


  converges   to   this   limit ,   but   we   need   to   check   that   the   convergence   is   uniform ) .


  converges   to   this   limit ,   but   we   need   to   check   that   the   convergence   is   uniform ) .


  45 )   Given   that   f  ( x )   and   g  ( x )   are   regulated ,   show   that   f  ( x ) g  ( x )   and    | f  ( x ) |   are   regulated .


  46 )   We   have   seen   in   the   notes   that   when   a < b < c ,    


    ∫  a  b  f  ( x ) d x +   ∫  b  c  f  ( x ) d x =   ∫  a  c  f  ( x ) d x .   Using   the   fact   that     ∫  a  b  f  ( x ) d x = −   ∫  b  a  f  ( x ) d x


    ∫  a  b  f  ( x ) d x +   ∫  b  c  f  ( x ) d x =   ∫  a  c  f  ( x ) d x .   Using   the   fact   that     ∫  a  b  f  ( x ) d x = −   ∫  b  a  f  ( x ) d x


   ( and   that     ∫  a  a  f  ( x ) d x = 0 ) , show   that   the   result   is   true   for   any   a , b , c ∈ ℝ


   ( and   that     ∫  a  a  f  ( x ) d x = 0 ) , show   that   the   result   is   true   for   any   a , b , c ∈ ℝ


  ( assuming   f   is   regulated   on    [  min ⁡   ( a , b , c ) ,  max ⁡   ( a , b , c ) ] .


  47 )   Suppose   that   f  ( x ) ≥ 0   for   every   x ∈  [ a , b ]   and   there   exists   some   c ∈  [ a , b ]   with


  f  ( c ) > 0   and   that   f   is   continuous   on    [ a , b ] .   Show   that     ∫  a  b  f  ( x ) d x > 0 .   This   is   one   of


  f  ( c ) > 0   and   that   f   is   continuous   on    [ a , b ] .   Show   that     ∫  a  b  f  ( x ) d x > 0 .   This   is   one   of


  my   favourite   proofs   from   this   course .   Try   it   yourself   before   looking   at   the   hints .


  my   favourite   proofs   from   this   course .   Try   it   yourself   before   looking   at   the   hints .


  48 )


  a )   Use   the   quotient   rule   for   differentiation   to   show   that  d  d x  tan ⁡  x =    sec 2 ⁡  x


  a )   Use   the   quotient   rule   for   differentiation   to   show   that  d  d x  tan ⁡  x =    sec 2 ⁡  x


   ( recall    tan ⁡  x ≔    sin ⁡  x   cos ⁡  x )


   ( recall    tan ⁡  x ≔    sin ⁡  x   cos ⁡  x )


  b )   Then   use   the   inverse   function   rule   for   differentiation   to   show   that  


  b )   Then   use   the   inverse   function   rule   for   differentiation   to   show   that  


   d  d x  arctan ⁡  x =  1  1 +   x 2    ( arctan   is   the   inverse   of   tan )


  c )   Use   integration   by   substitution   to   verify   that   indeed     ∫ 0  x   1  1 +   t 2 d t =  arctan ⁡  x


  c )   Use   integration   by   substitution   to   verify   that   indeed     ∫ 0  x   1  1 +   t 2 d t =  arctan ⁡  x


  49 )   Determine   whether     ∫ 0 ∞     sin ⁡  x  2 x +   e  x d x   converges .


  50 )   When   evaluating     ∫ 0   1 2    ∑  k = 0 ∞   1   2  k  cos ⁡   (  3  k 𝜋 x ) d x ,   at   one   point ,   we   had   to   evaluate    sin ⁡   (  3  k   𝜋 2 ) .


  You   can   tell   by   looking   at   a   graph   of   sine   that   this   is      ( − 1 )  k ,   but    ( for   completeness ) ,   I   want   you   to


  You   can   tell   by   looking   at   a   graph   of   sine   that   this   is      ( − 1 )  k ,   but    ( for   completeness ) ,   I   want   you   to


  prove   it   by   induction .   You   might   want   to   use   that  sin ⁡   ( 3 x ) = 3  sin ⁡  x − 4    sin 3 ⁡  x .


  prove   it   by   induction .   You   might   want   to   use   that  sin ⁡   ( 3 x ) = 3  sin ⁡  x − 4    sin 3 ⁡  x .


  Show    ( by   induction )   that    sin ⁡   (  3  k   𝜋 2 ) =    ( − 1 )  k   for   every   integer   k ≥ 0 .


  Show    ( by   induction )   that    sin ⁡   (  3  k   𝜋 2 ) =    ( − 1 )  k   for   every   integer   k ≥ 0 .


  51 )   𝜙  ( x ) ≔  1   2 𝜋   ∫  − ∞  x    e  −  1 2   t 2 d t   is   a   very   important   integral   in   probability   and   statistics   ( used


  to   find   probabilities   for   a   normal   distribution ) .   We   cannot   evaluate   this   integral   directly   by   finding   an


  to   find   probabilities   for   a   normal   distribution ) .   We   cannot   evaluate   this   integral   directly   by   finding   an


  antiderivative    ( we   will   not   discuss   why   not   here ) but   we   can   evaluate   it   as   an   infinite   series .


  antiderivative    ( we   will   not   discuss   why   not   here ) but   we   can   evaluate   it   as   an   infinite   series .


  Find   a   power   series   for   𝜙  ( x ) ,   justifying   each   step .   You   may   assume   without   proof   that


  Find   a   power   series   for   𝜙  ( x ) ,   justifying   each   step .   You   may   assume   without   proof   that


  𝜙  ( 0 ) =  1 2 .


  𝜙  ( 0 ) =  1 2 .


  1 a )   Let   f : ℝ → ℝ   with   f  ( x ) =   x 2 .   Show   that   f   is   neither   injective   nor   surjective .


  b )   We   wish   to   define    x =   f  − 1  ( x )   but   we   can ′ t   since   f   is   not   bijective .


  b )   We   wish   to   define    x =   f  − 1  ( x )   but   we   can ′ t   since   f   is   not   bijective .


  We   can   solve   this   problem   by   restricting   the   domain   to   non


  negative   real   numbers   ( to   get


  injectivity )   and   restricting   the   codomain   to   non


  negative   real   numbers    ( to   get   surjectivity ) .


  We   can   denote   the   set   of   non


  negative   real   numbers   as    ℝ  ≥ 0


  Let   f :  ℝ  ≥ 0 →  ℝ  ≥ 0   with   f  ( x ) =   x 2 .


  f


  f  ( a ) = f  ( b ) ⇒ a = b


   (  ℝ  ≥ 0 )


  2 )   Show   that    { 0 , 1 }   forms   a   field   if   we   define   addition   and   multiplication   in   the   usual   way


  except   with   1 + 1 = 0 .    ( Check   the   axioms   of   addition ,   multiplication ,   and   distributivity ) .


  except   with   1 + 1 = 0 .    ( Check   the   axioms   of   addition ,   multiplication ,   and   distributivity ) .


  3 )   Check   that   the   rational   numbers ,   ℚ   form   a   field .


  4 )   Let   a < b   and   c < d ,     show   that   a + c < b + d


  5 )   Let   0 < a < b   and   0 < c < d ,     show   that   a c < b d


  6 )   Let   a < b   and   c < 0 ,     show   that   b c < a c


  7 )   Let   0 < a < b ,     show   that   0 <   b  − 1 <   a  − 1


  8 )   Pascal ′ s   Identity :


  Show   that    (    n   k ) +  (    n   k + 1 ) =  (    n + 1   k + 1 )


  Show   that    (    n   k ) +  (    n   k + 1 ) =  (    n + 1   k + 1 )


  9 )   Show   that   the   supremum   is   unique .   i . e . ,   Let   𝛼 , 𝛽   be   supremums   of   S ,   show   that


  𝛼 = 𝛽


  𝛼 = 𝛽


  10 )   Show   that   if   f   is   non


  empty   and   bounded   below ,   that   f   has   an   infimum


  − f  ( x )


  11 )   Completing   the   proof   that    2 ∈ ℝ .


  Let   S =  { x ∈ ℝ :   x 2 < 2 } ,   𝛼 =  sup ⁡  S .   Show   that     𝛼 2 > 2   leads   to   a   contradiction


  Let   S =  { x ∈ ℝ :   x 2 < 2 } ,   𝛼 =  sup ⁡  S .   Show   that     𝛼 2 > 2   leads   to   a   contradiction


  < 𝛼


  n


     ( 𝛼 −  1  n ) 2 > 2


  12 )   Show   that    |  | a | −  | b | | ≤  | a − b |


   | a | =  | b + a − b | ≤  | b | +  | a − b |


   | b | −  | a − b | ≤  | a |


  Theorem   1 . 12


  13 )   Prove   by   induction   that   k ! ≥  2  k − 1   for   k ∈ ℕ


  14 )   Show   that   limits   of   sequences   are   unique .   That   is ,   if     L 1   and     L 2   each   fit   the   definition   for   the


  limit   of     a  n ,   then     L 1 =   L 2 .


  limit   of     a  n ,   then     L 1 =   L 2 .


    L 1 ≠   L 2


  𝜀 =    |   L 1 −   L 2 | 2


  n


   |   a  n −   L 1 | < ε   and    |   a  n −   L 2 | < 𝜀


   |   L 1 −   L 2 | =  |   L 1 −   a  n +   a  n −   L 2 |


  ≤  |   a  n −   L 1 | +  |   a  n −   L 2 | < 2 𝜀 =  |   L 2 −   L 2 | ,


   |   L 2 −   L 2 | <  |   L 1 −   L 2 |


  15 )   Show   that   if   b =  lim ⁡    b  n   with   b ≠ 0   and     b  n ≠ 0   for   any   n


  Then  lim ⁡   1    b  n =  1  b


  Then  lim ⁡   1    b  n =  1  b


   |   b  n |


  C > 0


  b ≠ 0


   |  1    b  n −  1  b | =    |   b  n − b |   | b |  |   b  n |


   |   b  n − b | < 𝜀 C  | b |


  16 )   show   that   if    lim ⁡    a  n = ∞   then  lim ⁡   1    a  n = 0


  17 )   Prove   the   Montone   Convergence   Theorem   in   the   case   that     a  n   is   decreasing .


  −   a  n


  18 )   Show   that   the   second   version   of   the   sequeezing   theorem :


   |   a  n | ≤   b  n   for   every   n   and  lim ⁡    b  n = 0 ⟹  lim ⁡    a  n = 0


   |   a  n | ≤   b  n   for   every   n   and  lim ⁡    b  n = 0 ⟹  lim ⁡    a  n = 0


  Follows   directly   from   the   first   version ,   which   stated :


    a  n ≤   b  n ≤   c  n   for   every   n   and  lim ⁡    a  n =  lim ⁡    c  n = L ⟹  lim ⁡    b  n = L


    a  n ≤   b  n ≤   c  n   for   every   n   and  lim ⁡    a  n =  lim ⁡    c  n = L ⟹  lim ⁡    b  n = L


   |   a  n | ≤   b  n ⇔ −   b  n ≤   a  n ≤   b  n


  19 )   Complete   the   proof   of   Theorem   2 . 6


  If     x  n ∈  [ a , b ]   is   a   sequence   with  lim ⁡    x  n = L ,   show   that   if   L < a   then   there   is   some


  If     x  n ∈  [ a , b ]   is   a   sequence   with  lim ⁡    x  n = L ,   show   that   if   L < a   then   there   is   some


    x  n < a   which   is   a   contradiction .


    x  n < a   which   is   a   contradiction .


  20 )   Let     n  j   be   a   strictly   increasing   sequence   of   natural   numbers .


  Prove   by   induction   that     n  j ≥ j


  21 )   Let     a  n   be   a   bounded   sequence .   Show   that   there   exists   a   subsequence     a    n  j


  with  lim ⁡    a    n  j =  lim ⁡   inf ⁡    a  n


  with  lim ⁡    a    n  j =  lim ⁡   inf ⁡    a  n
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  22 )   Let     a  n =  {         ( − 1 )  n 5  n = 3 k   for   some   k ∈ ℕ     e  − n +     n 2 − 2 n  3   n 2 − 1  n = 3 k − 1   for   some   k ∈ ℕ     − 2 n + 1    n 2 − 3 n  n = 3 k − 2   for   some   k ∈ ℕ


  ( If   you   have   not   yet   reached   the   part   where   we   define   the   exponential   function ,   you   may


  ( If   you   have   not   yet   reached   the   part   where   we   define   the   exponential   function ,   you   may


  assume   that  lim ⁡    e  − n = 0 )


  assume   that  lim ⁡    e  − n = 0 )


  Determine  lim ⁡   sup ⁡    a  n   and  lim ⁡   inf ⁡    a  n .


  Determine  lim ⁡   sup ⁡    a  n   and  lim ⁡   inf ⁡    a  n .


  23 )   Determine   whether   the   following   series   converge ,   state   which   test  ( s )   you   use :


  a )     ∑  n = 1 ∞      n 2 + 3    n 3 − 2


  a )     ∑  n = 1 ∞      n 2 + 3    n 3 − 2


  b )     ∑  n = 1 ∞  3    ( −  1 3 )  n


  b )     ∑  n = 1 ∞  3    ( −  1 3 )  n


  c )     ∑  n = 1 ∞      n 2 − 4 n    n 4 + 2


  c )     ∑  n = 1 ∞      n 2 − 4 n    n 4 + 2


  d )     ∑  n = 1 ∞    n !   3  n


  d )     ∑  n = 1 ∞    n !   3  n


  e )     ∑  n = 1 ∞   1    n  2 . 5


  e )     ∑  n = 1 ∞   1    n  2 . 5


  24 )   Complete   the   proof   that     e  x   is   bijective    ( 3 . 14 ) .


  Let   y > 1   and   X =  { x :   e  x < y } .     𝛼 =  sup ⁡  X .   Suppoes     e  𝛼 > y .


  Let   y > 1   and   X =  { x :   e  x < y } .     𝛼 =  sup ⁡  X .   Suppoes     e  𝛼 > y .


  Show   that   you   can   choose   n   so   that   𝛼 −  1  n   is   an   upper   bound   for   X


  Show   that   you   can   choose   n   so   that   𝛼 −  1  n   is   an   upper   bound   for   X


   ( giving   contradiction ) .


   ( giving   contradiction ) .


  25 )   Prove   the   following   properties   of   logarithms   :


   log ⁡   (   a  b ) = b  log ⁡  a    ( Recall :     x  𝛼 ≔   e  𝛼   l o g ⁡  x )


   log ⁡   (   a  b ) = b  log ⁡  a    ( Recall :     x  𝛼 ≔   e  𝛼   l o g ⁡  x )


   log ⁡  a b =  log ⁡  a +  log ⁡  b


   log ⁡  a b =  log ⁡  a +  log ⁡  b


   log ⁡    a  b =  log ⁡  a −  log ⁡  b


   log ⁡    a  b =  log ⁡  a −  log ⁡  b


    a     log  a ⁡  b = b    ( Recall    log  a ⁡  b ≔    log ⁡  b   log ⁡  a )


    a     log  a ⁡  b = b    ( Recall    log  a ⁡  b ≔    log ⁡  b   log ⁡  a )


  26 )   Prove   the   following   properties   of   expressions   like     x  a    [ for   x > 0 ]


  ( You   will   likely   want   to   use   the   properties   of   exponentials ) :


  ( You   will   likely   want   to   use   the   properties   of   exponentials ) :


    x  a + b =   x  a   x  b


    x  a + b =   x  a   x  b


    x  a b =    (   x  a )  b


    x  a b =    (   x  a )  b


    x  − 𝛼 =  1    x  𝛼


    x  − 𝛼 =  1    x  𝛼


  27 )   Given   L =    lim  x → c ⁡  f  ( x )   exists ,


  Show   that      lim  x →   c − ⁡  f  ( x )   and      lim  x →   c + ⁡  f  ( x )   both   exist   and   are   both = L


  Show   that      lim  x →   c − ⁡  f  ( x )   and      lim  x →   c + ⁡  f  ( x )   both   exist   and   are   both = L


  28 )   Prove   directly   from   the   𝜀


  𝛿


     lim  x → c ⁡   ( f  ( x ) + g  ( x ) ) =    lim  x → c ⁡  f  ( x ) +    lim  x → c ⁡  g  ( x )


     lim  x → c ⁡   ( f  ( x ) g  ( x ) ) =    lim  x → c ⁡  f  ( x )    lim  x → c ⁡  g  ( x )


     lim  x → c ⁡   ( f  ( x ) g  ( x ) ) =    lim  x → c ⁡  f  ( x )    lim  x → c ⁡  g  ( x )


     lim  x → c ⁡    f  ( x )  g  ( x ) =      lim  x → c ⁡  f  ( x )     lim  x → c ⁡  g  ( x )   so   long   as    lim  x → c ⁡  g  ( x ) ≠ 0   and   g  ( x ) ≠ 0   sufficiently   close   to   c


     lim  x → c ⁡    f  ( x )  g  ( x ) =      lim  x → c ⁡  f  ( x )     lim  x → c ⁡  g  ( x )   so   long   as    lim  x → c ⁡  g  ( x ) ≠ 0   and   g  ( x ) ≠ 0   sufficiently   close   to   c


  29 )   Prove   that   limits   are   unique .


  Q 14


  30 )   Use   the   negation   of   the   definition   of   uniform   continuity   to   show   that     e  x   is   not   uniformly


  continuous :


  continuous :


  i . e . ,   you   need   to   show   that


  i . e . ,   you   need   to   show   that


   ∃  𝜀 > 0 ,   s . t . ,      ∀  𝛿 > 0 ,      ∃  x , c ∈ ℝ , s . t . ,      | x − c | < 𝛿   and    |   e  x −   e  c | ≥ 𝜀


   ∃  𝜀 > 0 ,   s . t . ,      ∀  𝛿 > 0 ,      ∃  x , c ∈ ℝ , s . t . ,      | x − c | < 𝛿   and    |   e  x −   e  c | ≥ 𝜀


  𝜀 > 0


  𝜀 = 1


  𝛿 > 0


  x , c


   | x − c | < 𝛿


   |   e  x −   e  c | ≥ 1


  x , c


  𝛿


  x = c −   𝛿 2


   | x − c | < 𝛿


   |   e  x −   e  c | = 1


  c


  x , c


   | x − c | < 𝛿


   |   e  x −   e  c | ≥ 1  ( = 𝜀 )


  c =  log ⁡   (  1  1 −   e    − 𝛿 2 )


  31 )   Use   the   limit   definition   of   the   derivative   and   the   binomial   theorem   to   show   that


   d dx  (   x  n ) = n   x  n − 1   for   n ∈ 𝕎 .   Remember   𝕎 =  { 0 , 1 , 2 , 3 , ⋯ }


   d dx  (   x  n ) = n   x  n − 1   for   n ∈ 𝕎 .   Remember   𝕎 =  { 0 , 1 , 2 , 3 , ⋯ }


  32 )   During   the   proof   of   Cauchy ′ s   Generalised   Mean   Value   theroem ,   we   used   the   guess :


  h  ( t ) = f  ( t ) −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( t ) − f  ( a ) +   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( a )


  h  ( t ) = f  ( t ) −   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( t ) − f  ( a ) +   f  ( b ) − f  ( a )  g  ( b ) − g  ( a ) g  ( a )


  Which   represents   the   vertical   difference   between   the   curve    ( f  ( t ) )   and   the   secant   line   joining


  Which   represents   the   vertical   difference   between   the   curve    ( f  ( t ) )   and   the   secant   line   joining


  the   endpoints .   By   determining   the   equation   of   the   secant   line   ( between   points    ( g  ( a ) , f  ( a ) )   and


  the   endpoints .   By   determining   the   equation   of   the   secant   line   ( between   points    ( g  ( a ) , f  ( a ) )   and


   ( g  ( b ) , f  ( b ) ) ) ,   derive   this   guess   for   h  ( t ) .


   ( g  ( b ) , f  ( b ) ) ) ,   derive   this   guess   for   h  ( t ) .


  m x + c


  x = g  ( t )


  t


  x


  33 )   Using   L ’ Hospitals   rule   ( and   justifying   that   you   can   use   it ) ,   evaluate :


  a )      lim  x → 0 ⁡      n  x − 1  x    ( your   answer   should   be   in   terms   of   n )


  a )      lim  x → 0 ⁡      n  x − 1  x    ( your   answer   should   be   in   terms   of   n )


  b )    lim  x →  0 + ⁡  x  ln ⁡  x


  b )    lim  x →  0 + ⁡  x  ln ⁡  x


  x  ln ⁡  x =    ln ⁡  x  1 / x


  c )    lim  x → ∞ ⁡    x   1  x


    x   1  x =   e   1  x  ln ⁡  x =   e     ln ⁡  x  x


  34 )   Using   L ′ Hospital ′ s   rule ,   show   that    lim  𝛼 → ∞ ⁡     ( 1 +   x  𝛼 )  𝛼 =   e  x   ( this   is   a   common


  alternative   definition   for   the   exponential   function ) .


  alternative   definition   for   the   exponential   function ) .


   lim ⁡     ( 1 +   x  𝛼 )  𝛼 =   e   lim ⁡  𝛼  log ⁡   ( 1 +   x  𝛼 )


   exp ⁡   (    lim  𝛼 → ∞ ⁡  𝛼   l o g ⁡   ( 1 +   x  𝛼 ) ) =  exp ⁡   (    lim  𝛼 → ∞ ⁡      l o g ⁡   ( 1 +   x  𝛼 )  1 / 𝛼 )


  35 )   Determine   the   maxima   and   minima   of   f  ( x ) =   x 3 −  5 2   x 2 +  3 4 x   on    [ − 1 , 1 ]


  36 )   Filling   a   gap   in   the   proof   of   the   Lagrange   Remainder :


  Given   F  ( t ) =   f  ( x ) −   ∑  k = 0  n      f   ( k )  ( t )  k !    ( x − t )  k


  Given   F  ( t ) =   f  ( x ) −   ∑  k = 0  n      f   ( k )  ( t )  k !    ( x − t )  k


  Show   that     F ′  ( t ) =   −   f   ( n + 1 )  ( t )  n !    ( x − t )  n


  Show   that     F ′  ( t ) =   −   f   ( n + 1 )  ( t )  n !    ( x − t )  n


  37 )   I   wish   to   approximate     e  x   by   1 + x +     x 2 2 +     x 3 6 +     x 4 24 +     x 5 120 +     x 6 720 +     x 7 5040 ,   for   0 < x < 0 . 5


   ( order   7   taylor   polynomial   of     e  x )


   ( order   7   taylor   polynomial   of     e  x )


  Using   the   Lagrange   remainder ,   show   that   the   error   in   this   approximation   is   always


  Using   the   Lagrange   remainder ,   show   that   the   error   in   this   approximation   is   always


  <  1 5000000


  <  1 5000000


  e < 4


  8 ! = 40320 > 40000


   2 8 = 256 > 250


  0 < 𝜉 < 0 . 5


  38 )   Let     f  n   be   a   sequence   of   functions   which   converge   uniformly   on   a   closed   interval   I ,


  to   a   limit   function   f    ( also   with   domain   I ) .


  to   a   limit   function   f    ( also   with   domain   I ) .


  If   each     f  n   is   continuous   at   the   endpoints   of   I ,   show   that   f   is   continuous   at   the   endpoints   of   I .


  If   each     f  n   is   continuous   at   the   endpoints   of   I ,   show   that   f   is   continuous   at   the   endpoints   of   I .


  39 )   Prove   that     x  n −   y  n =  ( x − y )   ∑  k = 0  n − 1    x  n − 1 − k   y  k   for   n ∈ ℕ


  by   induction


  by   induction


  by   considering     ∑  k = 0  n − 1    x  n − 1 − k   y  k   as   a   geometric   series


  40 )   By   using   the   strong   root   test ,   show   that   the   formal   derivative ,     ∑  k = 1 ∞  k   a  k   x  k − 1  


  has   the   same   radius   of   convergence   as     ∑  k = 0 ∞    a  k   x  k .


  has   the   same   radius   of   convergence   as     ∑  k = 0 ∞    a  k   x  k .


    ∑  k = 1 ∞  k   a  k   x  k − 1 =  1  x   ∑  k = 1 ∞  k   a  k   x  k


  x ≠ 0


    ∑  k = 1 ∞  k   a  k   x  k


   lim ⁡   sup ⁡    k   1  k = 1


   lim ⁡    k   1  k =   e   lim ⁡   1  k  log ⁡  k =   e   lim ⁡     log ⁡  k  k =   e 0 = 1


  41 )   Given   f  ( x ) ≔   ∑  k = 0 ∞    a  k    ( x − c )  k ,   show    ( by   induction )   that     f   ( n )  ( c ) = n !   a  n


  ( you   may   assume   that   we   can   differentiate   power   series   term


  wise ) .


    f   ( n )  ( x )


    f   ( n )  ( c )


    f   ( n )  ( x ) ≔   ∑  k = n ∞    k !   ( k − n ) !   a  k    ( x − c )  k − n


  42 )   Use   the   ratio   test   to   show   that   the   power   series   for   cosine ,     ∑  k = 0 ∞       ( − 1 )  n   x  2 n   ( 2 n ) ! ,   converges


  for   all   x ∈ ℝ


  for   all   x ∈ ℝ


  43 )   Show   that   the   Lagrange   Remainder   for   the   natural   logarithm → 0   as   n → ∞   for


  x ≥  1 2 .   As   we   saw   in   the   notes ,   the   remainder   is     R  n =      ( − 1 )  n  n + 1    (   x − 1  𝜉 )  n + 1   where   𝜉   is


  x ≥  1 2 .   As   we   saw   in   the   notes ,   the   remainder   is     R  n =      ( − 1 )  n  n + 1    (   x − 1  𝜉 )  n + 1   where   𝜉   is


  strictly   between   x   and   1 .


  strictly   between   x   and   1 .


  x ∈  [  1 2 , 1 )   separately   from   x ∈  ( 1 , 2 ]


  x = 1


    R  n = 0


  x = 1


  x ∈  ( 1 , 2 ]


  𝜉 ∈  ( 1 , 2 )


  x − 1 ∈  ( 0 , 1 ]


  0 < x − 1 < 𝜉 ⇒ 0 <   x − 1  𝜉 < 1


     (   x − 1  𝜉 )  n + 1


  0


  x ∈  [  1 2 , 1 )


   1 2 < 𝜉 < 1


   1 2 ≤ x < 1 ⇒ −  1 2 ≤ x − 1 < 0 ⇒ 0 < 1 − x ≤  1 2 < 𝜉 .


  then   consider    |   R  n | =  1  n + 1    (    | x − 1 |  𝜉 )  n + 1   and   notice


  then   consider    |   R  n | =  1  n + 1    (    | x − 1 |  𝜉 )  n + 1   and   notice


  that   again   we   have   a   geometric   sequence   which → 0


  44 )   Given   that   𝛼 , 𝛽 ∈ ℝ   and   that  lim ⁡    f  n = f ,  lim ⁡    g  n = g    ( both   uniform   limits ) ,   show


  that    lim ⁡   ( 𝛼   f  n + 𝛽   g  n ) = 𝛼 f + 𝛽 g   converges   uniformly   ( we   already   know   that   it


  that    lim ⁡   ( 𝛼   f  n + 𝛽   g  n ) = 𝛼 f + 𝛽 g   converges   uniformly   ( we   already   know   that   it


  converges   to   this   limit ,   but   we   need   to   check   that   the   convergence   is   uniform ) .


  converges   to   this   limit ,   but   we   need   to   check   that   the   convergence   is   uniform ) .


   lim ⁡   ( 𝛼   x  n + 𝛽   y  n ) = 𝛼  lim ⁡    x  n + 𝛽  lim ⁡    y  n


    x  n ,   y  n


    N 1 ,   N 2


  x


  45 )   Given   that   f  ( x )   and   g  ( x )   are   regulated ,   show   that   f  ( x ) g  ( x )   and    | f  ( x ) |   are   regulated .


  46 )   We   have   seen   in   the   notes   that   when   a < b < c ,    


    ∫  a  b  f  ( x ) d x +   ∫  b  c  f  ( x ) d x =   ∫  a  c  f  ( x ) d x .   Using   the   fact   that     ∫  a  b  f  ( x ) d x = −   ∫  b  a  f  ( x ) d x


    ∫  a  b  f  ( x ) d x +   ∫  b  c  f  ( x ) d x =   ∫  a  c  f  ( x ) d x .   Using   the   fact   that     ∫  a  b  f  ( x ) d x = −   ∫  b  a  f  ( x ) d x


   ( and   that     ∫  a  a  f  ( x ) d x = 0 ) , show   that   the   result   is   true   for   any   a , b , c ∈ ℝ


   ( and   that     ∫  a  a  f  ( x ) d x = 0 ) , show   that   the   result   is   true   for   any   a , b , c ∈ ℝ


  ( assuming   f   is   regulated   on    [  min ⁡   ( a , b , c ) ,  max ⁡   ( a , b , c ) ] .


  a < b


  5


  a < b < c


  a < b = c ,   a < c < b ,   c = a < b ,   c < a < b


  b < a


  5


  b < a < c ,   b < a = c ,   b < c < a ,   c = b < a ,   c < b < a


  a = b


  3


  a = b < c , a = b = c , c < a = b


  47 )   Suppose   that   f  ( x ) ≥ 0   for   every   x ∈  [ a , b ]   and   there   exists   some   c ∈  [ a , b ]   with


  f  ( c ) > 0   and   that   f   is   continuous   on    [ a , b ] .   Show   that     ∫  a  b  f  ( x ) d x > 0 .   This   is   one   of


  f  ( c ) > 0   and   that   f   is   continuous   on    [ a , b ] .   Show   that     ∫  a  b  f  ( x ) d x > 0 .   This   is   one   of


  my   favourite   proofs   from   this   course .   Try   it   yourself   before   looking   at   the   hints .


  my   favourite   proofs   from   this   course .   Try   it   yourself   before   looking   at   the   hints .


  𝜀


  𝛿


  𝜀 =   f  ( c ) 2


   ( c − 𝛿 , c + 𝛿 )


   | f  ( x ) − f  ( c ) | <   f  ( c ) 2


    f  ( c ) 2 ≤ f  ( x )


  0 <   f  ( c ) 2  ( b − a ) ≤   ∫  a  b  f  ( x ) d x


  48 )


  a )   Use   the   quotient   rule   for   differentiation   to   show   that  d  d x  tan ⁡  x =    sec 2 ⁡  x


  a )   Use   the   quotient   rule   for   differentiation   to   show   that  d  d x  tan ⁡  x =    sec 2 ⁡  x


   ( recall    tan ⁡  x ≔    sin ⁡  x   cos ⁡  x )


   ( recall    tan ⁡  x ≔    sin ⁡  x   cos ⁡  x )


  b )   Then   use   the   inverse   function   rule   for   differentiation   to   show   that  


  b )   Then   use   the   inverse   function   rule   for   differentiation   to   show   that  


   d  d x  arctan ⁡  x =  1  1 +   x 2    ( arctan   is   the   inverse   of   tan )


   d  d x  arctan ⁡  x =  1  1 +   x 2    ( arctan   is   the   inverse   of   tan )


  c )   Use   integration   by   substitution   to   verify   that   indeed     ∫ 0  x   1  1 +   t 2 d t =  arctan ⁡  x


  c )   Use   integration   by   substitution   to   verify   that   indeed     ∫ 0  x   1  1 +   t 2 d t =  arctan ⁡  x


  1 +    tan 2 ⁡  x =    sec 2 ⁡  x


     sin 2 ⁡  x +    cos 2 ⁡  x = 1


     cos 2 ⁡  x


  49 )   Determine   whether     ∫ 0 ∞     sin ⁡  x  2 x +   e  x d x   converges .


    ∑  n = 0 ∞     sin ⁡  n  2 n +   e  n


  n ≥ 0 ,  |    sin ⁡  n  2 n +   e  n | ≤  1  2 n +   e  n ≤  1    e  n


  50 )   When   evaluating     ∫ 0   1 2    ∑  k = 0 ∞   1   2  k  cos ⁡   (  3  k 𝜋 x ) d x ,   at   one   point ,   we   had   to   evaluate    sin ⁡   (  3  k   𝜋 2 ) .


  You   can   tell   by   looking   at   a   graph   of   sine   that   this   is      ( − 1 )  k ,   but    ( for   completeness ) ,   I   want   you   to


  You   can   tell   by   looking   at   a   graph   of   sine   that   this   is      ( − 1 )  k ,   but    ( for   completeness ) ,   I   want   you   to


  prove   it   by   induction .   You   might   want   to   use   that  sin ⁡   ( 3 x ) = 3  sin ⁡  x − 4    sin 3 ⁡  x .


  prove   it   by   induction .   You   might   want   to   use   that  sin ⁡   ( 3 x ) = 3  sin ⁡  x − 4    sin 3 ⁡  x .


  Show    ( by   induction )   that    sin ⁡   (  3  k   𝜋 2 ) =    ( − 1 )  k   for   every   integer   k ≥ 0 .


  51 )   𝜙  ( x ) ≔  1   2 𝜋   ∫  − ∞  x    e  −  1 2   t 2 d t   is   a   very   important   integral   in   probability   and   statistics   ( used


  to   find   probabilities   for   a   normal   distribution ) .   We   cannot   evaluate   this   integral   directly   by   finding   an


  to   find   probabilities   for   a   normal   distribution ) .   We   cannot   evaluate   this   integral   directly   by   finding   an


  antiderivative    ( we   will   not   discuss   why   not   here ) but   we   can   evaluate   it   as   an   infinite   series .


  antiderivative    ( we   will   not   discuss   why   not   here ) but   we   can   evaluate   it   as   an   infinite   series .


  Find   a   power   series   for   𝜙  ( x ) ,   justifying   each   step .   You   may   assume   without   proof   that


  Find   a   power   series   for   𝜙  ( x ) ,   justifying   each   step .   You   may   assume   without   proof   that


  𝜙  ( 0 ) =  1 2 .


  𝜙  ( 0 ) =  1 2 .


    e  −     t 2 2


    e  x


  x


  −     t 2 2


  𝜙  ( x ) = 𝜙  ( 0 ) +   ∫ 0  x    e  −   t 2 d t =  1 2 +   ∫ 0  x    e  −   t 2 d t


  M


  ∫


  ∑


   |        ( − 1 )  k t  2 k   2  k k ! | =     t  2 k   2  k k ! ≤     x  2 k   2  k k ! =   M  k    ( this   is   fine   since   x   is   fixed )


    ∑  k = 0 ∞    M  k


    e      x 2 2


   1 2 +  1   2 𝜋   ∑  k = 0 ∞       ( − 1 )  k   x  2 k + 1   2  k k !  ( 2 k + 1 )

